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Preface to the нуны Edition 


The authors feel highly encouraged and satisfled by the over- 
whelming response to the first edition of the book Operations 
Research — Ап Introduction. We are placing in the hands of the 
readers a thoroughly revised, improved and updated second edition 
ofthe book. Many new chapters have been added, existing chapters 
are thoroughly revised and a large number of problems from the 
various university and competitive examinations have been inoluded 
both as solved examples and unsolved exercises. The book contains 
about 200 solved and 340 unsolved problems, * ^ 

In preparing the second edition, the valuable comments end 
suggestions from the readers of various universities have been properly 
incorporated. We hopethat the present volume will have wider 
Scope and prove much more useful to all tlie readers—students, 
teachers and professionals of О.В. 


The authors feel highly obliged to all who took the trouble of 
sending them valuable comments. Suggestions for further improve. 
ment of the book will be gratefully accepted. ^ ` 


Prem Kumag GUPTA 
D. 8. Нівл 


Preface to the First Edition 


For more than thirty years, a new branch of science called ope- 
rations research has been fast developing. The essence of operations 
research are models which help us arrive at optimum decisions, It is 
these models which constitute the subject matter of this book. 

While writing on operations research, a particular problem may 
be approached in many different ways. Thus, the exposition may be 
intended for mathematicians, economists, engineers, socialogists, etc. 
This book is written primarily for Engineering graduates. 

This book is simply an introduction to the vast subject of ope- 
rations research. Efforts have been made to simplify the technical 
material without distorting it. The book does not require a high 
level of mathematical knowledge on the part of the reader. An elemen- 
tary knowledge of differential and integral calculus is all that is requ- 
ired to understand the subject. 


Each chapter begins with a number of important and interesting 
examples taken from a variety of fields, Almost every problem pre- 
sents a new idea. The authors feel that knowing the various fields 
in which a model can help, the reader will gather more interest and 
incentive to know its theoretical and mathematical background and 
method of application. Additional examples towards the end of each 
chapter are provided to test the reader's understanding of the subject 
matter. — 

Every effort has been made to present the subject in easy, clear, 
lucid.and systematic manner. References at the end of each chapter 
are given to cover more advanced extension of the topics presented. 

` The authors express their deep gratitude and thanks to Shri 
T. К. Kundra, Design Engineer, І. D. D. C., I. I. T., New Delhi 
for his inspiration, valuable suggestions, guidance and help every 
moment they sought. 

The authors also deeply appreciate Shri Pritam Singh and Shri 
Bau Singh for the time, effort, excellent work and most of all, 
patience in typing the manuscript and preparing tracings respecti- 
vely. 

Suggestions for further improvement of the book will be grate- 
fully accepted. 

Prem KUMAB GUPTA 
D. S. HIBA 
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Basics of Operations Research 


The main purpose of this book is to provide the reader with 
pasic concepts of operations research (abbreviated to OR). The 
subject із so vast that in any introductory text, such as this, the 
discussion of various topics has got to be limited. Complete volumes 
have been written on some of the topics discussed here. Attempt has 
been made to present a variety of material within a limited structure. 
References are indicated at the end ofeach chapter to provide the 
reader with exhaustive treatment of the different topics. 

This chapter provides an overall view of the subject of opera- 
tions research. It covers some general ideas on the subject, thus 
providing a perspective. The remaining chapters deal with specific 
ideas and specific methods of solving OR problems. 

11 Development of Operations Research 

(i) Pre-World War II : No science has ever been born ona 
specifie day. Operations research is no exception. Its roots are as 
old as science and society. Though the roots of OR extend to even 
early 1800s, it was in 1885 when Ferderick W. Taylor emphasised . 
the application of scientific analysis to methods of production, that 
the real start took place. Taylor conducted experiments in connec- 
tion with a simple shovel. His aim was to find that weight load of 
material moved by shovel which would result in maximum of 
material moved with minimum of fatigue. After many experiments 
with varying weights, he obtained the optimum weight load, which 
though much lighter than that commonly used, provided maximum 
movement of material during а day. In 1917, A. К. Erlang, а 
Danish mathematician, published his work on the problem of conges- 
tion of telephone traffic. The difficulty was that during busy periods, 
telephone operators were unable to handle the calls the moment they 
were made, resulting in delayed calls. A few years after its appear- 
ance, his work was accepted by the British Post Office as the basis 
for calculating circuit facilities. 
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During the 1930s, H. C. Levinson applied scientific analysis to 
the problems of merchandising. His work included scientific study 
of customers’ buying habits, response to advertising and relation of 
environment to the type of article sold. 


However, it was the First Industrial Revolution which contri- 
buted mainly towards the development of OR. Before this revolu- 
tion, most of the industries were small scale, employing only a 
handful of men. The advent of machine tools—the replacement of 
man by machine as a source of power and improved means of trans- 
portation and communication resulted in fast flourishing industry. 
It became increasingly difficult for a single man to perform all the 
managerial functions (of planning, sale, purchase, production, eto.). 
Consequently, a division of management function took place, Mana- 
gers of production, marketing, finance, personnel, research and deve- 
lopment etc., began to appear. With further industrial growth, further 
subdivisions of ‘Management functions took place. For example, 
production department was sub-divided into sections like maintenance 
quality control, procurement, production planning, etc. 

This industrial development, brought with it, a new type of 
problems called executive-type problems. These problems are a direct 
consequence of functional division of labour in an organization, In 
an organization, each functional unit (department or section) performs 
a part of the whole job and for its successful working, develops its 
own objectives. These objectives, though in the best interest of the 
individual department, may not be in the best interest of the organi- 
zation as a whole. Infact, these objectives of individual departments 
may be inconsistent and clashing with each other. Consider, for 
example, the attitudes of the various departments of a business 
organization towards the inventory policy. The production depart- 
ment wants to have maximum production, associated with the lowest 
possible cost. This can be achieved by producing only one item 
continuously. Thus it is interested in long, uninterrupted production 
runs, because such runs minimise set-up and clean-up costs. Thus it 
prefers to have a large inventory in relatively few product lines, 


The marketing department also wants a large but divers in- 
yentory so that a customer may be provided immediate delivery over 
a wide variety of products. It would also like to havea flexible 
production policy so as to meet special demands at a short notice. 


The finance department wants to minimize inventory so as to 
minimize the unproductive capital investments ‘tied up’ init. It 
also believes that inveatories should rise and fall with rise and fall 
in company’s sales, 
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The personnel department wants to hire good labour and to 
retain it. This is poasible only when goods are produced continuously 
for inventory during slack periods also. In other words, it is in- 
terested in maintaining a constant production level resulting in large 
inventorv. 


To set an inventory- policy which serves the interest of the 
organization as a whole and not that of any individuak department is 
an executive type problem, which can be satisfactorily solved by the 
application of OR techniques. The decision which is in the best 
interest of the organization ав в whole is called Optimal (optimum) 
decision and the one in the best interest ofan individual department 


is called sub-optimal decision. 


(ii) World War II: During World War II, the military 
management in England called ona team of scientists to study the 
strategic and tactical problems of air and land defence. This team 
of scientists included physicists, psychologists, engineers, mathe- 
maticians and others, Many of these problems were of exeoutive 
type. The objective was to determine the most effective utilization 
of limited military resources. The application included the effective 
use of newly invented radar, allocation of British Air Force planes to 
missions and the determination of best patterns for searching sub- 
marines. This group of scientists formed the first OR team. 


The name operations research (or operational research) was 
apparently coined because the team was carrying out research on 
(military) operations. The encouraging results of these efforts led 
to the formation of more such teams in British armed services and 
the use of such scientific teams soon spread to Western Allies—the 
United States, Canada and France. Thus though this science of 
operations research originated in England, the United States soon 
took the lead. In United States these OR teams helped in develop- 
ing strategies for mining operations, inventing new flight patterns and 
planning of sea mines. 


(i) Post-World War II: Immediately after the war, the 
success of military teams attracted the attention of industrial mana- 
gers who were seeking solutions to their problems. Industrial opera- 
tions research in U.K. and U.S.A. developed along different lines. 
In U.K., the critical economie situation required drastic increase in 
production efficiency and creation of new markets. Nationalisation 
of a few key industries further increased the potential field for OR. 
Consequently OR soon spread from military to Government, in- 
dustrial, social and economic planning. 
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In U.S.A. the situation was different. Impressed by its dra- 
matic success in U.K., defence operations research in U.S.A. was 
increased. Most of the war-experienced OR. workers remained in 
military services. Industrial executives did not call for much help 
because they were returning to the peace-time situation and many of 
them believed that it was merely a new application of an old 
technique. Operations research has been shown by a variety of names 
in that country such as, operational analysis, operations evaluation, 
systems analysis, systems evaluation, systems research and manage- 
ment, science. 

The progress of industrial operations research in U.S.A. was 
due to advent of Second Industrial Revolution which resulted in 
automation—the replacement of man by machine as a source of 
control. This new revolution began around 1940s when electronic 
computers became commercially available. These electronic brains 
possessed tremendous computational speeed and information storage. 
But for these digital computers, operations research with its complex 
computational problems could not have achieved its promising place 
in all kinds of operational environments. 


Today, the impact of operations research can be felt in many 
areas, This is shown by the ever increasing number of educational 
institutions offering this subject at degree level. The fast increasing 
number of management consulting firms speaks of the popularity of 
the subject. Of late, OR activities have spread to diverse fields such 
as hospitals, libraries, city planning, transportation systems, crime 
investigation, etc. Some of the Indian organisations using OR 
techniques are: Indian Airlines, Railways, Defence Organizations, 
Fertilizer Corporation of India, Delhi Cloth Mills, Tata Iron & Steel 
Co., eto. 

1.2 Definition of Operations Research 


Many definitions of OR have been suggested from time to time. 
On the other hand are put forward a number of arguments as to why 
it cannot be defined. Perhaps the subject is too young to be defined 
in an authoritative way. Some of the different definitions suggested 
are: 


(1) Operations research is a scientific method of providing exe- 
cutive departments with a quantitative basis for decisions regarding 
‘the operations under their control. —Morse & Kimball 


(2) Operations research, in the most general sense, can be 
characterised as the application of scientific methods, techniques and 
tools to problems involving the operations of systems so as to provide 
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these in control of the operations with optimum solutions to the pro- 
blems. —Churchman, Ackoff, Arnoff 


(3) Operations research is applied decision theory. It uses any 
scientific, mathematical or logical means to attempt to cope with the 
problems that confront the executive when he tries to achieve a 
thorough going rationality in dealing with his decision problems. 

—Miller and Starr 


(4) Operations research is a scientific approach to problem 
solving for executive management. —H.M. Wagner 


(5) Operations research is the art of giving bad answers to 
problems, to which, otherwise, worse answers are given. 
—Thomas L. Saaty 


(6) Operations research is an aid for the executive in making his 
decisions by providing him with the needed quantitative information 
based on the scientific method of analysis. —C. Kittel 


(7) Operations research is the systematic, method-oriented study 
of the basic structure, characteristics, functions and relationships of 
an organization to provide the executive with a sound, scientific and 
quantitative basis for decision making . 

—E.L. Arnoff & M. J. Netzorg 


(8) Operations research is the application of scientific methods to 
problems arising from operations involving integrated systems of men, 
machines and materials. It normally utilizes the knowledge and 
skill of an interdisctplinary research team to provide the managers of 
such systems with optimum operating solutions. 

—Fabrycky and Torgersen 

(9) Operations research is an experimental and applied science 
devoted to observing, understanding and predicting the behaviour of 
purposeful man-machine systems ; and operations research workers 
are actively engaged in applying this knowledge to practical problems 
in business, government and society. 

—Operations Research Society of America 


(10) Operations research is the application of scientific method 
by interdisciplinary teams to problems involving the control of 
organized (man-machine) systems so as to provide solutions which 
best serve the purpose of the organization as a whole. « 

— Ackoff and Sasieni 

(11) Operations research utilizes the planned approach (updated 
scientific method) and an interdisciplinary team in order to represent 
complex functional relationships as mathematical models for the 


| 
purpose of providing a quantitative basis for decision-making and / 
uncovering new problems for quantitative analysis. 
—Thierauf and Klekamp 
1.3 Characteristics of Operations Research | 
The various definitions of operations research presented in вес- 
tion 1-2 bring out the essential characteristics of operations research. 
They are 
(i) its systems (or executive) orientation, 
(9$) the use of interdisciplinary teams, 
(iii) application of scientific method, and 
(iv) uncovering of new problems. i 
Let us consider each of these in some detail, t 
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1.3.1. System (OR Executive) Orientation of OR | 


One of the most important characteristics of ОВ study is its 
concern with problems asa whole or its system orientation. This 
means that an activity by any part of an organization has some effect 
on the activity of every other part. The optimum operation of one 
part of a system may not be the optimum operation for some other 
part. Therefore, to evaluate any decison, one must identify all pos. 
sible interactions and determine their impact on the organization as a 
whole. 


Many problems that appear simple on the surface may not be 
really so, Take, for example, the inventory policy of an organization, І 
already considered in section 1.1. Production department is interested 
in long, uninterrupted production runs since they reduce the set-uP 
and clean-up costs. To solve the problem with this viewpoint is 
simple. However, these long runs will result in large raw material, 
in-process ard finished product inventories in relatively few product 
lines. This will result in bitter conflict with finance, marketing and 
personnel departments, As already discussed finance department 
wants to have the minimum possible inventory ; marketing depart- 
ment, a large but diversified inventory while personnel department | 


wants continuous production during slack periods also resulting in 
large inventories. 


In view of the above difficulties, it is necessary that the problem 
be analysed with .painstaking саге and all parts of the organization 
affected be thoroughly examined. When all factors affecting the system 
(organization) are known, a methematical model can be prepared. A 
solution to this model will optimize the profits to the system as à 
whole, Such a solution is called an optimal (optimum) solution. 
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1.32 The use of Interdisciplinary Teams 


A second characteristic of OR study is that it is performed y 
a team of scientists whose individual members have been drawn from 
different scientific and engineering disciplines. For example, one 
may find a mathematician, statistician, physicist, psychologist, 
economist and an engineer working together on an OR problem. 

It has been recognised beyond doubt that people from different 
disciplines can produce more unique solutions with greater pro- 
bability of success, than could be expected from the same number of 
persons from a single discipline. For example, when confronted 
with the problem of increasing production ina plant, the personnel 
psychologist will try to select better workers or improve their train- 
ing; the mechanical engineer will try to improve the machines; the 
industrial engineer will try to simplify the operations or offer incenti- 
ves; while the systems analyst will try to improve the flow of informa- 
tion through the plant. Thus the OR team can look at the problem 
from many different angles in order to determine which one (or which 
combination) of approaches is the best. 

Another reason for the existence of OR teams is that knowledge 
is increasing at a very fast rate. No single person can collect all the 
useful scientific information from all disciplines. Different members 
ofthe OR team bring the latest scientific know-how to analyse the 
problem and help in providing better results. 


13.3 Application of Scientific Method 


A third distinguishing feature of OR is the use of scientifio 
method to solve the problem under study. Most scientific research, 
such as chemistry and physics can be carried out well iu the labora- 
tories, under controlled conditions, without much interference from 
the outside world. However, the same is not true in the systems 
under study by OR teams. For example, no company can risk 
its failure in order to conduct a successful experiment. Though, 
experimentation on sub-systems is sometimes resorted to, by and 
large, a research approach that does not involve experimentation on 
the total system is preferred. 

An operations rasearch worker isin the same position as the 
astronomer, since the latter can observe the system that he studies, 
but cannot manipulate it. Therefore, he constructs representations of 
the systems and its operations (models) on which he conducts his 
research. Ап OR worker also does the same. The construction of a 
model is described in section 1.8 and the reader is asked to refer it 
for further details. Ў 
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L34 Uncovering of new Problems 


The fourth characteristic of oprations research, which is often/ 
overlooked, is that solution of an OR problem may uncover a number 
of new problems, Of course, all these uncovered problems need пф 
be solved at the same time. However, in order to derive maximum 
benefit, each one of them must be solved. It must be remembered 
that OR is not effectively used if it is restricted to one-shot prob- 
lems only. In order to derive full benefits, continuity of research 
must be maintained. Of course, the results of OR study pertaining 
to а particular problem need not wait until all the connected prob- 
lems are solved. 


1.4, Scientific Method in Operations Research 


The scientific method in operations research consists of the 
following three phases, 

(i) the judgement phase, 

(ti) the research phase, and 

(їй) the action phase. 

Out of these, the research phase is the longest. However, the 
other two phases are also equally importaat as they provide the basis 
of the research phase. We shall now consider these phases in a little 
more detail. 


141 The Judgement Phase 


It consists of : 


(а) Determination of the operation ; An operation is а 
combination of different actions dealing with raw ma erals (e.g., 
men and machines) which form а structure from which action with 
regard to broader objectives is attained. For example, the act of 
assembling an engine is an opertion. It consists of many actions 
which contribute towards the completed assembly. any conoeiv- 
able operation will always be associated with problems of its suoceesful 
completion. 


(B) Determination of objectives and values associated with the 
operation : In the judgement phase, due care must be given to 
define correctly the frame of references of the operation, Efforts 
should be made to find the type of situation, e.g., manufacturing, 
engineering, tactical, strategic, etc. The amount of risk involved, 
other areas affected by the solution, etc., must be determined. 
objectives and values, whether economic, social, aesthetic, etc., 
should be carefully determined so as to have a clear approach to the 
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solution of the problem. Further, one must determine the time 
limits for finding the solution, degree of accuracy desired in the 
results as well as necessity of feedback of the obtained information 
into the operation; х 


(c) Determination of effectiveness measures : Effectiveness 
measure (or measure of effectiveness) isa measure of success of a 
model in representing a problem and providing a solution. It is the 
connecting link between the objectives and the anatysis required for 
corrective action. It tests the success of a solution and determines 
if there is need for improving the method of attack or even of altering 
the solution. Measure of effectiveness may be expressed as ratio or 
rate. For example, in traffic studies it may be expressed in terms of 
cars per hour, cars per accident or delay per car ; in bombing of ships 
it may be expressed- as the number of hits per bomb, number of ships 
sunk per bomb. eto. Effectiveness measure must be chosen properly, 
since, an improper choice may result in completely wrong conclusions 
about the problem, 


(d) Formulation of the problem relative to the objectives : Since 
every operation is study with problems, the operation analyst must 
determine the type of problems, its origin and causes. Problems are 
of many types : 

1, Remedial type with its origin in actual or threatened 
accidents, e.g., airplane crashes, job performance hazards. 

2. Optimization type, e.g. Performing a job more efficiently. 

3. Transference type consisting of applying the new advanoes, 
improvements and inventions in one field to other fields. For 
example use of isotopes in medicines on one hand (to determine the 
rate of absorption of substances in certain parts of human body) and 
in machin ry on the other (for testing wearing qualities in automobile 


tyres. 
2 "i Prediction type, e.g,, forecasting the problems associated 
with future developments and inventions. 

Before selecting & problem for investigation, careful thought 
must be given to find whether the problem really exists. Hasty 
selection of problems often leads to wastage of time (devoted by the 


analyst) and wrong resulta. 


142 The Research Phase 
It includes 


(a) Observation and data collection for better understanding of 
the problem : Many times, actual observations by trained observers 
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at the scene of operation may be difficult and dangerous too. If 
time permits, operational experiments simulating the actual problem 
should be set up. Where the information regarding the problem 
cannot be obtained, the analyst, with the incomplete data at hand, 
should try to find the missing parts of the problem. 

(b) Formulation of relevant hypotheses and models : Tentative 
explanations, when formulated as propositions are called hypotheses. 
It is very important to state the hypothesis and its anticipated 
consequences before starting its verification. The formulation of 
a good hypothesis depends upon the sound knowledge of subject 
matter. A hypothesis must provide an answer to the problem in 
question. It must be capable of verification, otherwise, it may be 
refuted by empirical evidence. 


An essential feature of OR is that is considers a problem as 
an entity rather than a collection of disconnected sub-operations. 
Model is the device which treats the problem as a whole; it is 
essentially a hypothesis. Formulation of models may be based on 
pure theoretical considegations or on hypothesis derived from known 
facts and data. The time available for the development of a model 
is an important factor. For instance, when urgent answers are need- 
ed, little will be gained by developing elaborate models. Similarly, 
for rough estimates, a detailed development of model is only a 
wastage. 

(c) Analysis of available information and verification of 
hypothesis: Most ofthe time that a scientist spends in training is 
devoted to learning how to analyse and interpret information. 
Qualitative as well as quantitative methods may be used for this 
purpose. For example, when it is required to find out work done by 
a force, a hypothesis is made. It is based on the knowledge of 
mechanics, giving W—F x S, where S is the distance through which 
the point of application of the force F moves. 

An hypothesis need not be proved for every possibility in order 
to be acceptable. Sampling methods are usually sufficient to verify it. 


(d) Prediction and generalization of results and consideration 
of alternative methods: Once a model has been verified, a theory 
is developed from the model to obtain a complete description of the 
problem. This is done by studying the effects of changes in the 
parameters of the model. The theory so developed may be used to 
extrapolate into the future. 

Lastly, the analyst determines the alternative methods of 
solving the problem and recommends a new research based on revised 
ohypthesis. The advantages of this approach are obvious and need 
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little justification if economie and time factors do not stand in the 
way. 
1.3 The Action Phase 

The action phase consists of making recommendations for 
remedial action to those who first posed the problem and who Control 
the operations directly. These recommendations consist of a clear 
statement of the assumptions made, scope and limitations of the 
information presented about the situation, alternative courses of 


action, effects of each alternative as well as the preferred course of 
action, 


A primary function of OR group is to provide an administrator 
with better understanding of the implications of the decisions he 
makes. The scientific method supplements his ideas and experiences 
and helps him to attain his goals more fully. 


L5. Necessity of Operations Research in Industry 


After having studied as to what is operations research, we 
shall now try to answer аво why study OR or what is its importance 
or why its need has been felt by the industry. 


As already pointed out, science of OR came into existence in 
connection with the war operations, to decide the strategy by 
which enemy could be harmed to the maximum possible extent with 
the help of the available warfare. War situation required reliable 
decision making. But its need has been equally felt by the industry 
due to the following reasons : 


(a) Complexity: In a big industry, the number of factors in- 
fluencing a decision have increased. Situation has become big and 
complex because these factors interact with each other in compli- 
cated fashion. There is, thus, great uncertainty about the outcome 
of interaction of factors like technological, environmental, competitive, 
etc. For instance, consider a factory production schedule which has 
to take into account 


(i) customer demand, 
(ii) requirements of raw materials, 
(iii) equipment capacity and possibility of equipment failure, 
and 
(iv) restrictions on manufacturing processes. . , 


Evidently, it is not easy to prepare a schedule which is both 
economical and realistic. This needs mathematical models, which, in 
addition to optimisation, help to analyse the complex situation. With 
such models, complex problems can be split up into simpler parts, 
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each part can be analysed separately and then the results can be 
synthesized to give insights into the problem. 


(b) Scattered responsibility and authority: In a big industry, 
responsibility and authority of decision making is scattered through- 
out the organization and thus the organization, if it is not conscious, 
may be following inconsistent goals. Mathematical quantification of 
OR overcomes this difficulty also to a great extent. 


(c) Uncertainty: There is а great uncertainty about economic 
and general environment. With economic growth, uncertainty is also 
growing. This makes each decision costlier and time consuming. 
OR is, thus, quite essential from reliability point of view. 


(d) Knowledge explosion: Knowledge is increasing at а very 
fast rate. Majority of the industries are not up-to-date with the latest 
knowledge and are, therefore, at a disadvantage. OR teams collect 
the latest information for analysis purposes which is- quite useful for 
the industries. 


16. Scope of Operations Research 


Having known the definition of OR, it is casy to visualize the 
scope of operations research. Whenever there is a problem for opti- 
mization, there is scope for the application of OR. When we 
broaden the scope of OR, we find that really OR has been practised 
for hunreds of years before World War II. 


In the fieid of industrial management, there is a chain of prob- 
lems starting from the purchase of raw materials to the dispatch of 
finished goods. The management is interested in having an overall 
view of the methad of optimizing profits. In order to take decision 
on scientific basis, OR team will have to consider various alternative 
methods of producing the goods and the return in each case, OR 
study should also point out the possible changes in the overall struc- 
ture like installation of a new machine, introduction of more auto- 
mation) etc, 


In both developing and developed economies, OR approach is 
equally applicable. In developing economies, there is & great scope 
of developing an OR approach towards planning. The basic problem 
is to orient the planning so that there is maximum growth of per 
capita income in the shortest possible time, by taking into consi- 
deration the national goals and restrictions imposed by the country. 
The basic problem in most of the countries in Asia and Africa is to 
remove poverty and hunger as quickly as possible. There is, there- 
fore, a great scope for economists, statisticians, administrators, techni- 
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cians, politicians and agriculture experts working together to solve 
this problem with an OR approach. 


OR approach needs to be equally developed in agriculture 
sector on national or international basis. With population ex- 
plosion and consequent shortage of food, every country is facing the 
problem of optimum allocation of land to various crops in accordance 
with climatic conditions and available facilities. The problem of opti- 
mal distribution of water from the various water resources is faced 
by each developing country and a good amount of scientific work can 
be done in this direction. 


OR approach is equally applicable to big and small organiza- 
tions. For example, whenever a departmental store faces a problem 
like employing additional sales girls, purchasing an additional van, 
etc., techniques of OR can be applied to minimize cost and maximize 
benefit for each such decision. 


OR is directly applicable to business and society. For instance, 
it is increasingly being applied in L.I.C. offices to decide the premium 
rates of various policies. It has also been extensively used in petrc- 
leum, paper, chemical, metal processing, aircraft, rubber, transport 
and distribution, mining and textile industries. 


Thus we find that OR has a diversified and wide scope in the 
social, economic and industrial problems of today. 


1-7. Operations Research and Decision Making 


Operations research or management science, as the name sug- 
gests, is the science of managing. As is known, management is most 
of the time making decisions. It is thus a decision science which 
helps management to make better decisions. Decision ів, in fact, a 
pivotal world in managing. It is not only the headache of manage- 
ment, rather all of us make decisions. We daily decide about minor 
to major issues. We choose to be engnieers, doctors, etc., а vital 
decision which is going to affect us throughout our lives We choose 
to purchase at a particular shop—a decision of relatively minor impor- 
tance. 


Decision making can be improved and, in fact, there is а scope 
of large scale improvement. The essential cnaracteristics of all deci- 
sions are 

(i) objectives, 

(i$) alternatives, 


(225) influencing factors. 
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Once these characteristics are known, one can think of improv- 
ing the characteristics so as to improve upon the decision itself. 


Let us consider a situation in which a decision has been taken 
to see a particular movie and the problem is to decide the conveyance. 
Three alternatives are available : rickshaw, autorickshaw and a local 
bus. 


In the first level of decision making, autorickshaw is chosen as 
the mode of conveyance just by intuition, i.e., it is decided at random 
Evidently, it is a highly emotional and qualitative way of decision 
making, 

In the second level of decision making, the three conveyances 
are compared and it is decided qualitatively that autorickshaw will 
be preferred since, though a little, costlier, it is time saving and moro 
comfortable. 

In the third level of decision making, the three alternatives are 
compared and it is suggested that autorickshaw will be chosen, as it 
will be taking only 1/3rd time than an ordinary rickshaw and shall 
be only 10% costlier while more comfortable. The local bus is reject- 
ed since it would not reach the theatre in time at all. 


Though outcome of all these decisions is the same, still we can 
judge the quality of each decision, We may brand the first decision 
ав ‘bad’ since it is highly emotional, while we may call the second 
deéision as ‘good’ since it is scientific though qualitative. The third 
decision is doubtlessly the best as it is scientific and quantitative. 

It is this scientific quantification used іп OR, which helps 
management to make better decisions, Thus in OR, the essential 
features of decisions, namely, objectives, alternatives and influencing 
factors are expressed in terms of scientific quantifications or mathe- 
matical equations. - This gives rise to certain mathematical relations, 
termed as a whole as mathematical model. Thus the essence of OR 
is such mathematical models, For different situations different 
models are used and this process is continuing since World War II 
when the term OR was coined. 


18. Phases of Operations Resezrch or Operations Research 
Approach or How Operations Research Works 


Operations research, like all scientific research, is based on 
scientific methodology, which proceeds along the following lines : 

1. Formulating the problem. 

2. Constructing а model to represent the system under study 

3. Deriving a solution from the model. 
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4. Testing the model and the solution derived from it, 
D. Establishing controls over the solution. 
6. Putting the solution to work, i.e. implementation. 


1.8.1 Formulating the Problem 

It is very essential that the problem at hand be clearly defined, 
It is almost impossible to;get the ‘right’ answer from a ‘wrong’ pro- 
blem. i 


In formulating a problem for OR study, analysis must be made 
of the four major components 


(a) the environment, 

(b) the decision maker, 

(c) the objectives, 

(d) alternative courses of action and constraints. 


Out of the four components, environment is most comprehensive 
since it embraces and provides a ‘setting for the other three, In 
general, environment isthe framework within which a system of 
organised activity is directed to attain the prescribed objectives or 
goals. It involves physical, social and economic factors which may 
affect the problem under consideration. Š 


Decision maker is the second component of the problem. Deci- 
sion maker or research consumer ог system operator is the person 
who is in actual control of the operations (system) under study, Be- 
fore OR approach can be successful, the operation researcher (opera- 
tions analyst) must study the decision maker and his relationship to 
the problem at hand. 


Objectives are the third component of the problem to which 
analysis must be made. Objectives should be defined by taking into 
account the system (problem) as a whole. A common error is to 
identify the objectives, considering only a portion’ of the entire sys- 
tem. Under such conditions, what is considered best for this portion 
of the system, may actually prove harmful for the entire system. 
OR tries to take into account as broad a scope of objectives as 
possible, 


Alternatives are the final components of the problem. The 
research problem is to determine which alternative course of action 
is most effective to achieve a certain set of objectives. Others 
affected by the decisions under study should also be identified. There 
must be complete agreement on these points between the persons 
initiating the OR study (operation researchers) and the persons 
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performing these operations. In addition, a measure of effectiveness 
must be agreed upon by the parties involved. 


1.82 Constructing a Model for the Problem Under Study 


After formulating the problem, the next step is to construct 
a model for the system under study. In OR- study, it is usually a 
mathematical model. A mathematical model consists of a set of 
equations which describe the system or problem. These equations 
represent : (1) the effectiveness function and (ii) constraints. The effec- 
tiveness function, usually called the objective function is a mathemati- 
cal expression of the objectives, ie., mathematical expression of the 
cost or profit of the operation. Constraints or restrictions are 
mathematical expressions of the limitations on the fulfillment of the 
objectives. 


The objective function and constraints are functions of two 
types of variables, eontrollable (also called decision) variables and 
uncontrollable variables. А variable that is directly under the 
control of the operations analyst is called controllable variable ; the 
values of these variables are to be determined. A variable that 
is not under the control of operations analyst is called uncontrollable 
variable. The general form of a mathematical model is, 


E=f (xj, yi) 

where E=effectiveness function 
z;—controllable variables 
yi-uncontrollable variables 
Ј «relationships between E and zi, у, 

It must not be forgotten that a model is only an approzima- 
tion of the reality (real situation) Hence it may not include all the 
variables. This is often misunderstood by those who are not familiar 
with the OR approach. 

A model helps to analyse a system without the interruption of 
the latter. It makes the problem more meaningful and clarifies 
important relationships among the variables. It also tells asto 
which of the variables are more important than the others. Oncea 
model is formulated, it is possible to analyse the problem. 


18.3 Deriving Solution from the Model 


A solution may be extracted from а model either by conducting 
experiments оп it, i.e., by simulation or by mathematical analysis. 
Some cases may require the use of а combination of simulation and 

е 
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mathematical analysis. This depends upon the nature and complexity 
of the system under study . À 


Mathematical analysis for deriving an optimum solution from a 
model consists of two types of procedures: analytic and numerical. 
Analytic procedures makes use of the various branches of mathe- 
matics such as calculus or matrix algebra. 


Numerical procedure consists of trying various values of con- 
trollable variables in the model comparing the results obtained and 
selecting that set of values of these variables which gives the best 
solution. These procedure vary from simple trial and error to 
complex iteration. During an iteration, successive trials of cons 
trollable variables tend to approach an optimum solution, 


Since a model is an approximation of the real system ог pro- 
blem, the optimum solution for the model does not guarantee an 
optimum solution for the real problem. However, if the model is 
well formulated and tested, solution from the model will provide a 
good approximation to the solution of the real problem. This book is 
mainly devoted to the study of the various methods for finding these 


` golutions. 


184 Testing the Model and the Solution Derived from it 


As already discussed, a model is never a perfect representatior. 
of reality. But, if properly formulated and correctly manipulated, 
it may be useful in predicting the effect of changes in control varia- 
bles on the overall system effectiveness. The usefulness of a model 
is tested by determining how well it predicts the effect of these 
changes. Such an analysis is usually called sensitivity analysis. The 
utility or validity of the solution can be checked by comparing the 
results obtained without applying the solution with the results 


obtained when it is used. 


18. Establishing Gontrols over the Solution 


Life is not static, it is subjected to continuous, unceasing change. 
A solution which we felt was optimum today, may not be so tomor- 
row. A solution derived from а model remains а solution only so 
long a8 the uncontrolled (uncontrollable) variables retain their values 
and the relationship between the variables does not change. The 
solution itself goes ‘out of control’ if the values of one or more cont- 
rolled variables varies or relationship between variables undergoes a 
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change. Therefore, controls must be established to indicate the limits 
within which thé model and its solution can be considered as reliable. 
Also tools must be developed to indicate as to how and when the 
model or its solution will have to be modified to take the changes 
into account. 


18.6 Putting the Solution to work (OR Implementation) 


Finally, because the objective of OR is not merely to produce 
reports but to improve the system performance, the results of the 
research must be implemented. For this, solution obtained above 
should be translated into operating procedures which can be easily 
understood and applied by those who control the operations. Changes 
necessary in existing procedures and resources must be clearly indi- 
cated and should be implemented. After the solution has been applied 
to the system, OR group must study the response of the system to 
the changes made, Actual performance of the system may indicate 
some additional changes or modification. to be made on the part of 
OR group. 

The success of an OR study depends upon the co-operation 
received fromthe management at the implementation stage. One 
way of getting thia co-operation is to make management an active 
participant in all phases of OR study. The importance of this phase 
cannot be overemphasized since it is from this phase that the benefits 
of am OR study will be realized. 


These phases of OR study are not rigid rules; they are seldom 
conducted in the order presented. In many projects, for instance, the 
formulation of the problem is not complete until the project itself is 
virtually completed. Obviously, there is a considerable interplay 
between the different phases. 


1.9. Types of Models 

A model, as used in operations research, is defined as an ideal- 
ized representation ofa real-life system. Various types of models 
used in OR as well ав іп other sciences аге: iconic, analogue and 
symbolic. 
1:9.1 Iconic or Physical Models 

In iconic or physical models, properties of the real system are 
represented by the properties themselves, frequently with a change 
of acale. Thus, iconic models resemble the system they represent but 
differ in size; they are images. For example, globes are used tu 
represent the orientation and shape of various continents, oceans and 
other geographical feature of the earth. A model of the solar, system, 
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likewise, represents the sun and planets in space. Iconic models of 
atoms and molecules are commonly used in physics, chemisiry and 
other sciences. However, these models are usually scaled up or down. 
For example, in a globe, the diameter of the earth is scaled down, 
but its shape, relative sizes of continents, oceans, etc., are approxi- 
mately correct. On the other hand, a model of the atom is scaled up 
so as to make it visible to the naked eye. Iconic models may be two 
dimensional (photographs, maps, blue prints, etc.) or three dimensional 
(globes, automobiles, airplanes etc,). Ordinarily it is easier to work 
with the model ofa building, earth, sun, atom, etc., than with the 
modelled entity itself. Iconic models are quite specific and concrete 
but difficult to manipulate for experimental purposes, 


1-92 Analogue or Schematic Models 


Analogue models can represent dynamic situations and are used 
more often than iconic models since they are analogous to the char- 
acteristics of the system under study. They use one set of properties 
to represent some other set of properties which the system under 
study possesses, After the model is solved, the solution is ге-іпіег» 
pretod in terms of the original system. 


For example, graphs are very simple analogues, They represent, 
properties like force, speed, age, time, etc., in terms of distance, A 
graph is well suited for representing quantitative relationship between 
any two properties and predicts how @ change in one property affects 
the other. 


An organizational chart is a common schematic model It re- 
presents the relationships existing between the various members of the 
organization. A man-machine chart is also a schematiémodel, It 
represents a time varying interaction of men and machines over а 
complete work cycle. A flow process chart is another schematic model 
which represents the order of occurrence of various events to make a 
product. Contour lines on a map are analogus of elevation. Flow 
of water through pipes may be taken as an analogue of the ‘flow’ of 
electricity through wires, Similarly, demand curves and frequency 
distribution curves used in statistics are examples of analogue models. 


Transformation of properties into analogous properties increases 
our ability to make changes. Usually it is easier to change an 
analogue than to change an iconic model .and also leaser number of 
changes are required to get the same results, For example, it is casier 
to change the contour lines on a two dimensional chart than to change 
the relief on a three dimensional one. In general, schematic. models 
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are less specific and concrete but easier to manipulate than iconic 
models. 


19.3 Symbolic or Mathematical Models 

Symbolic models employ a set of mathematical symbols (letters, 
numbers, etc.) to represent the decision variables of the system under 
study. These variables are related together by mathematical equa« 
tion (s)/inequation (s) which describe the properties of the system. 
A solution from the model is, then, obtained by applying well de- 
veloped mathematical techniques 

In many research projects, all the three types of models are used 
in sequence; iconic and analogue models are used as initial approxima- 
` tions, which are, then, refined into symbolic model. 

Mathematical models differ from those traditionally used in 
physical sciences in two ways : 

1. Since OR systems involve social and economic factors, 
these models use probabilistic elements. 

2. They consist of two types of variables: controllable and 
uncontrollable. The objective is to select those values for controll- 

able variables which optimize some measure of effectiveness. There- 
fore, these models are used in decision situations rather than in 
physical phenomena. 

‘In OR, symbolic models ‘are used ай possible, not only 
because they are easier to manipulate but also because they yield 
more aecurate results. Most of this text, therefore, is devoted to the 
formulation and solution of these mathematical models. 


110 Typés of Mathematical Models 


Many OR models have been developed and applied to problems 
in business and industry. Some of these models are 
1. Mathematical techniques 
2, Statistical techniques 
3. Inventory models 
4. Allocation models 
Б. Sequencing models 
6, Routing models 
7. Competitive models 
8. Queuing models 
9. Dynamie programming models 
0. Simulation techniques 
Je Decision theory 


at, 
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12. Replacement models 
13. Heuristic models 
14. Combined methods 


110.1 Mathematical Techniques 


In principle, any mathematical technique can become a useful 
tool for operations analyst. Mathematical techniques most commonly 
employed are: differential equations, linear difference equations, 
integral equations, operator theory, vector and matrix theory. 
Detailed description of these techniques is beyond the scope of this 
book. For details, the reader is referred to any standard text on 
calculus. 


110. Statistical Techniques 


Some of the most commonly applied techniques come from pro- 
bability theory and statistics. These include discrete and continuous 
probability renewal theory, Markov processes and stochastic process- 
es, All these techniques are useful when dealing with uncertainty, 
errors, sampling, estimation and prediction. For some introductory 
text-books sce references [5] and [10]. 


110.3 Inventory Models 


Inventory models deal with idle resources like man, machines, 
materials and money. These models are concerned with two decisions: 
how much to order (i.e. produce or purchase) and when to order in 
order to minimize total cost, The total cost consists of carrying cost, 
replenishment cost and shortage cost, Economic order, quantity 
equations, linear, dynamic and quadratic programming are used to 
solve inventory models, Chapter 12 deals with these models. 


1104 Allocation Models 


Allocation models are used to solve problems in which (a) there 
are a number of jobs to be performed and there are alternative ways 
of doing them and (b) resources or facilities are limited. 


In such situations, the objective is to allot the resources to the 
jobs in such a way as to optimize the overall effectiveness (i.e. mini- 
mize the total cost or maximize the total profit This is called 
mathematical programming. When the constraints are expressed as 
linear equations/inequations, this is called linear “programming. 
Chapter 2 is devoted to this topic. If any of the constraints are non- 
linear, this is called non-linear programming. In addition to linear 
and non-linear programming, there are other types of pro, i 
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—integer, quadratic, dynamic, convex, stochastic and parametric. 
Their difference lies in the type of data handled and the assum ptions 
made. 


: The simplest type of allocation model involves the association 
of a number of jobs to the same number of Tesources (men). This is 
called assignment model. The assignment problem becomes more 
complex if some of the jobs require more than one resource or if the 
resource can be used for more than one job. Such a problem is called 

‘transportation problem. The transporation and assignment models 
are discussed in Chapter 3 and Chapter 4 respectively. 


1.10.5 Sequencing Model 


Sequencing refers to the determination of optimal sequence 
(order) for performing a set of jobs so as to minimize the total process- 
ing time (or cost), Only simple problems of this kind have been 
solved analytically. For others, simulation and heuristic methods 
have been used. Solution of sequencing models by analytical methods 
is taken up in Chapter 5. 


For sequencing problems in which some precedence relationship 
is given, i.e. certain jobs must be completed before others can start, 
special techniques have been developed. The two most powerful 
techniques are PERT and CPM. Chapters 14 through 18 deal with 
these techniques. 


1106 Routing Models 


Routing problems in networks are the problems which are rela- 
ted to sequencing. There are two important routing problems : 


(2) the travelling salesman problem 
(6) minimal path problem 


In the travelling salesman problem, there are a number of cities 
a salesman has to visit. The distance (or time or cost) between every 
pair of cities is known. The salesman is to start from his home city, 
visit each city only once and return to his home city, and the problem 
is to find the shortest route in distance (or time or cost). 

In.the minimal path method, there are many routes available 
between one оњу (origin) and the other (destination) and the problem 
is to find the shortest route. Both of these models have been dealt 
within Chapter 5, . 
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1.10.7 Competitive Models 


These models are used when two or more individuals or organi- 
zations with conflicting objectives try to make decisions. In such 
situations a decision made by one decision maker affects the decision 
made by one or more of the remaining decision makers. Competitive 
models arejapplicable toa wide variety of situations such as two 
players struggling to win at chess, candidates fighting an election, two 
enemies planning war tactics, firms struggling to maintain their mar- 
ket shares, ete. Chapter 7 is devoted to such situations, 


1.10.8 Queuing Models 


Queuing problems involve the arrival of units to be serviced at 
one or more service facilities. There is either too much or too less 
demand on the facilities so that either the units or the facilities have 
to wait. Costs are associated with both types of waiting times. In 
either case, the problem is to either schedule arriving units or provide - 
extra facilities or both so as to obtain an optimum balance between 
the costs associated with waiting time and idle time. Queuing models. 
are discussed in Chapter 10. 


1109 Dynamic Programming Models . 


Dynamic programming models are used for situations that ex- 
tend over a number of time periods. Regardless of what the previous 
decisions are, the dynamic model tries to determine the optimum 
decision for the periods that still lie ahead. Dynamic models involve 
manipulation of a large amount of information and require electronic 
computers. Chapter 8 deals with these models. 


1.10.10 Simulation Techniques 


Simulation is a representation of reality (problem, system, etc.) 
through the use of a model or other device, which will react in the 
same manner as reality under a given set of conditions. It is cover- 
ed briefly in Section 10.8 as a part of queuing theory, while a more 
complete treatment is given in Chapter 13. Simulation isa very 
powerful tool and is used for problems which fail to be solved by 
direct analysis. Once the simulation model is designed, it takes little 
time to run a simulation on a computer. D 


1.10.11 Decision Theory 


Decision theory plays an important role in helping managers 
make better decisions. Since, in the world we live, the course of 
future cvents cannot be predicted with absolute certainty, probabili- 
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ties are associated with these events. Decision theory covers three 
categories of decision making : under certainty, risk and uncertainty. 
For details, the reader is referred to reference [18]. 


110.12 Replacement Models 


Replacement problems are generally of two types involv- 
ing replacement of items that deteriorate with time and those that 
do not deteriorate but suddenly fail. The first category includes items 
like vehicles, machines, equipment, uniforms, ete, The problem con- 
sists of finding the optimum time for replacement so that the sum of 
the cost of new equipment, cost of maintaining efficiency on the old 
and the cost of loss of efficiency is minimum, These problems can be 
solved by calculus and dynamic programming. ‘The second category 
includes items like electric bulbs, tubes, tyres, etc. The problem, 
here, is of finding which items to replace and whether or not to re- 
place them in a group and, if so, when. The objective is to minimise 
the sum of the cost of the item, cost of replacing the item and the cost 
associated with failure of item. These problems can be solved by 
statistical sampling and probability theory. Chapter 11 is devoted to 
these problems. 


1.10.13 Heuristic Models 


According to Thierauf and Klekamp [reference (18)], heuristic 
models use rules of thumb or intuitive rules and guidelines (generally 
under computer control) to explore the most likely paths and to make 
educated guesses in arriving at a problem’s solution. Thus, checking 
all the alternatives, so as to obtain the optimum one, ie not required. 
Heuristic models seem to be quite promising for future OR work, 
They bridge the gap between strictly analytical formulations and 
the operating principles which managers are habitual of using. The 
reader wishing more detail on the subject should consult reference 
[18]. 

1.10.14 Combined Methods 


Real systems may not involve only one of the models discussed 
above. А production control problem, for example, normally соп. 
sists of a combination of inventory, allocation and queuing models, 

The usual.method of solving such combined models consists of 
‘solving’ them ‘one at a time in some logical sequence. However, 
OR combines these models and constructs some type of master model, 
which takes into account the interaction of individual models. 

Lastly, it must be emphasized that the above classification does 
not cover all OR problems. However, it does cover most of them, 
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Tt is expected thatin the days to come “more and more of new pro- 
cesses will be revealed and subjected to mathematical analysis. 


111 Constructing the Model 


Tt was pointed out in previous sections that formulation of the 
problem required analysis of the system under study. This analysis 
shows the various phases of the system and the way it canbe control- 
led. With the formulation of the problem, the first stage in model 
construction is over. The next step is to define a measure of effective. 
ness, i.e., the next step is to construct a model in which effectiveness 
of the system is expressed as a function of the variables defining the 
System. . The general form of OR model is 


E=f (zi yi) 
where E —effectiveness of the system 

2; = variables of the system that can be controlled 

y,- variables ofthe system that cannot be controlled 

but do effect E 
Deriving of solution from such a model consists of determining 

those values of control variables 2;, for which the measure of effect- 
iveness is optimized. Optimization includes both maximization (in case ` 
of profits, production capacity, etc.) and minimization (in case of 
losses, cost of production, etc.). 


Varisous steps in the construction of a model are 
1. Selecting components of the system 

2. Pertinence of components 

3. Combining the components 

4, Substituting symbols 


1111 Selecting Components of the System 


All the components of the system which contribute towards the 
effectiveness measure of the system should be listed, 


1112 Pertinence of Components 


Once a complete list of components is prepared, the next step is 
to find whether or not to take each of these components into account. 
This is determined by finding the effect of various alternative courses 
of action on each of these components, Generally, -one or more 
components (e.g., fixed costs) are independent of the changes made 
among the various alternative courses of action. Such components 
may be temporarily dropped from consideratien. 
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1143 Combining the Components 


It may be convenient to group certain components of the 
system. For example, the purchase price, freight charges and recei- 
ving cost of a raw material can be combined together and called 
‘raw material acquisition cost’. The next step is to determine, for 
each component remaining on the modified list, whether its value 18 

‚ fixed or variable. If a component is variable, various aspects of the 
system affecting its value must be determined. For instance manu- 
facturing cost usually consists of 

(i) the number of units manufactured, and 

(ii) the cost of manufacturing a unit. 


Once each variable component inthe modified list has been 
broken down like this, symbols may be assigned to each of these sub- 
components, 


The foregoing steps will be clear from the example considered 
kelow : 

A newsboy wants to decide the number of newspapers he should 
order to maximize his expected profit. He purchases a certain number 
»f newspapers everyday and sells some ог а] оѓ them. Не earnsa 
profit on'each papersold. He can return the unsold papers, but at à 
loss. The number of persons who buy newspapers varies from day 
to-day. 

To construct the model for this problem, we identify the 
various relevant components (variables) and then assign symbols to 
them. 

Let N-number of newspapers ordered per day 

А = ргойб earned on each newspaper sold 
В —loss on each newspaper returned 
D — demand i.e. number of newspapers-sold per day 
(хәр) 
p(D)eprobability that the demand will be equal to Don 
any randomly selected day 
P net profit per day 

If D>N io., demand is more than the number of newspapers 

ordered, the profit to the newsboy is 
P P (D>N)=NA 

if on the other hand, demand is less than the number ordered, 
the profit is 

. Р (D&N)- DA—-(N—D) B 
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Net expected profit per day, ў can be expressed as 
D=N е 
p= Z p(D)[DA-(N—D)B])+ Z рр). МА 
D40 D=N+1 ‚ 


This isa decision model of the risk type. Here, pis ihe 
measure of performance, N is the controlled variable, D is an uncon- 
trollable variable, while А and B are uncontrollable constants. 
Solution of this model consists of finding that value of N which maxi- 
mizes p. 

1.12. Approximations (Simplifications) in OR Models 

While constructing a model one comes across two conflicting 
objectives : 

(i) the model should be as easy to solve as possible, 

(ii) it should be as accurate as possible, 


Moreover, the management must be able tó understand the 
solution of the model and must be capable of using it. Obviously one 
must pay due сате tothe mathematical complexity of the solution, 
Therefore, while constructing the model, the reality (problem under 
study) should be simplified but only to the point where there isno 
significant loss of accuracy. Some of the common simplifications 
include 
Omitting certain variables 
Aggregating variables 
Changing the nature of variables 
Changing the relationship between variables, and 
Modifying constraints 


1121 Omitting Certain Variables 


л > SA tones 


Clearly, variables having в large effect on system's performance 
cannot be omitted. However, it requirés a lot ofstudy to decide 
which variables have and which do not have large effects. For 
instance, in production and inventory control models, the effect of 
production-un sizes on in-process inventory costs is usually negligible 
as compared to effects of other variables and is, therefore, neglected, 


1.12.2 Aggregating Variables 


Most problems involve a large number of decision variables. 
For instance, some inventory problems involve the purchase of more 
than а million items, For solving such problems, the controlled 
variables are grouped into ‘families’, A family is, then, supposed to 
consist of all identical members. One principle of ‘family’, forma» 
tion ig 
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1. Low usage, low cost 
2.. Low usage, high cost 
3. High usage, low cost 
4. High usage, high cost 
1.12.3 Changing the Nature of Variables 
The nature of variables may be changed in three ways : 
(i) by treating a variable as constant, 
(ii) by treating a discrete variable as continuous 
(ti) by treating a continuous variable as discrete. 


A variable may be treated as constant with its value equal to 
the mean of the variable’s distribution. For example, in most produc- 
tion quantity models set up cost is treated as constant. 


From both analytical and computational viewpoints it is easier 
to treat a discrete variable as continuous, Most of OR techniques 
deal with continuous variables. Even if the discrete variables are few 
in number, the computational difficulties become quite large. For 
instance, withdrawals of items from stock that are actually discrete 
are assumed as continuous at a constant rate, over a planning period. 

However, for processes in which time between events is a 
relevant variable, considerable simplification may be obtained by 
assuming that events occurring within a certain period occur instan- 
taneously at the beginning or end of the period. 


112.4 Changing the Relationship between Variables 


Models can be simplified by modifying the functional form of 
the model, Non-linear functions require a complex solution method. 
The most powerful computational techniques are applicable only to 
models having linear functions. Therefore, nonlinear functions are 
asually approximated to linear functions (e.g., in linear programming). 
Many times, a curve is approximated by a series of straight lines 
(6.7. in non-linear programming). Quadratic functions are used 58 
approximations since their derivatives are linear (e.g, in quadratic 
programming), Discrete functions (e.g., binomial and Poisson) are 
sometimes approximated by continuous normal functions. 


1125 Modifying Constraints 


Constraints can be subtracted, added or modified to simplity 
the model. If it is not possible to solye a model with all the con- 
straints, they can be temporarily ignored anda ‘solution’ obtained. 
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If this ‘solution’ happens to satisfy these constraints, it is accepted. 
If it does not, constraints are added, one at à time, with increasing 
complexity, until a solution satisfying the constraints is obtained. A- 
general rule regarding constraints is that when they are dropped the 
solution derived from the model becomes optimistic (it gives better 
performance than the ‘true’ solution), On the other hand, adding of 
constraints makes the solution pessimistic. 


1.13. Role of Computers in Operations Research 


It was said in section 1.3 that the computer played a vital role 
in the development of ОБ, But for the computer, OR would not have 
achieved its present position, It is because in most OR techniques, 
computations are so complex and involved that these techniques 
would be of no real use in the absence of the computer. Most large 
scale applications of OR techniques which require only a few minutes 
on the computer, may take weeks, months and even years to yield 
the same results manually. 


No doubt, the computer is an essential and integral part of OR. 
Today, OR methodology and computer methodology are growing in 
parallel. It appears that in the coming years the line dividing the 
two methodologies will disappear and the two sciences will combine 
to form a more general and comprehensive science, 


1-14, Difficulties in Operations Research 


The previous sections have brought out the positive side of OR 
only, However, there is also the need to point out the negative side, 
Certain common. traps and pitfalls can and have, ruined the otherwise 
good work. Some of these pitfalls are quite obvious while others are 
so subtle and hidden that extreme care is required to locate their 
presence. 


In the very first phase of OR—the problem formulation phase— 
a number of pitfalls can and do arise, It is necessary that the right 
problem be selected and it must be completely and accurately defined 
Is the right problem being solved ? Is the scope considered wide and 
proper? Will it result in optimization or only sub-optimization 
Will the solution properly reflect the objectives as well as the imposed 
constraints ? Are proper effectiveness measures being used ? This 
phase of problem formulation is perhaps the most important and 
toughest part of OR study. 


Secondly, data collection may also congume a very large portion 
of time and money spent on OR study. 
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Thirdly, the whole study by operations analyst is based on his 
observations in the past,- Strictly speaking, these observations сап 
only be related to the laws that operated. in the past, as there is no 
evidence that the laws will continue to operate in future also. If the 
laws are applied to the future, it clearly amounts to extrapolation in 
time. 


Fourthly, the operation researcher, while making observations, 
may affect the behaviour of the system he is studying. Moreover, 
however comprehensive his experiments may be, his observations can 
never be more than a sample of the whole. These difficulties present 
special hazards to operation researcher, His aim is to find out what 
‘happens їп a working organization. He can get the information in 
` two ways : by direct observations or from the previous records. The 
behaviour of an organization depends upon the activities of the 
persons in it and the very fact that they are being observed is bound 
to affect their behaviour. On the other hand, accuracy of previous 
records is always doubtful and they seldom provide the complete 
information in all the points sought. 


Perhaps the greatest difficulty in OR, however, is created by 
the time factor. The managers have to make decisions one way or the 
ther, and a fairly good solution to the problem at the right time 
may be much more useful than the perfect solution too late, Fur- 
ther, the cost involved is also an important factor. Sometimes, some 
simple application of OR may yield a good solution quickly and it 
may be unwise to spend a lot of money and effort to produce a slightly 
better solution much later. 


Other pitfalls in problem solving include 

(i) warping the problem to fit a standard model, tool or 
technique 

(či) failure to test the model and solution before implementa- 
tion 

(itt) failure to establish proper controls 


It is the Tesponsibility of OR scientist to translate his highly 
specialised and technical thoughts, ideas and concepts into simple 
operational procedures capable of being easily understood by the 
management and workers alike. He must also ascertain that the new 
Proposals are properly implemented. But for the proper implement- 
ation, the whole OR study becomes useless. 


Lastly, what may appear to be a pitfall is the fact that OR 
study may raise more questions than it answers, However, this may 
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ultimately result in more deep insight into the system, yielding further 
benefits and improvements. 
1:15. Limitations of Operations Research 

1. Mathematical models which are essence of OR do not take 
into account qualitative factors or emotional factors which are quite 
real. All influening factors, which cannot be quantified, find no place 
in mathematical models. 

2. Mathematical models are applicable to only specific cate- 
gories of problems. ` 

3. Being a new field, generally there is а resistance from the 
employees to the new proposals. 

4, Management, who has to implement the advised proposals, 
may itself offer a lot of resistance due to conventional thinking. 

5. Young enthusiasts, overtaken by its advantages and exaot- 
ness, generally forget that OR is meant for men and not that men are 
meant for it.” 

Thus at the implementation stage, the decision cannot be gove 
erned by quantitative considerations alone. It must take into account 
the delicacies of human relationships. That is, in addition to being & 
pure scientist, one has to be taetful and learn the art of getting the 
decisions implemented. This art can be achieved by experience as well 
as by getting training in social! sciences, particularly psychoiogy. 

In fact, many managers may make a joke of OR as they think 
that th» decisions made otherwise may be better, But being aware of 
its limitations, they need to be convinced of its utility, which doubt- 
lessly forms the essential gnideline for making better decisions. 

1-16. Bibliographic Notes Ы 

The literature on operations research is quite extensive. One 
of the earliest and comprehensive text book is by C. Churohman, 
R. Ackoff and E. Arnoff [2]. This book deals with the subject matter 
quite exhaustively. The book edited by J. McCloskey and Е. Trefe- 
then [9] is also quite extensive and lays good emphasis on the history 
of OR, 

A very good exposition of OR methods is given inthe book by 
M. Sasieni, A. Yaspan and L, Friedman [13]. 

Books by A. Kaufmann [8] and T. Sasty [11] deal with the 
mathematical methods used in OR. Both present the material on a 
high mathematical level. 

A collective work presented by Abe Shuchman [16] gives a very 
exhaustive treatment of the subject. It needs very little mathemati- 
cal background. Text books by R. Thierauf and В. Klekamp [18] 
and Н. Taha [17] are other good books on the subject of opegations 
research. 
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PARTI 


Allocation Models 


Allocation models are used to solve a class of problems which 
arise when 

(a) there are a number of activities (jobs) to be performed and 

there are alternative ways of doing them. 

(b) resources or facilities are not available for performing each 

activity in the most effective manner. 

In such situations, the objective is to allot the resources to the 
jobs in such в way as to optimise the overall effectiveness (i.c., to 
either minimize the total cost or maximize the total returns). 

The number of possible alternative ways (choices) of allocating 
the resources to the activities can be finite ог infinite. If а problem 
has finite number of choices, all the different choices can be found, at 
least, theoretically. Unfortunately, in most of the practical situations, 
numbers of such alternatives ia very large and enumerating all of 
them is а very lengthy process. For example, there are 10 ways of 
aliocating 10 riders to 10 horses. 

Clearly, for many practical situations, solutions in -principle 
(e.g., enumeration) are insufficient. And naturally, the first situations 
to be discussed were comparatively simple ones where the effective. 
ness function and constraints are expressed as linear functions of the 
allocations. The analysis of these situations is called linear progra- 
mming. This technique of linear programming can be used for three 
different groups of problems. They are 

1. Assignment Problems : This group comprises problems 
concerning what happens when we associate each of a numberof 
origins’ with each of the same number of destinations’. Each source 
(origin) is to be associated with one and only one job (destination) and 
associations are to be made in such a way as to maxmizo (or mini. 
mize) the total effectiveness, Resources are not divisible among 
jobs, nor are jobs divisible among resources. 

2. Transportation Problems : This group of problems concerns 
as to what happens to the effectiveness function when we associate 
each of a number of origins with each of a possibly different number 
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of destinations (jobs). The total movement from each origin and the 
total movement to each destination is given and it is desired to find 
how the associations be made subject to the limitations on totals. In 
such problems, resourees can be divided among jobs or some jobs may 
be done with a combination of resources but resources and jobs must 
be expressed in terms of only one kind of unit. 

3. Simplex Problems: This group of problems includes the 
above two groups. The computations are quite lengthy and methods 
of groups land 2 should be used whenever possible. Generally, a 
simplex problem involyes maximization or minimization of a linear 
function of a set of non-negative variables, subject to a set of linear 
inequalities relating the variables. 

We shall first discuss (in Chapter 2) how linear programming is 
used to solve simplex problems which are most general in nature. 
The role played by linear programming in solving transportation pro- 
blems and assignment problems wil] be dealt with in Chapter 3 end 
Ohapter 4 respectively. 


J inear Programming 


2-1. -Introduction 

Linear programming deals with the optimization (maximization 
or minimization) of a function of variables known as Objective 
function, subject to a set of linear equations and/or inequations known 
as restrictions or constraints. The objective function may be profit, cost, 
production capacity or any other measure of effectiveness, which is to 
be obtained in the best possible or optimal manner. The restrictions 
may be imposed by different sources such as market demand, produc- 
tion processes and equipment, storage capacity, raw material avail- 
ability, etc. By linearity is meant a mathematical expression in which 
the variables do not have powers. 

i It was in 1947 that George Dantzing and his associates found out 
a technique for solving military planning problems while they were 
working on а project for U.S. Air Force. This technique consisted 
of representing the various activities of an organization as a linear 
programming (L.P.) model and arriving at the optimal programme by 
minimizing a linear objective function. Afterwards, Dantzig suggest- 
ed this-approach for solving business and industrial problems. He 
also developed the most powerful mathematical tool known as ‘Simp- 
lex Method” to solve linear programming problems. 

22. Requirements for a Linear Programming Problem 

АЦ organizations, big or small, have at their disposal, men, 
machines, money and materials, the supply of which may be limited. 
If the supply of these resources were unlimited, the need for mdnage. 
ment tools like linear programming would not arise аё all. Supply 
of resources being limited, the management must find the best allopa- 
tion.of its resources in order to maximize the profit or minimize the 
loss or utilize the production capacity to the maximum éxtent. How 
ever, this involves a number of problems which can be overeome by 
quantitative methods, particularly the linear programming. 
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Generally speaking, linear programming can be used for optimiza- 
tion problems if the following conditions are satisfied : 

1. There must be a well defined objective function (profit, cost 
or quantities produced) which is to be either maximized or minimized 
and which can be expressed as a linear function of decision variables, 

2. There must be restrictions on the amount or extent of 
attainment of the objective and these restrictions must be capable of 
being expressed as linear equalities or inequalities in terms of varia- 
bles. 

3. There must be alternative courses of action. For example, 
given product may be processed by two different machines and pro- 
blem may beas to how much of the product to allocate to which 
machine. 


4, Another necessary requirement is that decision variables 
should be interrelated and-non-negative. The non-negativity condi- 
tion shows that lincar programming deals with real life situations for 
which negative quantities are generally illogical. 

5. Ав stated earlier, the resources must be in limited supply. 
For example, if a firm starts producing greater number of a particular 
product, it must make smaller number of other products as the total 
production capacity is limited. 


2.3, Examples on the Applications of Linear Programming 


н In this section we illustrate the application of linear program- 
ming to various situations with the help of examples. The objective 
is to familiarize the reader with some of the areas where this techni- 
que may be applied. In these examples the stress is laid on the 
analysis of the situation and formulation ofthe L.P. model rather 
than its solution. The solution of such problems is discussed sepa- 
rately under articles 2.4 and 2.10. 


Situation 1 : 


The first, most typical situation to which linear progamming 
may be applied is the following : 

There are many targets which can be achieved with the help of 
different types of resources, The main feature of this situation is 
that to achieve each individual target, different resources can bo 
simultaneously used, while they can also be used to fulfil other targets. 
Moreover, the allocations of individual resources are determined in 
advance. The objective, therefore, is to decide the correct allocation 
of resources to achieve the individual targets. We shall describe this 
situation with the help of three examples. 
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EXAMPLE 2.3.1 (Production Allocation Problem) 
А firm produces three products, These products are processed 
on threé different machines. The time required to manufacture one 


unit of each of the three products and the daily capacity of the three 
machines is given in the table below. 


Table 2.1 
cee та? ME a eee 
Time per unit (minutes) 


Machine capacity 
(minutes /day) 


Machine Qa тутт 


Product 1| Product 2 | Product 3 


M, 2 3 2 
| 

M, 4 =f 3 

м, 2 5 E 


It is required to determine the daily number of units to be 
manufactured for each product. The profit per unit for product 1, 2 
and 3 is Rs. 4, Rs. З and Rs. 6 respectively. It is assumed that all 
the amounts produced are consumed in the market. 


Formulation of Linear Programming Model 


Step 1: 

From the study of the situation find the key-decision to be 
made. It this connection, looking for variables helps considerably. 
In the given situation key decision is to decide the extent of products 
1, 2 and 3, as the extents are permitted to vary. 

Step 2: 

Assume symbols for variable quantities noticed in step 1. Let 
the extents (amounts) of products 1, 2 and 3 manufactured daily be 
жү, 4 and z respectively. 

Step 3: 

Express the feasible alternatives mathematically in terms of 
variables. Feasible alternatives are those which are physically, eco- 
nomically and financially possible. In the given situation feasible 
alternatives are sets of values of 21, 2, and £y, 


where Zi, 25,2420 (2.1) 
Since negative production has no meaning and is not feasible." 


P 


7 
38 Operations Research : An Introduction 


Step 4: 

Mention the objective quantitatively and express it asa linear 
function of variables. In the present situation, objective is to maxi- 
mize the profit. 

i.e., to maximize 2= 42, + 324+ 623 ...(2.2) 


Step 5: 

Put into words the influencing factors or restrictions (or cons- 
traints). "These occur generally because of constraints on availability 
(resources) or requirements (demands). Express these restrictions also 
as linear equal.ties/inequalities in terms of variables. 


Here, restrictions are on the machine capacities and can be 
mathematically expressed as 
227,432,422, [440 
4254-025 4-34 470 ...(2.3) 
| 22, 4-02, -0xg «430 
The complete linear programi aing problem is then given by 
maximize Z=47,+3a,+62, 
subject to 22, --325 - 2%, <440 
4m +323 «470 
2x, +451, <430 
D 4,93, 13 20. 
EXAMPLE 2,3-2 (Production Planning Problem) 
A factory manufactures a product each unit of which consists 
of 5 units of part A and 4 units of part B. The two parts A and B 
require different raw materials of which 120 units and 240 units res- 
pectively are available. These parts can be manufactured by three 
different methods, Raw material requirements per production run 
and the number of units for each part produced are given below. 


Table 2.2. 
ОЗАБОЧЕН ИЧЕ 
; Input per run (units) Output per run (units) 
Method 
Raw Raw Part A Part B 
material 1 material 2 
1 Әг 5 (9 4 
AA 4 7 5 8 


os 
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Determine the number of production runs for each method so 
as to maximize the total number of complete units of the final 
product, 

Formulation of Linear Programming Model 
Step 1: 

The key-decision tobe made is to determine the number of 

production runs for each method. 


Step 2: 
Let 21, £a =з represent the number of production rans for 
method 1, 2 and 3 respectively. 


Step 3: 
Feasible alternatives are the sets of values of 
жү, Tg & Tg, Where 2, %, % 20 (2.4) 


Since negative number of production rurs has no meaning and is not 
feasible. 

The objective ів to maximize the total number of units of the 
final product. Now, the total number of unit of part A produced 
by different methods is 6x, -+ 023-724 and for part B із 42; 4-825 - 325. 
Since each unit of the final product requires 5 units of part A and 4 
units of part B, it is evident that the maximum number of units of 
the final product cannot exceed the smaller value of 


а nd 421 os 32, д 


Thus the objective is to maximize 


Z-Min (Soe Э ад ) 5) 


Step 5: 
Restrictions are on the availability of raw materials. They are, 


for 
raw material 1, 72,-4-4254-2z, < 120 
and raw material 2, 62,72, 4-92, < 240 ..‹(2.6) 
The above formulation violates the linear programming pro- 
perties since the objective funetion is non-linear. (Linear relationship 
between two or more variables is the one in which the variables are 
directly and precisely proportional) However, the above model oan 
be easily reduced to the generally acceptable linear programming 
format. . 
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Tat y= Min (®+=+=, E E ) / 


Tt follows that Voie d] 


2y and S. 
ie. 62,-+4+52,+72%,—5y>0 
and 4z,4-8z,--32; —4y 220. 
Thus the above problem reduces to the following L.P. problem : 
maximize Z—y 
subject to 62,52, 4-7z,—59y 20 
Az, 82, +32,—4y>0 
7214-424-223 «120 
5x, +72, --97; <240 
where 2120, 2,20, 2,20. 
EXAMPLE 23-3. (Advertising Media Selection Problem) 


An advertising company wishes to plan its advertising strategy 
in three different media—-television, radio and magazines, The pur- 
pose of advertising is to reach as largea number of potential custo- 
mers as possible. Following data has been obtained from market 

 snrvey : 


>y 


Table 2.3 
PUDT Sa eee E RRES y IA P ENE AER 
Television | Radio Magazine I|Magazine 11 


1 
Cost of an adver- 
Itising unit Rs. 30,000 |Rs. 20,000 | Rs. 15,000 |Ra. 10,000 


No. of potential 
customers reached 
per unit 2,00,000 | 6,00,000 1,50,000 1,00,000 


No. of female ons- 
tomers reached 
per unit 1,50,000 | 4,00,000 70,000 50,000 


| 
кыы е! == 


The company wants to spend not more than Rs, 450,000 on 
advertising. Following are the further requirements that must be 
met : 

(i) atleast 1 million exposures take place among female 

customers, 

(ii) advertising on magazines be limited to Rs, 1,50,000. 


(tit) at least 3 advertising units be bought on magazine I and 
^ д units on magazine IT, and 
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(iv) the number of advertising “mits on television and radio . 
should each be between 5 and 10. x 


Formulate a L.P. model for the problem. 
Formulation of Linear Programming Model. 


Step 1: 

The key decision to be made is to determine the number of 
advertising units to be bought in television, radio, magazine I and 
magazine IT. 


Step 2: 

Let a, т, 23, Xy represent the number of these advertising 
units in television, radio, magazine I and magazine IT respectively. 
Step 3: 

Feasible alternatives are sets of values of ту, ту, ty, £4, where 
ay, Lay Ta 2, all BO. 

Step 4: 

The objective is to maximize the total number of potential 
customers. 

ie., maximize Z-l05(2z, --62; + L'923 4-24). 

Step 5: , 
Constraints are 
On the advertising budget : 30,000 x, --20,000 234- 15,000 a, 
4-10,000 ,«:4,50,000 
or 30 214-20 za+ 15 254-10. z450 

On number of ; 

female customers reached: 150,0002z,+400,0002-+-70,00074 
by the advertising campaign 4-50,000 2,72 1,000,000 

or 152; --40z; 4-72, 4-5, 2: 100 

On expenses ou magazine : 15,0007, |- 10,000; <1,50,000 


advertising or 15x, +102,< 150 
On no. of units оп maga- 
zines HEP E] 

222 


On по. of units on television : 5&z,« 10 
On no. of units on radio : 5«z,« 10 
Thus the complete L.P. problem is 


maximize Z—105(27, 62, - 1:5z,4-2,) б 
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subject to — 307,--202; .- 102; 4- 1074«, 450 
l8z,--402,--725--5z, / 22100 
162, 4-10, «150 
23 298 
Ta 22 
| 265 
2 «10 
Ta 25 
2 <10 
where Tis Lg, Lg, 04720. 
EXAMPLE 2.3.4. (Inspection Problem) 


À company has two grades of inspectors, 1 and 2 to undertake 
quality control inspection. At least 1,500 pieces must be inspected in 
ап 8-hour day. Grade 1 inspector can check .20 pieces in an hour 
with an accuracy of 96%. Grade 2 inspector checks 14 pieces an 
hour with an accuracy of 92%, 

The daily wages of grade 1 inspector are Rs 5 per hour while 
those of grade 2 inspectors are Ев, 4 per hour. Any error made by an 
inspector costs Rs. 3 to the company. If there are, in all, 10 grade 
linspectors and 15 grade 2 inspectors in the company, find the 
optimal assignment of inspectors that minimizes the daily inspection 
cost. 

Formulatiou of L.P. Model 
Step 1: 
The key decision to be made is to determine the number of grade 


land grade 2 inspectors for assignment. 
Step 2: 


Let z, and x, represent the number of these inspectors. 
Step 3: 


Feasible alternatives are sets of values of x, and x, where 2,70, 
v0. 
Step4: 

The objective to minimize the daily cost of inspection. Now 
the company has to incur two types of costs; wages paid to the 
inspectors and the cost of their inspection errors. The cost of grade 
1 inspector/hour is Ў 

Rs. (5 +3 x 0-03 x 20) Ве. 6:80 

Similarly; cost of gtade 2 inspector/hour is 

Ra. (443 x 0:03 x 14)=Rs. 5-26 
The objective function is 
minimize Z=8(6-8r1 45-2612) = 54-42, 4 49-082), 


ee 


| 


мы. А 
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Step 5: 
Constraints are 
On the number of grade 1 inspectors : %<10 i= 
On the number of grade 2 inspectors : m« 15 
On the number of pieces to be inspec- 
ted daily : 20x 874-14 x 8z, > 1,500 
orl6z,4112z, 21,900. 
Thus the complete L.P. problem is 
minimize Z —54-42; 4 49-082 
subject to 1602, + 1122,>1,500 
21<10 
where 21,220. 


EXAMPLE 23-5. 


А chemical company produces two products, Xand Y. Each 
unit of product X requires | 3 hours on operation I and 4 hours on 
operation II, while each unit of product Y requires 4 hours on opera- 
tion I and 5 hours on operation II. Total available time for opera- 
tions I and II is 20 hours and 26 hours respectively. The production 
of each unit of product Y also results in two units of a by-product 2 
at no extra cost, 

Product X sells at profit of Кв. 10/unit, while Y sells at profit 
of Rs. 20/unit. By-product Z brings а unit profit of Rs. 6 if sold ; 
in case it cannot be sold, the destruction cost is Rs. 4/unit. Fore- 
casts indicate that not mere than 5 units of Z can besold. Deter- 
mine the quantities of X and Y to be produced, keeping Z in mind, so 
that the profit earned is maximuni. 


Formulation of L.P. Model 


Step 1: 


The key decision to be made is to determine the number of units 
of products X, Y and Z to he produced, 


Step 2: 
Let the number of units of products X, Y and Z produced be 
ад, Жз, xz, where 


k z,—number of units of Z produced 


— number of units of Z sold+number ‘of units of Z 
destroyed И 


—my t4 (8ау). 


y 
" . 
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Step 3: х / 


Feasible alternatives are sets of values of 21, Z, s, and t, 
where 21, 25, 23, 2,220. 


Step 4: 


Objective is to maximize the profit. Objective function (profit 
function) for products X and Y is linear because their profits (Rs. 
10/unit and Rs. 20/unit) are constants irrespective of the number of 
units produced. A graph between the total profit and quantity 
produced will be a straight line. However, а similar graph for pro- 
duct Z is non-linear since it has slope +6 for first part, while a slope 
of —4 for the second. However, it is piece-wise linear, since it is 
linear in the regions (0, 5) and (5, ео). Thus splitting x, into two 
parts, viz. the number of units of Z sold (zs) and number of units of 
Z destroyed (x4) makes the objective function for product Z also 
linear, 

Thus the objective function is 

maximize G— 102; 4-202, -62,— 4v, 
Step 5: 

Constraints are 

On the time available on operation I : 324 +4720 

On the time available on operation II : 42,452, <26 

On the number of units of product Z sold ; ж; «5 

On the number of units of product Z produced : 

Day mrs +04 or —225 H gs 2, 0 
Thus the linear programming problem becomes 
maximize G=10z, 4-202, + 62, —4x, 
subject to 321+ 4z, « 20 
42; + 529,26 
—~ 2, H tH 2 0. 
265 
where 25, 25, zs, Za, all 29. 
Situation 2: 


The second situation is that certain targets have been set and 
for each target а minimum degree of implementation has been fixed 
in advance. On the other hand, the types of resources for the imple- 
mentation of these targets are mentioned but the allocation of these 
regources is not given. The problem is to ensure that minimum tar- 
gets are at least fulfilled with minimum cost on resources. This, 
` therefgre, is a situation in which the resources must be so allocated as 
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to fulfil the targets to the fixed level. This type of situation is called 
choice of resources situation. We shall describe this situation with 
tho.help of a few examples. j 


EXAMPLE 2-3-6. 

A firm produces an alloy having the following specifications : 

(i) specific gravity «0-9 

(ii) chromium 2896 

(iii) melting point» 450°C 

Raw materials A, B and C having the properties shown in the 
table can be used to make the alloy. 


Table 2:4 


Properties of raw material . 


Property c a i i SS poe 


A | B | с 
ey D ee So a 
Specific gravity 0-92 0-97 104 
Chromium 9% 13% 16% 
Melting point 540°C 490°C 480°C 


Cost of the various raw materials per unit ton are: Rs. 90 for 
A, Rs. 280 for B and Rs. 40 for С. Find the proportions in which 
A, B and C be used to obtain an alloy of desired properties while the 
cost of raw materials is minimum. m 
Formulation of Linear Programming Model 
Step 1: 

Key decision to be made is how much (percentage) of raw mate- 
rials A, B and C be used for making the alloy. 
Step 2 : 

Let the percentage contents of A, В and be zy 22 and ж; 
respectively. 


Step 3 : 
Feasible alternatives are sets of values of zj, where j=1, 2 and 8. 
. (271) 
Step 4: 


Objective is to minimize the cost 
i.e., minimize 7.2902, 4- 2802; 41-402; 40278) 
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Step 5: 
Constraints are imposed by the specifications required for the 
alloy. They are 
0-922, 0.972, --1.042,« 1-9 
_ 92,4 132, +162,>8 - -..(2:9) 
5402, -4902, 4807, 5 450 
Also £j 4-23-- 25 —103. 


The above equations/inequations represent the L.P. model for 
the given problem. : 


EXAMPLE 2.3.7. (Fluid Blending Problem) 


An oil company produces two grades of gasoline P and Q which 
itsells at Rs. 3and Rs, 4 per litre. The refinery can buy four 
different crudes with the following constituents and costs : 


Table 2:5 
DAES Se mee з E ee 
Constituents 
Crude Price/litre 
+ Ni as Nes УЗР calo УУ ЫЕ 


RM 


1 0-75 0.15 0.10 Rs. 2.00 
2 0-20 6-30 0.50 Rs. 2.25 
3 0.70 8-10 0.20 Rs, 2.50 
4 0.40 0-60 0.50 Rs, 2.75 


The Rs. 3 grade must have at least 55 per cent of A and not more 
than 40 per cent of С. The Rs, 4 grade must not have more than 
25 per cent of С. Determine how the erudes should be used ко as to 
maximize the profit, 

7 [Pb. Univ. B.Sc. Mech. Engg. Dec., 1978] 
Formulation of Linear Programming Model 
Step 1: 

Key decision to be made is how mueh of eaeh erude be used for 

making eaeh of the two grades of gasoline, 
Step2: 


Let ihese quantities be Tepresented by ту, where i—erude 1, v 
3, 4 and j= grade P, Q. 
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Step 3: 

The various alternatives are sets of values of азу (2:0), where i— 
1, 2, 3, 4 and j=P, Q. 
Thus  z,,—amount of crude 1 used in gasoline of grade P 


2 
T= » » EAS » ” ” „ 


z,—amountoferude 1 used in gasoline of grade Q 


БУЛЫ » » 2, » » » » 


where Zıp, Zap, Zaps Tay: Tig Taq» Хзф› Tag all20. ...(2:19) 
Step4: 


Objective is to maximize the profit, whieh obviously is 


3(2154-2ар--29» t+ a») +4 (Pig + Mea +20024) — 201 +214) 
2.26 (tap +) — 2-50 (255 Tag) -- 2.75 (ap + Tag) 


i.e., maximize Zi—255—0. 75255-05025; 4-0.252,5 J-2234-- 1.7 529g 
1.5023, 1.25244. (2:11) 


Step 5: 


Constraints are on the quantities of constituents A and C to be 
allowed in the two grades of gasoline. 


ie, O0.752,5--0.2025, 0.7025, 0.402, 20557) 
(Zip + Zap Togt Tap) | 
0.102,5 40.5021 4-0. 20755 4-0.50z,5 0.40 | 


(21>-2ар+- tap + ар) 
and 0.102, 4-0.0025, -- 0.2025, 4-0.502,«,0.26. | 


(21422-29. + 4). J 


..(@19) 


Thus the problem is to maximize equation (2.11) subjeeb to constraints 
(2.12) and non-negativity restrictions (2.10). 


EXAMPLE 2.3-8. (Diet Problem) 


A person wants to decide the eonstituents ofa diet which will 
fulfil his daily requirements of proteins, fats and carbohydrates at 
the minimum cost. The choiee isto be made from four different 
types of foods. The yields per unit of these foods are given in 
table 2.6. . 


z 


z 


# 
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Table 2.6 


Yield per unit 


Food ae "Пом per 
type Proteins Fats Carbohy- unit 
А drates 
1 Pı Л € ay 
2 Pi Sa в d, 
3 Ps ГА Cg ds 
4 Di ts e | d, 
Minimum Sy, SS MSN 
daily D F [6] X 
require. 
ment 


Formulation of L.P, Model 
Step 1: 
Key decision is to decide the number of units used of Ist, 2nd» 
8rdand 4th type of food. 
Step 2: 
Let these units be 73, Ta, 25 and x, respectively. 
Step 3: 
Feasible alternatives are sets of values of 7,20, where j= 


1,2, 3, 4. .. (2.18) 
Step4: 

Objective is to minimize the cost 
ies minimize Z —z,d, nda 3d, 4 zd, (2.14) 
8їер 5: 

Constraints are that the minimum daily requirements of the 
various constituents must be fulfilled. 


i.e., for proteins, Pit *193—25734-z,p, >Р] 


for fats, Алалар | (2.15) 
and for carbohy. 9164-2368 ауса C, | (2. 
drates J 


Thus the І.Р. problem is to minimize equation (2.14) subjeot to 
_ eonstrajnts (2.15) and non-negativity restrictions (2.13). 
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EXAMPLE 2.3-9 (War Strategy Problem) 

The strategic bomber command receives instructions to interrupt 
the enemy tank production. The enemy has four key plants located 
in separate cities, and destruction of any one plant will effectively 
halt the production of tanks. There is anacute shortage of fuel, 
which limits the supply to 45,000 litres for this particular mission. 
Any bomber sent to any particular city must have at least enough 
fuel for the round trip plus 100 litres. 

The number of bombers available to the commander and their 
descriptions are as follows : w 


Bomber type Description Km. flitre Number 


available 
A Heavy ә 40 
в Medium 2-5 30 


Information about the location of the plants and their probability of 
being attacked by a medium bomber and a heavy bomber is given 
below. 


Plant Distance Probability of destruction 
from base 
(km) _ a heavy bomber a medium bomber 
1 400 0-10 0087-2 
2 450 0-20 0-16 
3 500 0-16 0-12 
4 600 0:25 0:20 


How many of each type of bombers should be dispatched, and how 
should they be allocated among the four targets in order to maximize 


the probability of success ? 


Formulation of L.P. Model 


Step 1 : 
Key decision to be made is how many of each type of bombers 
bo sent to which plant. ж 


Step 2: 
Let the bombers sent be zj, wherei=type А, В and j=plant 
1, 2, 8, 4. . 


50 Operations Research : An Introduction 
Step 3 : 

Feasible alternatives are sets of values 75420, where i—A, B & 
j=l, 2, 3, 4, 


ie; TAn Tan TAs TAS Тв, Т», вз, Xpy all 0 (216) 


Step 4: 
Objective is to maximize the probability of success in destroying 
at least one plant and this is equivalent to minimizing the proba- 
н bility of not destroying any plant. Let Q denote this probability. 
© Then, Q—(1—0-1):4, (1—0:24, . (L—0-15)"A, . (1—0.25)7A,. 
(1—0-08)*B, (1—0-16)B, . (1—0-12):B,.. (1—0-20)2B,. 
Here the objective function is non-linear but it can be reduced to the 
linear form. 

Now, minimizing Q is equivalent to minimizing log Q and log Q 
islinear. Moreover, minimizing log Ф is equivalent to maximizing 
—log Q or maximizing log 1/Q. Taking base of log as 10, 

log 1/Q—— (x41 log 0-9--жд„ log 0-8-4-243 log 0-854 

va, log 0:75+ 2p, log 0:92--2g, log 0:84 4- 
Tps log 0:88-I-2g, log 0-80) 
Therefore, the objective is to maximize 
log 1/0=0.0457243+.0.0969124»-4.0.07041xag 7 
+0-1248324¢-+0.036232r5, +-0.0655820, O a217) 


70.056385, 4-0.0969125,. il 
Step 5: 


Constraints are 
(а) due to limited supply of fuel 
( ^p +100) ( 2х A но). ee +100), 
+( 2x Se +100 Jes 
( 2x +100 }®+( 2х 350 100 js 2x 590 4100 Je: 


2, 900 
+( 2x3= +100 Jesi 45,000 


ie., 50024, T 95074; 4- 6002, 1 70024, 4-420, 4 4602p, 
+5002 5+ 58025,45,000. «..(2-18a) 
(0) due to limited number of air crafts 
TMT ast Cast A e 40 2 
авта, ава + 75430, -+.(2.18 b) 
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Thus the L.P. problem is to maximize equation (2:17) subject to in-. 
equations (2.18a), (2:185) and (2-16). : 
EXAMPLE 2.3-10 (Production Scheduling Problem) 

A company wants to plan the next week's production of its 
three products A, B and C. These products are made on three 
machines—lathes, drills and grinders. Time available on lathes, drills 
und grinders for the next week is 200 hrs., 250 hrs. and 300 hrs. 
respectively. The products can be made through different alternative 
routes shown in the table below. The products sell in the market at Rs. 
20, Rs. 15 and Rs. 25 per unit respectively. * 
(а) Formulate the L.P. model assuming unlimited market demand for 

the products. 
(5) There is а fixed order (that has to be satisfied) of 250 units of A, 
200 units of B and 150 units of C. : 
The customer pays Rs. 20, Rs. 15 and Rs. 25 per unit of 
products A, B and C in the fixed order and is willing to pay Rs. 16, 
зв. lO and Rs, 20 per unit for the extra units of A, B and С 
respectively. Construct the model that maximizes the sales revenue. 
(c) If not more than 200 units of С сап be sold in the market, what 
modifications would be required in the model ? 
(1) If there is possibility of using overtime, how can it bo taken inte 
consideration ? 


Product A Product B Product C 


Machines Route Route Route x 


2 3 К 


Lathes 0:5 | 0-7 |03 
Drills 0:5 | 0:3 | 0-2 0:4 | 03 
0-6 | 0-4 | 0:6 | 0-7 


Grinders 


(a) Formulation of L.P. Model 
Step 1: A 

Key decision to be made is to 
products A, B and C to be manufac 
third routes. 


determine the number of units of 
tured through first, second and 
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Step 2: 

Let the number of units of products A, Band C manufactured 
through first, second and third routes be x}, 79, agi Tar Teg and 
хс, tcs, 2сз respectively. 

Step 3: 

Feasible alternatives are sets of values of these variables, where 
each of them is non-negative. 

ie., TAn Caw TAD TBL po; 101, 1С, Vcg all 220. 

Step 4: 
Objective is to maximize the sales revenue, 
$e, maximize Z=20 (£41 +2A2+2,3)4-15 (2в1--2вз) 
+25 (zci teH ica). 
. Step 5: 

Constraints are onthe machine hours available for each 
machine. They are 

for lathes: 0.бтду+-0.Талда--0.Зхдз--0.бевз +0.62¢1-+ 0-5ta 


4E 0-32, « 200 
for drills : 0,6za;-- 0. zAs-- 0.2255 --0.drpy 4- 0.3255 4-0. 72, 
+0.42с+0.15с:<250 and 
for grinders : 9.62141 0-47 As-- .ÓzAs 0.725, --0 5p. --0.dzc, 
-0.27:5«:300. 


Thus the L.P. model is to maximize Z Subject to the constraints 
and non-nezativity restriction mentioned above, 

(b) The fixed order is for 250 units of A, 200 units of B. and 150 
units of C. The total number of units of product A produced are 
ха лз zas and in order to satisfy the fixed order it must be 
3250 ie, for lathes: x4j-I-xAs-Ex43 72250 

for drills : zg,--zp,7:200 and 
for grinders: 2c,--zcsJ-2c$ 72150 

"These are, then, the additional constraints to be satisfied 
(along with the constraints of step 5). 

The new objective function is slightly more complicated and 
may be written as 

maximize Z,=250 x 20+15 (ZA1-I-ZA2--243—250) -+200 x 15- 
10 (zp1-+2ns—200) +150 x 25-420 (асу гс, һас 150). 

The problem is, thus, to maximize Z, subject to the above six 

constraints while satisfying the non-negativity condition. 
(с) This market limitation results in a new constraint 
E c1 tes 1-20, 200 


-Linear Programming 


58 


and the problem is to maximize Z, while satisfying this 7th 
(additional) constraint also. 

(d) Let aro» tA» and tas represent the number of units of 
produet A manufaetured during overtime through routes 1, 2 and 3 
respectively. The overtime machine hours available need to be 
given in the problem, which will result in three more constraints. 
The objective function representing sales revenue will have to be 
replaced by profit function as production during overtime is less 
profitable than regular production. Though the objective function 
becomes more complex and number of constraints becomes large, the 
problem remains a linear programming problem. 


Situation 3 : 


The first situation which we considered was related to allocation 
of resources. The inputsof different resources were determined in 
advance and the problem was to allocate them to each individual goal 
во as to achieve the highest fulfilment of the goals. 


The second situation related to the choice of resources. Lower 
(and in some cases upper) limits were set in advance for individual 
goals and the problem was to determine the optimum set of 
resources which will achieve the lower limits (or will not exceed the 
upper limits). 

The third situation which we shall consider now is, in a certain 
sense, synthesis of the previous two ones. Thus, while on one hand, 
there are allocations of resources which enable to achieve the goals 
set, lower limits are provided for the goals to be achieved. We are 
to make the most effective allocation of the resources for the indivi- 
dual goals. We shall call this type of situation as resource allocation- 
choice situation. Оп one hand, we are to allocate the available re- 
sources to individual goals so as not to exceed the limit веб on these 
resources; on the other hand, we have to choose the resources for 
individual goals such that these goals are achieved, at least to some 
extent, as specified, in advance. We shall study an example to 
make this situation clear. 


EXAMPLE 2.3-11 (Transportation Problem) 
A dairy firm has three plants located throughout a state. 
Daily milk production at each plant is as follows : 
Plant 1 — 6 million litres 
Plant 2 — 1 million litres 
Plant 3 — 10 million litres 4 


$4 : = Operations Research : An Introduction 


Each day the firm must fulfil the needs of its four distribution 
centres, Minimum requirement of cach centre is as follows : 

Distribution centre 1 — 7 million litres 

Distribution centre 2 — 5 million litres 

Distribution centre 5 — 3 million litres 

Distribution centre 4 — 2 million litres 

Cost of shipping one million litre of milk from each plant to each 
distribution centre is given in hundreds of rupees in the table below. 


Table 2.7 
2 овои енда 
1 4 
1[ 2 "Т 3 | 1 
HUNE MM apm ss A 
Plants 2| 1 9 | 6 Е 1 


or 


3 | 


The dairy firm wishes to decide as to how much should be tho 
shipment from which plant to which distribution centre so that the 
cost of shipment may be minimum. (Sce chapter on ‘Transportation 
Models’ for formulation of L. Р, model). 

Situation 4 : 

The fourth and last situation is called the assignment problem. 
The assignment problem is strictly connected with allocation problem. 
In both cases the objective is to achieve the targets with the help of 
available resources in specified amounts. However, the operating 
conditions are different. While in the allocation problem each tar- 
get can be achieved in one way only (e.g., to manufacture a certain 
product, a definite amount of various resources has got to be used to 
produce each unit of the product), in assignment problem, the indivi- 
dual targets can be achieved in different ways. 

Generally, there are a certain number of targets (say n) to be 
achieved and there are an equal number of available resources. Each 
of these n resources can be used to attain any of the » targets. Re- 
sources are to be assigned to different targets so that each target is 
achieved to a lesser or greater extent. Moreover, an additional con- 
dition has to be satisfied that once particular resource is allocated to 
fulfil a given target, it is not to be used, even in part, to fulfil any 


ether target. We shall now explain this situation with the help of an 
example. 


y 
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EXAMPLE 2.3-12 (Assignment Problem) 

A machine tool company wants to make 4 sub-assemblies 
through 4 contractors. Each contractor is to receive only one sub-assem- 
bly. The cost of each sub-assembly is determined by the bids submit- 
ted by each contractor and is shown below in hundreds of rupees. 


Table 2.8 
Contractors 
1 2 3 4 
1 16 | 14 15 18 
l ———— 
Sub-assemblies 2 12 13 16 | 14 
Gol uA RM 
3 14 | 13 | 11 | 12 


qm £5) 2-08) Slate er o 
Assign the different. sub-assemblies to contractors in such a way so as 


to minimize the total cost. (See chapter on «Assignment Models’ for 
formulation of L. P. model). 


EXAMPLE 2. 3-13 (Travelling Salesman Problem) ; 

A salesman wishes to yisit cities A, B, C, р & Е. He does not 
want to visit any city twice before completing his tour of all the 
cities and wishes to return to the point of starting journey. Cost of 
going from one city to another in rupees is given below. 


Table 2.9 
А ВООЗ ран: 
А о |2 |та 
Оо ее Еа 
1 
B КЕТЕ 
ed diner eic uten bie 
c | т оет 
| 
э [а |4 e|ojs 
[eec a Spe gS РВА 
E АЖ 
ИОА ае „чүк иы A 


did 
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* Find the least cost route. 
EXAMPLE 2.3-14 (Make or buy decisions) 


There are five engine parts E; Ез, E, E, and E, which can 
either be manufactured or bought from outside. Six machines M,, M.. 
Ms, M, M, М, are available to produce the five parts. /;; is the 
time taken if part iis machined on machine j. Not more than 40) 
hours are available on each machine, while 800 of each component are 
required. The praduction cost of part i on machine j is су and the 
purchase cost of part i is с. Formulate an L. P. model to produce or 
purchase the parts so as to minimize the cost. 


EXAMPLE 2.3.15 


A machine shop processes 5 items in sequence. Тһе set-up cost 

"involved for producing an item depends on the item presently in pro- 

cess and the set-up required for producing the new item. (jj, the 
cost of changing the set-up from item i to j are as follows : 


Table 2.10 


А [а isla 
$ 
ва (оаа 
a 
From item C АА ШЕ 
И Жей» 
| 


If the objective is to minimize the total set up cost, formulate an 
L.P. model to determine the optimum sequence in which the products 
should be produced. 
24. Graphical Solution of two-variable L.P. Problems 

A linear pregramming problem with only two variables presents 
a simple case, for which the solution can be derived using a graphical 
method. We shall explain this method by taking a few specific 
situations. 


Linear Programming ài 
ЧА ‹ 


EXAMPLE 2.4.1 T ^ 

A firm manufactures two products A & B on whieh the profits 
carned per unit ате Вз. З and Rs. 4 respectively. Each product is 
processed on two machines M, and M,. Product A requires one minute 
of processing time on М, and two minutes on М», while B requires one 
minute on Му and one minute on My. Machine M, is available for not 
inore than 7 hrs. 30 mins. while machine М, is available for 10 hrs. 
during any working day. Find the number of units of products A and 
B to be manufactured to get maximum profit. 


Formulation of Linear Programming Model 


Step 1: ў 
Кер decision is to determine the extent (number of units) of 
manufacturing the products A and B. 
Step 2: 
Let these extents be x, and c; respectively. 
Step 3: 
Feasible vlternatives are sets of values of 
ту, ta Where 2,720 and 220. 2.4219) 
Step 4: 
Objective is to maximize the profit 
ie, maximize Z=32,+-42,. ...(2.20) 
Step 5 : 
Constraints are on the time available for machines M, and M, 
i.e., for machine Му, 1.2; 4- 1.2, «450 
and for machine M,, Aul (0:21) 


Thus the problem is to maximize equation (2.20) subjeet to relations 
(2.21) and (2.19). This will be done graphieally. 
Solution of L.P. Model · 

The non-negativity restrictions z, 20 and z,720 imply that 
values of the variables z, and za can lie only in the first quadrant 
(22, e planc). This is shown by 
shaded area of figure 2.1. Other 
quadrants do not satisfy the non- 
negativity  vestrictions and hence 
the pt. (а, ж) cannot lie in them. 
"Therefore, a number of alternatives 
are eliminated. 


The effect of the remaining 
constraints сап now be added to 
figure 2.1. This is done by plotting 
allthe restrictions with their in- 
equality sign changed into equality 
sign. The direction in which each 
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constraint holds good is then determined from the direction of the 
inequality and is indicated by an arrow on its associated straight 
line. The constraint conditions define the boundary of the region 
sontaining feasible solution. 

For example, the next constraints are 2,--25 «150 and 22, -- 
x4« 000. We plot lines 2,--254—450 and 2a,+2, = 600 as shown in 
figuro 2-2. Any point lying оп or below the line z; -z,— 450 satisfies 
the constraint 2,+-2.<450. Similarly any point lying on or below 
the line 22,+22—600 satisfies the constraint 2»,-|-z,« 600. This i: 
clearly indicated by the direction of arrowheads. The shaded area in 


Figure 2-2, 

the figure satisfies both the constraints x, 4-2,<450 апа 22,+-7< 600 
and also the non-negativity restrictions 2,>0, 2320. This area is 
called the solution space or the region of feasible solutions. Any 
point in this shaded region is a feasible solution to the given problem. 
To Find Optimal Solution 

Method 1 : Our problem is to find the point (or points) in the 
feasible region, which maximizes (or maximize) the objective function 
(i.e., profit). То do this, we notice that when Z is made zero, equation 
(2:20) becomes 32, 4-42, — 0 and this is. represented by the dotted line 
AB passing through origin O. Its slope i.e., tangent of the angle with 
X-axis is (—3/4)— —0-75. As the value of Z is increased from 
zero, the dotted line AB starts moving to the right, parallel to itself. 
Greater the value that -Z can assume, more will be the company’s 
profit. We go on drawing lines parallel to this line till the line is 
farthest away from the origin and passes through only one point of 
the feasible region. This is the point where maxima is attained. It 
is possible that such à line may be one of the edges of the feasible 
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region. In that case every point on that edge gives the same maxi- 
mum value of the objective function. 

In the present example, maximum is obtained at the corner 
point С (0, 450), which means that only produet В should be manu- 
factured and 450 unit of this product B' should be produced. ‘The 
daily profit will be 4 =Rs. (0-+-4x450)=Rs. 1,800. This solution 
corresponding to pt. С (0, 450), whieh maximizes the objective 
fanetion, is called optimal solution. 

Method 2: The four vertices of the convex region OCDE are 
О (0, 0), C (0, 450), D (180, 300) and E (300, 0). Values of the objec- 
tive function Z—32,+42, at these vertices are 
Z(0)—0, Z(0) —1,800, 20) =5404-1,200—1,740, Z(H) =900. 

Thus the maximum value of Z із Rs. 1,800 and it occurs at 
the vertex C (0, 450). 

Hence the solution to the problem is 

%=0, 1,—460 and Z,,,; —Rs. 1,800. 


EXAMPLE 2.4.2. 

Mohan-Meakins Breveries Ltd. has two bottling plants, one 
located at Solan and the other at Mohan Nagar, Each plant produces 
three drinks, whisky, beer and fruit juices named A, Band C res- 
pectively. The number of bottles produced por day are as follows : 


Plant at 
Solan Mohan Nagar 
(S) (0) 
Whisky A 1.500 1,500 
Beer B 3,000 1,000 
Fruit juices C 2,000 5,000 


A market survey indicates that during the month of April, there 
will be a demand of 20,000 bottles of whisky, 40,000 bottles of beer 
and 44,000 bottles of fruit juices. The operating costs per day for 
plants at Solan and Mohan Nagar are 600 and 400 monetary units. 
For how many days each plant be run in April so as to minimize the 
production cost, while still meeting the market demand ? 
Formulation of Linear Programming Model 


Stepl: 

Key decision is to determine the number of days for which cach 
plant must be run in April. . 
Step 2: 


Let the plants at Solan and Mohan Nagar be run for ay and wy 
days. 4 £ 
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Step 3: 
Feasible alternatives are sets of values of 2220 and 29720. which 


meet the objective. 15(2.22 
Step4: 
Objective is to minimize the production cost. 
d.e., minimize Z 6002, 4-4002,. ; «..(2,23) 
Step 5: 
Constraints are on the demand. 
i.e., for whisky, 1,5002, 4-1,5002, 220,000 | 
for beer, 3,0002, + 1,0002, 740.000 + (2:24) 


and for fruit juices, 2,0002, 2- 5,0002, > 44,000 | 
Thus we are to optimize equation (2.23), subject to constraints 
represented by relations (2:24) and nonnegativity restrictions (? 


604-2 


30 
„21200 х (+1500 х220000 
20 
s 2000 X, * 5000 X5 
qm =44,000 
ON Xi 


‚ 10 20B30 40 50 
™~600x, +400 х= O 
Figure 2-3. 

‘The solution space satisfying constraints (2-24) and meeting the non- 
negativity: condition (2.22) (which is unbounded) is shown shaded in 
figure 2.3. Note thatthe constraint 1,5002;-+1,500x,>20,000. does 
not affect the solution spacesince it is dominated by the constraint 
3,0002,-+-1,0002.>40,000. The constraint 1,5002; 4- 1,5002, 7 20,000 is 
called a redundant constraint. 
To Find Optimal Solution : 

Method 1. The objective function, when Z —0, gives the equa- 
tion 6002;-++4002,—0 which is shown by the dotted line AB passing 
through the originO. Аз 2 is increased from zero, the dotted line 
AB moves to the right, parallel to itself. Since we are interested in 


2.92) 
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minimizing Z, we increase the value of Z till the dotted line passes 
through the nearest corner of the shaded region from the origin. This. 
gives the minimum value of Z, while keeping 2; and x, within the 
region of feasible solutions. The coordinates of this point C are (12, 4). 
Thus production cost will be minimum if plants at Solan and Mohan 
Nagar are run for 12 days and 4 days respectively, giving the produc- 
tion cost as 600x12+4400x4=7,200+1,600=9,800 monetary 
units. Substituting the values of z, and =, in constraints (2:24) wo 
find that market, demand is also met. 

Method 2: The three vertices of the convex set OABC aro 
А (0, 40), B (22, 0) and C(12, 4). 

Values of the objective function -Z—600z, +4002, at these ver- 
tices are 

Z(A)=16,000, Z (B) 213,200 and Z(C) — 7,200 4- 1,600 — s,800. 

Thus the minimum value of Z is 8,800 monetary units and it 
oceurs at the vertex C (12, 4). 

Hence the solution to the problem is 


z,—12 days 
$424 days 
and Zmin=8,800 monetary units 


The above examples indicate that the search for the:optimum is 
reduced to finding only the vertices (corner points) ofthe solution 
space. Mathematically, a corner point is known as an extreme point. 
Once all the extreme points are known, the one that gives the best 
value of the objective function is the optimum. Sections 2:9 and 2-10 
show that the simplex method consists of determining some of these 
vertices (extreme points) in a selective manner. 


2.5. Some Exceptional Cases 

In section 2.4 we discussed two linear programming problems 
and optimal solution for either of them was unique. However, it may 
not be so for every problem. In general a linear programming . 
problem may have 

(i) a definite and unique optimal solution 

(ii) an infinite number of optimal solutions 

(iii) an unbounded solution 

(iv) no solution 

The first case was covered in the previous section. <A few exam- 
ples are presented here to cover the remaining three gases. 
EXAMPLE 2.5.1 

A firm uses lathes, milling machines and grinding machines to 
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produce two machino parts. Table 2-11 represents the machining 
times required for each part, the machining times available on differ- 
ent machines and the profit on each machine part. 


Table 2.11 
Machining time required fori. Maximum 
the machine part (minutes )time available 
Types of machine per week 
| + (minutes) 
$ il 
Lathes 12 6 3,000 
Milling machines 4 10 2,000 
Grinding machines 2 1 900 
Profit per unit Rs. 40 Rs. 100 
Find the number of parts ] and IT to be manufactured per 


week to maximizo the profit. 


Formulation of Linear Programming Model 
Step 1: 
Key decision is to determine the number of machine parts 1 
and II to be manufactured per week. 
Step 2: 


Let the number of parts T and II manufactured per week be 
a, and аз respectively. 


Step 3: 

Feasible alternatives are sets of values of of жү aud ay, where 

23320, 220. .. (2:28) 

Step 4: 

Objective is to maximize the profit. 

te, maximize Z —40 x, +100 Te (920) 
Step 5: 

Constraints ато on the time available on cach machine, 

Thus for lathes, 122,+62,<3,000 
for milling machines, 42, +102 2,000 ...(2:27) 


and for grinding machines, 2r, 332900 
= -v IDtOTes o. 
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Thus the problem is to determine the values of a, and x, which 
meet the non-negativity condition (2-25), satisfy the constraints 
(2:27) and maximize equation (2-26). 

Solution of L.P. Model 

The solution space satisfying the constraints (2:27) und. meeting 
the non-negativity condition (2-25) is shown shaded in Fig. 2-4, 
Note that the constraint 22; 4- 383900 does pot affeet the solution 
space and is thus a redundant constraint. 

The four vertices of the convex set ОАВС are O(0, 0). A(0, 200), 
(187-5, 125), C(250, 0). 

Values of the objective function 2—40 21 4 100 x, at these 
vertices are 1 : 

Z(0) 2:0, (А) =20,000, Z(B)-- 20,000, (С) =: 10,000. 

Thus maximum value Z occurs at two vertices A and B of the 

«vex shaded region OABC. 


"S 


Src 12x44 6x5 = 3,000 
400 


2x4 + 3x2 = 900 


100 200 300 400% /500600 700 800 x, 


Fig. 2:4. 


The two points A and В give the maximum value of Z. 
it follows that every linear convex combination of these points will 
also give the same maximum value of Z. Therefore, there is no 
anique optimal solution to the problem and any point between A 
and B on the line AB can be taken as an. optimal solution with a 
profit value of Rs, 20,000. - 
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EXAMPLE 25-2 


Maximize Z=5ay4+4% 
subject to a1—22,« 1l 
2z;2-22,23 

а, 3972.0. 


Solution. The solution space satisfying the consiraints 
2;—22,«]1, 11--222723 and the non-negativity condition x; 30, 44230 
is shown shaded in Fig. 2-5. This shaded convex region is unbounded. 


*2 


N, 


У т 


i SOT TVA x 
hi 
TT SA 
Fig. 2:5. 
The objective function, when Z=0, gives the equation 


52+ 42,=0, which is showa by the dotted line passing through the 
origin О. As Z is increased from zero, this dotted line moves to the 
right, parallel to itself. Since we are interested in maximizing Z, we 
increase the value of Z till the dotted line passes through the farthest 
corner of the shaded region from the origin. As it is not possible 
to get the farthest corner for the shaded convex region, the maximum 
value of Z cannot be found as it occurs at infinity only. The problem, 
therefore, has an unbounded solution. 


Remark: An easy method to plot the dotted line for objective 
function 2 == 5=у-{-4х» is to assign any value to Z, say 5x4--20, and 
to plot the line 5x, +42,=20. 

A dotted line is then drawn through the origin parallel to this 
line. » 
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EXAMPLE 25.3 


Maximize Z=3x+2y 
subject to —2z-r3y«;9 
3:—2y5 —20 
z,y20. 


Solution. Fig. 2-6 indicates two shaded regions, one satisfying 
the constraint —2x4+3y<9 and the other satisfying the constraint 
3x—2y>—20. These two shaded regions in the first quadrant do 
not overlap with the result that there is no point (x, y) common to 
both the shaded regions. The problem cannot be solved graphically 
(or by any other method of solving L.P. problems) i.e., the solution 
of the problem does not exist. 


3x -2y==-20 


2 


сх -20 +5 -10 -5W O 5 10 15 20 х 


Fig. 26. 


Evidently, ihere were two variables z, and z, in the above 
examples and the problems were, therefore, two dimensional and 
were simple to be represented (by the two axes lying ina plane) and 
solved. graphically. Now, as the number of variables increases to 
3, 4, ... we come across J:dimensional, 4-dimensional, ... problems 
which become quite laborious to be solved by graphical methods. In 
such cases simplex technique helps us in 

(1) sterting with a feasible solution 


(її) searching optimal solution in a systematic way. 
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2.6. General Mathematical Formulation for Linear Pro- 
gramming 
The general linear programming problem can be expressed as 
follows : 
Find the values of decision variables 21, з, ®з›...› Tn which 
satisfy the constraints 
ау 93 + @з 23-033 984: Gintn (Ç; => 2). 
аз 214-92 2 -зз Xe -Hion Tn (<=> )be 
T „Ж 4 T T ый vee ...(2.28) 


Amy Trt amti + ms? T- +++ 4-Imn Tn (&;2, 2) 

and aj 550, where j=1, 2, 3,...,n ..4(2.29) 
and maximize or minimize the objective function (profit, loss, cost, 
etc.) which is a linear function of 23, such as 


Z= ох + Cata + Cata +--+ Cn ..4(2.30) 

If we could represent these relations graphically on an n-dimen- 

sional space (as we did on two dimensions), we would obtain a 

shaded solid figure representing the domain of feasible solutions. 

Theoretically, it can be proved that optimal solution will be on one 
of the vertices of this solid figure. 


The above formulation may be putin the following compact 
form by using the summation sign : 


n 
maximize (or minimize) Z=% суху ...(2.28 a) 
j=l 


n 
є е ) 
subject са ан zj (<, =, >), i=1, 2, 3,..., т (2.29 a) 
and 2520, j—12, 3,...‚ п j 
The constants cj (j—1, 2, 3..., n) in equation (2.28a) are called 
cost coefficients ; the constants b; (1 —1, 2, 3,..., m) in the constraint 
conditions are called stipulations and the constants а; (i=1, 2, 
3,..., m and j—1, 2, 3,..., n) are called structural coefficients. 


2.7. Canonical and Standard forms of Linear Programming 

Problem 

After formulating the: linear programming problem, the next 
step is to obtain “its solution. But before any analytic method is 
used to obtain the solution, the problem must be available in а 
particular form. Two forms are dealt with here, the canonical form 
and the „standard form. While the canonical form is helpful in 
dealing with duality theory, discussed in section 2.15, the standard 
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form is used to develop the general procedure for solving any linear - 
programming problem. 


2.71 The Canonical Form 

The generallinear programming problem diseussed in section 
2.6 can always be putin the following form, called the canonical 
form. 


n 
maximize Z=% сулу 
(ES 
n 
subject to 2 ajz,«b , i=l, 2,..., т 
Jel 
2,20, desi, 2,95, n: 

The characteristics of this form are 

(a) all decision variables are non-negative 

(b) all constraints are of the (<) type 

(c) objective function is of maximization type 

Any linear programming problem can be put in the canonical 
form by the use of some elementary transformations. 

1. The minimization of a function, f(x), is equivalent to the 
maximization of the negative expression of this function, —f(z). For 
example, the linear objective function 

minimize Zc, + sz - ... + Cnty 
is equivalent to 

maximize G= —Z = Ср — 6323 — ...—Cp, 
with Z=—G. Therefore, for all linear programming problems the 
objective function can be expressed in the maximization form. 

2. An inequality in one direction (< or >) can be changed to 
an inequality in the opposite direction (> or $) by tuultiplying both 
sides of the inequality by —1. For example, the linear 
constraint 


аа 4 0325 >b 
is equivalent to 
— UT — ay « —b. 
Also . 
Pıtı -Рә3%4 


ів equivalent to 
E 


= Pıtı — Pata —9. 
3. Anequation may be replaced by two weak inequalities 
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in opposite direotions. For example, a,z,4-2,7,--b is equivalent to 
the two simultaneous constraints 
ах, Бала and ana» 
ог Ayt- as, «b and  —a,5—as,« —b. 
4. So far, we have assumed the decision variables x, 25,..., Xn 
` tobe all non-negative. It is possible, in actual practice, that а 
variable may be unconstrained in sign, і.е., it may be positive or 
negative (it may vary from —eo to +00). Ifa variable is unconstrain- 
ed, it is expressed as the difference between two non-negative 
variables: For example, if 2 is a negative variable, then it can be 
expressed as 
=a’ —2" 

where 22:0 and x">0. 
2.7.2 The Standard Form 


The characteristics of the standard form are 

1, All the constraints are expressed іп the form of equations, 
except the non-negativity constraints which remain inequalities (>0). 

2. The right hand side of each constraint equation is non- 
negative. 

3. АП the decision variables are non-negative. 


4, The objective function is of the maximization or minimi- 
zation type. 

The inequality constraints are changed to equality constraints 
by adding or subtracting a non-negative variable from the left-hand 
sides of such constraints. These new variables are called slack vari- 
ables or simply slacks. They are added if the constraints are (<) and 
subtracted if the constraints-are (>). Since in the case of (>) cons- 
traints the subtracted variable represents the surplus of left-hand 
side over right-hand side, it is commonly known as surplus variable 
and is, in fact, a negative slack. 1n our discussion, however, we 
shall always use the name “slack” variable and its sign will depend 
on the inequality sign in the constraint. Both decision variables and 
slack variables are called admissible variables and are treated in the 
same manner while finding a solution to a problem. 


For example, the constraint 


ал+аж<Ь , 0р0 
is changed in the standard form to a,z,--a,z,--5—b, where s,>0. 
Also coristraint 

т аа >] > q20 
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is changed to piX1--Pata—53—48 › where 84250. 
The quantities г; and зз are variables and their values depend upon the 
values assumed by other z's in a particular equation. 

Before trying for the solution of the linear programming pro- 
blem, it must be expressed in the standard form. The information 
given by the standard form is then expressed in the «table form’ 
or ‘matrix form”. 

Let us consider the general linear programming problem 


n 
maximize Z=% осуу, 
j= 
п 
subject to. 2 аца, (0), t=1, 2; 3)... ЖЖ 
j=l 


2320, j=l, 2, 3,..., n. 
This is expressed in the standard form as 


n 
maximize Z=% сулу 


j=l 
n 
subject to € agn, i=l, 2,3,...,™ 
j=1 
2520, j-21,2,3,... n 
820, i=], 2, 3,..., m. 


Such an L.P. problem formed after the introduction of slack or 
surplus variables is called reformulated L.P. problem. 
The above information is then expressed in the form of table 


shown below. 
Table 2:12 
R.H.S. 
Objective Decision Slack cons: 
Value Variables Variables traints 


r~a = К А 


2 жү 3...2» 81 8...5 | 0 


-C1 703-7 n. 


0 0...0 | 0 1 Z-equation 


0 ау Gg an. | 1 0...0 b, | 
0 аз duda | 0 _ 1...0 b. . Constraint 
equations 


0 Gens Ams: Omn| 0 0...1 bm 


| 
| 
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where Z-equation is obtained by expressing the objective function as 


n 
2—5 ĉj 203—0. 
del 


Now, solving the L.P. problem means determining the set of 
non-negative values of variables čj and s; which will maximize Z while 
satisfying the constraint equations. The concept is simple but we 
have a set of m equations with » unknowns and an infinite 
number of solutions is possible. Clearly, a hit and trial method for 
finding the optimal solution is not feasible. There is a definite need 
for an officient and Systematic procedure which will yield the desired 
solution in a finite number of trials. An iterative procedure called 


simplex technique helps us to reach the optimal solution (if it exists) 
in a finite number of iterations. : 


EXAMPLE 2.7.1 


Express the following linear programming problem in the stan. 
dard form : 


maximize Z—32,--22, 4-5, M 
subject to 2v, —32,«3 
214-22, 32,5 
32, -22,«2 
2120, 2,20. 


Solution. Here 2; and 2, 


are restricted to be non-negative, 
while z; is unrestricted. 


Let us express % a8 —25—2",, where z',»0 and 2320. Thus 
the above constraints can be written as 


22, —32, «3 
21422,4 32',—32". 55 
За, Tr 22*,—22" «2 
where — 2,20, 2,20, 2320, ®'„>0. 
Introducing the slack variables, the standard form is 
maximize Z.—32, + 22 4 02, 52", 
subject to 221—382, 4+8=3 
ү +2%—3а',—3х", —8= 5 
32 4- 22—92"; +82. 
where 2,720, 220, 23220, 2,70, 5120, 5/20 and 5,2:0. 
EXAMPLE 2.7.2 


Expfess the following linear programming problem in the 
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standard form : 
Determine ху, 2$, %3 80 a8 to 
maximize Z = 32, 4-223 523 
subject to 22, 4-324 — 22, 40 
dx, —224 4-1, 24 
z1—524—602,2 2 
z,20. 
Solution. Here only a; is restricted to be non-negative, while 
æ, and z, are unrestricted. Let us express 
x, as=y, , where y; 20 
ж=}уз—Уз› Yor Ys PO 
and 2309—05 У 0520. 
Thus the given constraints can be written as 
2y; --3y.—3ys — 294-29, 40 
4y, -2ys 25 -J4— Ys 24 
ti—5y2+ 5ys— 69-67522 
where Y1, Уз, Уз, Yar Yor all > 0. 
Introducing the slack variables, the standard form is 
maximize Z=3y,+2y2—2ys3+5y.—5ys 
subject to 29; -3y,—3ys - 294-295 4-51 =40 
4y; — 2ys - 29s - a — 13-5324 
у Dia + 5Ya— 8 yet 01s — s=? 
where Vr 02, Yor Yar Yor Si $e бв all > 0. 


EXAMPLE 27.3 


Reformulate the problem into standard form : 
minimize Z—22;-4-32, 
subject to 2a, — 3t — t= —4 
32,-p4z, — t, ——6 
9214-52, 4- 157-10 
424 — 925 4-2, —18 
where Жз, Ta Ts, Te, all SO. 


Solution. Here zs, 24, 25, Xa (which are all non-negative) are 
the slack variables. The decision variables ту, 2, are unrestricted in 
sign. 

Putting 2; 591—V2) 2а 03—74 23—05, Ya — Yo V= Yr and 
25у, the problem in standard form is 

minimize Z=2y, —29; 4-3ys —3y, 

subject to 29, —294 —3ys -39,— Ys — —4 

Зуу—8у»-Е49уз—4%—Ув= —6 
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241 — 254-0, — 59, + y,—10 
441—393], 3944-9, 18 
where Vv Yar Ya Yar Ys: Yor Yar Ya, all >0. 


Remark. When 2,—9,— 9, it can be seen that for any value of 
ж, there will be an infinite number of combinations of (H: 


which 


satisfy this equation. However, if valnes of y, and ya are given, there 
“will be only one value of x, Therefore, if an Optimal solution to the 
new problem is obtained which contains specific values of уу, t... 


the corresponding unique values Of ж, 2,,... will also give an optimal 
solution for the given problem. Thus an optimal solution to the new 
problem is also an optimal solution to tha original problem. 


2.3. Simplex Method 


Simplex method, also called simplex technique or simplex 
algorithm was developed by G.B. Danzig, an American mathemati- 
cian, Tt has the advantage of being universal, ie. any linear model 
for which the solution exista, can be solved by it. In principle, it 

oonsists of starting with a certain solution of which all that we know 
ів that it is feasible, i.e., it satisfies the non-negativity conditions 
(zi 25,j—1,2, 3,...n). We. then, improve upon this solution at 
Consecutive stages, until, after a certain finite number of stages, wə 
arrive at the optimal solution. 


The simplex method provides an algorithm which consists in 
moving from one vertex of the region of feasible solutions to another 
in such а manner that the value of the objective function at the 
Succeeding vertex is loss (or more as the case may be) than at the рге. 
ceding vertex. This Procedure of jumping from one vertex to 
another is then repeated. Since the number of vertices is finite, this 

‚ method leads to an optimal vertex in a finite number ofsteps. The 
basia of the simplex method consists of two fundamental conditions : 


i 1. The feasibility condition : It ensures that if the starting 


solution is basic feasible, only basic feasible sclutions will be obtained 
during computation, ] 


2. The optimality condition, It guarantees that only better 
solutions (as compared to the current solution) will be encountered. 


29. Development of Simplex Method : 
Simplex method makes use of the following three points in 


т 


achieving a systematic reduction from an infinite number of solutions 
to a finite number of promising solutions 


1. If there эгет equality constraints and » is the number of 
variablés (m&n). a start for the optimal solution is made by putting 


— 


_ 
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n-ni unknowns (out of n unknowns) equal to zero and then solving for 
the m equations in remaining m unknowns, provided that the solution 
exists and is unique. The n-m zero variables are called nonbasic 
variables and the remaining im variables are called basic variables 
which form a Basic solution. If the solution yields all non-negative basic 
variables, it is called basic feasible solution ; otherwise it is infeasible. 
This step reduces the number of alternatives for the optimal solution 
from infinite to в finite number, whose maximum limit can be , 


n! 


"On am) Im! 


The resulting number ofalternative solutions is still too large 
to be computationally feasible and is reduced by the 2nd condition. 

2. We know that in a linear programming problem, all the 
variables must be. non-negative. Since the basic solutions selected 
by condition 1 above are not necessarily non-negative, the number 
of alternatives can be further reduced by eliminating all infeasible 
basic solutions (solutions having variables less than zero). In the 
simplex method this is achieved by starting with a basic solution 
which is non-negative (>0). A condition, called feasibility condition is 
then provided which ensures that the next basic solution to be selected 
from all the possible basic solutions is always feasible ( >0). This 
solution is called basic feasible solution. If all the basic variables are 
greater than zero (0), the solution is called non-degenerate, if some 
of them are zero, the solution is called degenerate. Tt will be shown 
in section 2.10 that a new basic feasible solution can be obtained from 
a previous one by setting one of the m basic variables equal to zero 
and replacing it by a new non-basie variable. The basic variable set 
equal to zero is called a ‘leaving variable", while the new one is called 
an “entering variable". 


3. The entering variable can be so selected that it improves the 
value of objective function so that the new solution is better than the 
previous.one. This is achieved by the use of another condition called 
optimality condition which selects that entering variable which pro- 
duces the largest per unit gain in the objective function. This pro- 
cedure is repeated successively until no further improvement in the 
value of the objeétive function is possible. The final solution is, then 
called an optimal baste feasible solution or simply optimul solution. 
This is the solution which satisfies the objective function equation, 
the constraints as well as the non-negativity conditions. This’ {sof 
course, true only if the objectivo function has a finite value. 


The foregoing discussion shows that simplex methed procedure 
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is principally a screening process since it eliminates the solutions that 
are not promising solutions for the optimal solution. 

Tt will not be out of place to further elaborate a few important 
terms with reference to equations (2.28), (2.29) and (2.30) of the gene- 
ral linear programming problem. 


Solution: a4( j=1, 2, ..., n) is a solution of the general linear 
programming problem if it satisfies the constraints (2.28). 
Feasible solution : zj (j—1,2,..., n) is a feasible solution of 


the linear programming problem if it satisfies conditions (2.28) and 
(2.29). 
Basic solution : The solution of m basic variables when each 


of the n—m non-basic variables is set equal to zero is called basic 
solution. 


Basic feasible solution: А feasible solution is called a basic 
feasible solution if it has no more than m positive xj. In other words, 
it is a basic solution which also satisfies the non-negativity condition 
(2.29). 

Non-degenerate basic feasible solution: A basic feasible solution 
is said to be non-degenerate if it has exactly m positive (non-zero) z,. 
The solution, on the other hand, is degenerate if one or more of the m 
basic variables vanish. 

Optimal solution : A basic feasible solution is said to be optimal 
or optimum if it also optimizes the objective function [equation (2.30)] 
while satisfying conditions (2:28) and (2-29). 


EXAMPLE 2.9.1 


Find all the basic solutions to the following problem : 
maximize Z=2,+ 2x4 32, 
subject to 234-22, 4-32,—4. 
22, 4-32, 4-62, —7. 
Also find which of the basic solutions are 
(?) basic feasible 
(#1) non-degenerate basic feasible 

(tit) optimal basic feasible. 

Solution: Since n=3 and m—2 in this problem, a basic solu- 
tion can be obtained by setting any of the (n—m) variables equal to 
zero and then solving the constraint equations. The total number of 
basic solutions is 

3! 
TIT 773. 
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Out of these three solutions, solutions in which all basic variables 
(as) are >0 will be basic feasible; solutions in which all basic variables 
are >0 will be non-degenerate basic feasible and the basic feasible 
solution that optimizes the objective function will be the optimal basic 
feasible solution. Table 2-13 gives a summary of the characteristics 
of the various basic solutions. 

Tt may be seen that the first two solutions are basic feasible; they 
are also non-degenerate basic feasible solutions. The first solution, of 
course, is the optimal one. 

Thus the optimal solution is z; —2, z, —1, z4—0 with Zmaz=5. 


EXAMPLE 2.9.2 
A firm manufactures four different machine parts M,, Ma, M; 
and M, made of copper and zine. The amounts of copper and zine 
required for each machine part, their exact availability and the profit 
earned from one unit of each machine part are as follows : 
M, M, M, M, Availability 


(kg): (kg) (kg) (М) (kg) 
Copper. 5 4 2 1 100 
Zine 2 3 8 1 75 
Proft 12 8 14 10 


(Rs.) 

How many of each part be manufactured to maximize profit ? 
For this problem find 

(i) basic solutions 
(її) basic feasible solutions 

(tif) non-degenerate basic feasible solutions 

(iv) optimal basic feasible solution. 

Solution: Let 2, z, z, and x, represent the quantities to be 
manufactured of machine parts M;, М,, М, and M, respectively. Then 
the linear programming problem is 

maximize Z — 122, 4-82, - 14, 4- 10x, 
subject to 5a 4-423 - 225 4-2, —100 
224-323 + 815-2, 75 
where 271, £a, 25, £a all 2:0. 

Here n=4 and m=2. A basic solution can be obtained by 
setting any of the (n—-m=2) non-basic variables equal to zero and 
then solving the constraint (containing the basic variables) | equations. 
The total number of basic solutions is 

4! 
Sher: 

Table 2.14 gives a summary of the characteristics of the varieus 
solutions, 
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From the table the following inferences can be drawn : 

1. Basic solutions are no. 1, 2, 3, 4, b and 6. 

2. Basic feasible solutions are no. 1, 2, 3, 4 and 5. 

3. Non-degenerate basic feasible solutions are no. 2 and 3. 
4. Optimal basic feasible solution is no. 3, which gives 
2,—25/3, %=0, 140, = Lus and Zmar= б З 


3 


2:10 Examples on the Applications of simple Techni- 
que 
The simplex method or technique is an iterative procedure for 
solving the linear programming problems. As discussed in section 2:9 
it consists in 
(i) having a basic feasible solution 
(ii) testing whether it is an optimal solution or not 
(iii) improving the first trial solution by a set of rules, and 
repeating the sequences till an optimal solution is obtained. 
The computation procedure requires at the most m non-zero 
variables (equal to number of constraints) in the solutions at any 
time, if at any stage the number of non-zero: variables becomes less 
than m, the problem is said to degenerate. This technique will be 
made clear by considering a few examples. 


EXAMPLE 2-10-1 

Three grades of coal A, B and C contain phosphorus and ash as 
impurities. In a particular industrial process, fuel up to 100 ton 
(maximum) is required which should contain ash not more than 3% 
and phosphorus not more than 0-03%. It is desired to maximize 
the profit while satisfying these conditions, There is an unlimited 
supply of each grade. The percentage of impurities and the profita 
of grades are given below. 


Coal Phosphorus Ash Profits in 
(%) (%) rupees per ton 
A nes 0-02 3-0 12-00 
B 0-04 2.0 15-00 
С 0-03 5:0 14-00 
Find the proportions in which the three grades be used. 
Formulation of the Linear Programming Model . 
‘Step T: 


Key decision to be made isasto how much of each grade of 
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coal be used. Let zı x, and x, respectively be the amounts in tona 
of grades A, B, and C used. 


Step 2: 

Feasible alternatives are sets of values of x,, 23, £g, where 
x20, 220, 1,20. з «=. (2:31) 
Step 3: 

Objective is to maximize the profit 

ie, maximize Z —12z,-L- 15x, 4- 1425. ‚..(2-32) 
Step 4: 


Constraints are 

(i) phosphorus content must not exceed 0:03% 

Therefore 0-022, 4-0:042,-+0-0373¢ 0-03 (z, -+t, +25) 

or 22,-4- 4x3 + 314 3(24 - 22 +23) 

or —#у-Е%<0 «4.(2-32a) 
(47) ash content must not exceed 3%. 

Therefore 32, 4- 223 4 5x4 3(r, 29 4-73) 


or —%_ +H 2r [0 42:32) 
(dii) total quantity of fuel required is not more than 100 ton 
"Therefore 25 4-23 4- 74 100. i -..(2:32c) 


Thus the problem is to maximize equ. (2:32) subject to cons- 
trainta (2-32 а), (2-32 Б), (2-32 c) and non-negativity restriction (2-31), 


Solution of the L. P. Model 


Step 1. Make the Problem as N+S Co-ordinate Problem 


First of all, we observe whether all) (R.H.S. constants) are 
positive or not, Ifnot, they can be made positive by multiplying 
both sides of the constraints by —1. By doing so, direction of 
inequality will also change. In this example, however, since all 5; 
are positive, this step is not necessary. 

In order to solve the problem by simplex method, the inequa- 
lities (2-32 а), (2-32 b) and (2-32 c) are converted into equalities by 
introducing new non-negative variables (called slacks or slack vari- 
ables), зз and s, in them. The slacks contribute zero to the 
objective function. Therefore, the following equations result : 


trt tets =À „(2:33 a) 
— z4 223-54 — 0 + (2:33 5) 
and 2, 4-3 734-54 — 100 ...(2:33 c) 


and the objective function. becomes 
^ maximize Z— 12?z; E152, + 142, 4-08, 08, 08; 12:34) 


—— 
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where жу, 25, 23, Si 8 апа =з, all 720. ..(2:34a) 
Step 2: Make N Co-ordinates Assume Zero Value 

We shall start with a feasible solution, which we shall get by 
assuming that the profit earned is zero. This will be so when non- 
basic or decision variables z,, tą and а; are each equal to zero, i.e., if 
%=%=%,=0, we get [from equations (2-33 а), (2-33. 0), (2:93 су), 
8, 20, s=0 and 54— 100, as the first feasible solution. 

The above information can be expressed in the form ofa 
simple matrix or table 2-15. 

The non-basie variables z,, z and x (in terms of which Z is 

pressed), are all zero. If any of them is made positive, Z will in- 

crease. It shows that Z at this stage is not maximum. It can be 
increased by changing the basis, i.e., by including 21, £a or z in place 
of some basic variable (s1, s, or s) which forms the present basis. 


Table 2:15 
Body Matrix Identity Matrix 


——— —— 
Objective funetion cj 12. 15. 14 0 0 0 
e;' variable in current 


solution Trs Ee Ea Si 8 86 
0 8, Hm "Yr ANT 1075, 02670 
о E == Oo 2 eges eet of Coefficients 
0 83 be uod 0 0 1100 


In table 2:15 c; row gives the coefficients of profit function 
[equation (2-34). This row may be omitted in the succeeding 
tables. The second, third and fourth rows give the coefficients of 
equations (2:33 a), (2:33 b), (2:33 с) respectively. The variables in 
the first basic feasible solution are written in a column under ‹уагі- 
ables in current solution’ and the values of these variables are written. 
in «b'-column. 

although two basic variables have zero values (3;=0, 5.0), 
i.e, the solution is degenerate, lhe problem car still be solved by 
imagining s,—€ and 5, =є where є (epsilon) is a very small positive 
number. 

Step 3 : Perform Optimality Test 

By performing optimality test, we can find whether the current 
feasible solution can be improved or not. This can be done by com- 
puting с; —Е;, where Е,= Хеу. Here aij represents matrix ele- 
ments in the ith row and jth column. If c, —Ej is positive under any 
column, at least one better solution is possible. For example, for 
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j=l i.e., the first column, cj —12, Ej2 Ee; aj 0 x (—1) -0 x (—1)4-0 
x (1)20. 
$. ¢;—Ey=12—0=12. Similarly су —Еу for other columns 
can be computed and is shown below in table 2-16. 


Table 2:16 
[7] 12 15 14 0 0 0 
е; current solution 
variables Zi E71 аз 84:188 83 b 

0 81 —1 1 0 1 0 0 € 

0 82 —1 0 2 0 1 0 € 

0 83 1 1 1 0 0 1 100 

Е; —Zei aij 0 0 0 0 0 0 Profit lost/ 
ton 

c; — Ej 12 15 14 0 0 0 Net profit/ 
ton 


c,—E; is positive, it follows that the current feasible solu. 
tion can be improved. 


Step 4 : Iterate Towards an Optimal Solution 

Sub-step (i) : This is done by interchanging one ofthe non- 
basic variables with one of the slacks. Improvement can be made 
by j 
(a) finding which variable should be made zero in the current 
feasible solution (basis matrix) and 


(6) finding which variable should enter the solution (basis 
matrix) by making it positive. 


By observing c;—E; for different columns and marking the 
column for maximum possible positive су — E; suggests the variable 
at the top of the column to be the one which should enter the solution 
or which should replace the slack. This variable is also termed as 
the incoming variable and the coluran in which it occurs is called key 
column and is marked as ‘K’. If more than one variable appears 
with the same maximum value, any one of these variables may be 
selected arbitrarily as the incoming variable. 


A positive valne indicates that the profit earned by the firm 
can be increased. A negative value indicates the amount by which 
profit would decrease if one unit of the variable for that column were 
brought into the solution. The largest positive value in the сЕ; 
row із ће basis for selecting the column ‘K? since we want to 
maximize the profit. When no more positive values remain in the 
cj—E; row (values are zero or negative), the profit is maximum. 


ә 4 
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Now the elements under column ‘b’ are divided by the corres- 
ponding elements of the column ‘K’ and the row containing the 
minimum positive quotient is marked. The current variable (slack) 
is to be made zero. This variable is called outgoing variable and the 
corresponding row is called key row (or pivot row). If there is more 
than one row having the same minimum positive quotient, the row 
with the maximum element in the key column is selected as the key 
row. The element lying at the intersection of the key column and 
key row is called key element (or pivot element). This element must 
be made unity by multiplying/dividing the key row by a common 
multiplying factor. 

If all the quotients are negative or zero, the value of incoming 
variable, whatever it may be, can be made as large as we like without 
violating the feasibility condition, In such a case the problem has 
an unbounded solution and the iteration stops. 

The above procedure has been represented in Table 2:17. The 
row of objective function c; has been omitted. 


Table 2:17 
е current solution 
variables а Gy 13. by еа 5, D. @ 
0 ^ —1 (1) 0 1 00 e €4-(key row) 
0 E —lI 0 2.0 -Lj404€ оо 
0 83 1.1.4.0 Oa 100 108, 
Ej= Хеј 00 0 0 0 0 
c; — E; 12:15 14 0- 0-0 
+ 
K 


ne 


In Table 2-17, maximum value of c;—E; is 15 under 'z,'— 
column. This column is the key column and has been marked ‘K’; 
z, is the incoming variable. To decide the outgoing variable, we 
divide the elements under ‘b’-column by the corresponding elements 
of ‘z’,-column and the quotients are represented under *9"-column. 
Under this column, є їз the least positive quotient and the row 
containing it is marked as key row. 5, is, therefore, the outgoing 
variable and (1) is the key element. 

Sub-step (ii) : Now all the elements їп “К” column are made 
zero except the key element which will be unity. This is done by 
subtractin or adding the proper multiples of key row to, the other 
rows. This new tabie will have s, replaced by л. This completes 
the first stage. The resulting table is shown below. 


x 


| М. 
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Table 2-18 

ei current solution 

variables vi “aq T. E 82 83 b 
15 ta ae omen OO е 
0 РА TIU у) Oe 
0 83 2 0 1 —l 0 1 100—є 
Eje Хе; aij =15 715 Ото 0 0 
c; —E; 27 0 14 —15 0 0 


2nd feasible solution 

The second feasible solution gives 2, —0, 2, —€, z,—0 and z=0. 
Step 5: › 

Repeat step 3 for table 2:18 which gives the 2nd feasible solu- 
tion. On finding the value of cj —E; for various columns, we find that 
it is positive for some of them. Hence at least one better solution 
exists. Values of cj— Ej have been entered in Table 2-19. 


Step 6: 

Repeat step 4. 

Table 2-19 

e current ty 23 Ta 8, Sa 8% b 6 

solution 

variables 
15 ж% ZB p 1510: х0: є —є 
"E 2 01:032 COSE 0 eure 
0 а @ 0 1 SL 0 1100-¢ 50—35.-key row 
Ej2 Ze ay—15 15 0 15 0 0 
5—8; ат °0 14 15 0 0 


А (key element 2) 
Table 2:20 can be written by making key element unity. 


Table 2-20 

e current z, =; T3 Sy Sg 83 b 

solution 

variables 
15 а —1 1 0 1 0 0 € (Key element 
0 в —1 0 2 0 1 0 € 1’, entering 

: variable x; 

0 ap) 0 ENER 0 j 50— € leaving, 


79 variable зз) 
I| cum EVI EL C e cr RD IE. MC COD MERECE C OQC ES 


Replace s, by % 


ә 
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Table 2:21 
ei current а EA s E EN 83 6 Ü 
solution 
variables 
15 ta о 1 12 12 0 12 50+4$100+€ 
0 P 0 о (52 1/2 1 125152045" 
(key row) 
12 т 1 o 12 12.0 12 50+ 100—є 
Е; = еа 12 15 27/2 3/2 0 27/2 
cj —E; 0 0 1/2 —3/2 0 —27/2 
1 (key element b[2) 
K 3rd feasible solution 
The third feasible solution gives 2,—50, ж«==50, z,—0 and 
Z=Rs. 1,350. 
Step 7: 
Repeat step 3. Key element is 5/2. Make it unity. 
Table 2:22 
е; current ty ж 23 ЕД Em 83 b 
solution 
variables 
1 1 1 € 
15 Phal Xu d ARE UR De PSY ЛЕ: 
15 22 1 є (Entering 
0 Sa ОО cc M ава 20+ 5 variable M 
T 1 1 є leaving 
15 m ei pier SRE 50—- variable вз) 
Replace sa by 28. 
Op ano a уы i s ud ed Lu —— 
Table 2:23 
авав 
e; current wy ЕЯ %° дү Sq E 
solution 
variables g 
? 3 1 2€ 
dé a 01 9. р Е 4 
1 2 1 € 
LS MNA su DO aime 
14 а 0 о hag 5 Ry ty 
2 1 2 3e 
12. а 149 0 —Rog 0S 
7 1 68 Optimal 
—Eei 12 15. 14 — RE = А 
Ej= Кен, 5 bird "solution 
7 1 68 
jas 0 0 Ü qeu =з ш. 
eroi 5 Б B 


ee ————————— 
D 
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Аз cj —E;isnot positive under any column in Table 2.23, the 
solution given by it is an optimal solution. 
From this table 


2,—40 tons 
%_=40 tons 
%3=20 tons 


and Znar—Rs. 1,360. 


Thus quantities of grades A, B and C of coal to be used are 40, 
40 and 20 tons respectively. 

To conclude this problem, the following is the summary of the 
feasibility and optimality conditions : 

l. Feasibility condition; The leaving (outgoing) variable is 
the basic variable corresponding to the minimum positive quotient 
obtained by dividing the elements under column <b’ by the correspon- 
ding elements of the column «k’, 

2. Optimality condition : The entering (incoming) variable is 
the non-basic variable corresponding to the maximum positive 


(maximum negative) value of c; —E; in a maximization (minimization) 


problem. 


EXAMPLE 210.2 


Show that there is an unbounded solution to the following L.P. 
problem : 
maximize Z—42, 4-23 -32,-- 5x, 
subject to the constraints 42,—62,— баз — 42,7» —20 
—32,—22,--4z,--z, «10 
—82,—32,-- 32-22, 20 
Vp Tos 23, T, DO. 
Solution 


Step 1: Make the problem as N-S co-ordinate problem 
Since 5, —— 20, first it will be made Positive by multiplying 
the first constraint throughout by —1, giving 


—42, 4-62, 4-52; +4r, <20 


variables, 


E] 
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In order to solve the problem by simplex method, the above 
inequations are converted into equations by introducing slack or 
basic variables in them. The slack variables contribute zero to the 
objective function. Therefore, the following equations result : 


—4r 4-025 4- 524 4- 42, 4-5, — 20 ...(2.35) 
— 82, — 225--423-]- 244-8910 (2.30). = 
and —82z,—32.+32,-+ 2a,+83=20 ...(2.37) 
and the objective function becomes 
maximize Z=4a,+ x 4- 325 4-524 4-05; 1-053 4-053 ...(2.38) 
where Tis 29, 23, Tq, Sy, Sas 55, all 2.0. (2:382) 


Step 2: Make N co-ordinates assume zero value 


We shall start with a feasible solution, which we shall get by 
assuming that the objective function Z is zero. This will be so when 
non-Lasie variables 2;, 2%, 23, z, are each equal to zero, giving 21=0 
2550, v —0, %=0 and s,=20, 5,—10, 5,—20 [from equations (2.35), 
(2.36) and (2.37)] as the first, basic feasible solution. 

The above information ean be expressed in the form of a table, 
called simplex table (table 2:24). Тһе non-basio variables 2, £a, 23, 
т ате all zero. If any of them is made positive, Z will increase. It 
shows that Z at this stage is not maximum. 16 can be increased by 
changing the basis i.e., by including 271, ta, 2,2, in place of some 
basic variable (Sı, 82 or 83) which forms the present basis. 


Table 2.24 


Body matrix Identity matrix 
—A—. 


T 

Objective functione; 4 1 3 5 000 
variables in 

e; current solution 2] ж 23 WE NIA US D 


0 ЕЯ 456 5 4 1 0 0 20) 
| 

0 83 —3—2 4 1 0 1 0 10} Coeficients 

0 8з 28.959 07:071... 20] 


Фа bgsic feasible solution 


Step 3: Perform optimality test 
By performing the optimality test we can find whether dii 


. current feasible solution can be improved or not. This can be done 
в 


by computing cj—E;, where Еј e; aj. Here, ан represents 
matrix element in the ith row and jth column. If c; —E; is positive 
under any column, at least one better solution is possible. This is 
shown in table 2.25. 


Table 2.25 


Objective 4 1 3 5 0 0 0 
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e; variables 2, tı 23 ty 8 о et OG: 
in current | 
solution 
0 $& —4 6 5 (4) 1 0 0 20 5 «key row 
Doo suosque 2. ДУ 58: = 1.0 10.10 | 
Oger =8 —35 8 2 0 0 1 20 10 | 
Ej;22e; ai; 0 0 0 0 0 0 0 loss in evalua- 
tion/unit 
с—Е; 4 1 3 5 Pe Mero net evaluation/ 
unit 
[к 
$e 
Since c; — Е; is positive under ‘t’, ‘ty, ‘x,’ and *a;'-columns, the 
initial basic feasible solution can be improved. 
Step 4 : Iterate towards an optimal solution 


Sub-step (i). Mark the key column, key row and key element as 
shown in table 2.25 and explained in example 2.10-l. æ, is the 
incoming non-basic variable, while s, is outgoing basic variable. 
Make the key element unity as shown in table 2.26. 


Table 2.26 


a ah es САОНА 


e; current E21 Ty T3 ta 5 ЕЯ 83 6 
solution 
variables 
3 5 1 
0 8$ —1 жо e 1) FE 0 0 5 
0 & —3 —2 4 1 0 0 10 
0 s —8 —3 3 2 0 0 20 
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Sub-step (ii) : Replace s, by z,. This is shown in tabe 2-27. 


Table 2.27 
Objective 4 1 3 5 0 0 0 
function с, 
e; current CA CSI рыз RE. LA. b 6 
solution: a 
variables 
3 5 1 
5 = ure SE 03 — 
LA 1 3 21 q 5:020 5 b 
7 1l 1 5 
0 =, emi Rc pas rie 
РА 2-0 04 1 905445-—3 
1 1 10 
0 ies ET xiu RED 
8з 7 6. * 0 2510 1 10 7 
15 25 5 
Ej=Ze; aj —5 Bea 5 A 0 0 
—13 —13 —5 
SH. Di Tu 
cj—E; 3 4 0 A 0 0 


2nd basic feasible solution 
Step 5: 

Repeat step 3. z;-column is the key column. To find key row 
we divide the elements in column ‘b’ by the corresponding elements 
of column ‹}” and get column “87. Since all the quotients in column 
*0' are negative, the value of incoming non-basie variable z, can be 
made as large as we like without violating the feasibility condition. 
The problem, therefore, has an unbounded solution and. further 
iteration stops. 


EXAMPLE 2.10.3 : 


Show by simplex method, that the following L.P.P, has infinite 
number of non-basic feasible optimal solutions : 

maximize Z=47,+ 10g, 

subject to 221-27, « 10 
22, --024« 20 
22, 4-32, 18 
Tis %>0. 
Solution д 
Step 1: Make the problem as №-5 co-ordinate problem 

In order to solve the problem by simplex method, the above 
inequations are converted into equations by introducing slack or basio 
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variables in them. The slack variables contribute zero to the objective 
function. 


Therefore, the following equations result : 


22, -- 232-5, —10 ..42.39) 
225-523 4-83 —20 ...(2.40) 
224-923 -597218 ;. (2:41) 


and the objective function becomes 
maximize Z=42,-+4 102, - 081-084-083 ...(2:42) 
where 24, ta 81) 8 83, all D0. ++.(2°42a) 


Step2: Make N co-ordinates assume zero value 

We shall start by a basic feasible solution which we shall get 
by assuming that the objective function Z is zero. This will be so 
when non-basic variables xı and 2 are each equal to zero, giving 
2420, у= and s= 10, 54—20, $,—18 [from equations (2:39), (2:40) 
and (2-41)] as the first basic feasible solution. The above information 
is put in the form of a table (table 2-28). 


Table 2-28 
(COMM ee эу кез сырса ы-ы ү Өр 


Body matrix Identity matrix 


: Poenorum ОМ 

Objective function е; 4 10 о 0 0 
variables in 
e, current solution T & 8 8 & б 
0 A TONAR? 1 0 0 10 
: i Coefficients 

0 E 2 5 01 0 20 f 
0 83 pus оо 1 18 j 


First basic feasible solution 


Lu du рз шо шшш сазе сз 


Step 3: Perform Optimality test 

By performing optimality test we can find whether the current 
basic feasible solution can be improved or not. This can be done by 
computing cj—E;; where Ej—Zejaj. If cj—Ej is positive under any 
column, at least one better solution is possible. This is shown in 
table 2.29. 


—— 
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Table 2.29 
Objective function c; 410000 
ei current solution Xp Xp 8 8 8, b 6 
variables 

0 8 2 оу БТ У) 

0 E 2 (5) 0 1 0 20 4<кеугоу 
0 8g 2300 1'18 "6 

E;2Ze aj 00000 

cj —E; 4100 00 


tK 
SSE Eh E emo otn 
Since c;—E; is positive under z, and 2,-columns, the initial 
basic feasible solution can be improved. 


Step 4 : Iterate towards an optimal solution 

Sub-step (i) : Mark the key column, key row and key element 
as shown іп table 2-29 and explained in example 2.10-1. x is incom- 
ing non-basic variable and s, is outgoing basic variable. The key 
element is 5. Make it unity. This is shown in table 2.30. 


Table 2.30 
е 6.8.0. а ГА 8 СА 83 6 
0 a 2 1 1 0 0 10 
0 а 1 (1) 0 1 0 4 
0 а 2 3 0 0 1 18 


Sub-step (ii): Replace s, by z,. This is shown in table 2-31, 


Table 2.31 

Objective functione 4 10 0 0 0 
ei 6.8.9. а 2 5 6g ГА b 
0 5 : 0 ER V Уу и гашен 
10 Ta 1 1 0 2 0 4 
0 83 $ 0 0 Ф » 6 

E;— Хе; ay a 10 0 2 0 

€; — Ej 0 0 0 оу 


Basic feasible optimal solution 
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Since cj—Ej is either zero or negative under columns of all 
variables, table 2.31 gives the basic feasible optimal solution, 
which is 


and Zmar=40. 

It is clear from table 2.31 that element of c;—E, row (net 
evaluation/unit) under column ‘x,’ (corresponding to non-basic 
variables т) is zero. It indicates the existence of an alternative 
optimal basic feasible solution. Choosing тү as the incoming variable 
and slack в, as the outgoing variable, we get simplex tables 2.32 
and 2.33. 


Table 2.32 
< . Objective function c, 4 10 0 0 
e, current solution d 
variables ү To 8 82 83 b 
5 1 15 
0 s (1) Oo pay io FZ 
2 1 
10 2, 5 1 0 p o 4 
4 
0 5 = айай О. к coos 
Table 2.33 
Objective function c; 4 10 0 9 0 
е с.8.0. zi ЕА Sy 82 83 b 
5 1 15 
4 а 1 үм Терс = 
: a ence = 
10 E 5 
2 0 1—7 о т 0 ES 
1 I 
0 8, 0 сыйа тык pue 
з 0 3 3 1 3 
Е;=Хе ay 4 10 0 2 0 
c; — Ej 0 0 0 2 0 
The solution given by table 2.33 is also optimal with values 
_ 16 
n= gru 
, 5 
y= — 
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1 5 
and Zmaz=4x E +10х э =40, which is the same as the previous. 


one. The above two are the basic feasible optimal solutions, "Now 
if two basic feasible optimal solutions are known, an infinite number 
of non-basie feasible optimal solutions can be derived by taking any 
weighted average of these two solutions. 


For example, if 


0 0 
15 
o» тї 
t=] 14 and z-| 6 
`8 
s 0 
6 3 3 
then g*— 2,+(1—A) т, 
15 
а (l-A) 


5 
ы a+ (1—2) where 0 A«1 


6A 
6A-+3(1—A) 


4 
=| 5 27 where 0&A« 1. 
[ВР ИГӘ 


3+3A { 
It can be verified that z* gives the same optimum: value of 40 
for Z, for all values 0<А<1. 


2.11 Artificial Variable Technique for finding the First 

Basic Feasible Solution 

In the previous problems, the slack variables readily provided 
the initial basic feasible solution. There are, however, many L,P. 
problems where slack variables cannot provide such a solution. In 
these problems at least one of the constraints is of (=) or (2:0) type. 
There are two (closely related) methods ayailable to solve such 
problems : s 
l. The «big M-method” or «M-technique” or the «method of 
penalties” due to A. Charnes. . 

2. The «two phase" method due to Danzig, Orden and Wolfe. 


y 


p^ 


^ + 
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211-1 The Big M-method 

This method consists of the following basic steps : 
Step 1 : 

Express the linear programming problem in the standard form 
ag discussed in section 2.7-2. 

Step 2 

Add non-negative variables to the left hand side of all the 
constraints of (=or>) type. These variables are called artificial 
variables. The purpose of introducing artificial variables is juss to 
obtain an initial basic feasible solution. ` However, addition of these 

" artificial variables causes violation of the corresponding constraints. 
Therefore we would like to get rid of these variables and would not 
allow them to appear in the final solution. To achieve this, these 

"artificial variables are assigned a large penalty (—M for maximization 
problems and +M for minimization problems) in the objective 
~ function. 
Step 3 : 

Continue with the regular steps of simplex method. 

The artificial variables are a computational device. They keep 
the starting equations in balance and provide а mathematical trick 
for getting a starting solution. By having a high penalty 
cost it is ensured that they will not appear in the final solution t.e., 
they will be driven to zero when the objective function is optimized 
by using simplex method. 

While making iterations, using simplex method, one of the 
following three cases may arise : 

1. Column ‘variables in current solution’ contains no artificial 
variables. In this case, continue iterations till an optimum basio 
feasible solution is obtained or it is found that the problem has an 
unbounded solution. 

2. Column ‘variables in current solution’ . contains at least one 
artificial variable at zero level (zero value under column ‘b’). Also 
coefficient of each Min сј Е; row (net evaluation row) is —ve for 
maximization (or --ve for minimization) problem. In this oase the 
current basic feasible solution is optimum though degenerate. 

3. Column ‘variables in current solution’ contains at least one 
artificial variable nof at zero level (non-zero value in column Ф). 
Also coefficient of each M in cj —E; row is —ve for maximization (or 
-ve for minimization) problem. In sucha case the current basic 

. feasible solution is not optimal since the objective function will 
contain unknown quantity M. Such a solution is called pseudo- 
optimum basic feasible solution. 
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Lastly, whenever at any stage of simplex method, an artificial 
variable leaves the basis, itis dropped and all entries in the column 
of this variable are omitted from the succeeding tables. The above 
three cases will now be explained with the help of examples, 


EXAMPLE 2.11-1 
Maximize Z=327,—z, 
subject to 224-222 


24-92, 3 
з. Q4 
and 2j>0 ;7=1, 2. 


Solution 


Step 1: Make the problem as N+S co-ordinate problem . 
First of all we observe that all b; are positive, * 
At first thought it appears that we should introduce slack vari. 
ables sı, вз and s; (for converting inequalities into equalities) as shown 
below. 


224-2 —5,—2 ««.(2.43a) 
234-39234-54—3 «+-(2.435) 
and 9-53 =4 ...(2.43‹) 
where 25,25, 81, 8, S all>>0. (2.434) 


Step 2: Make N co-ordinates assume zero value 

Putting z,—0 and z,—0, we get s;=—2, 5=3 and 5,—4, as 
the first basic feasible solution. But negative values for-slaok vari- 
ables are unacceptable. Therefore, we introduce artificial variables 
А; (Аз, Ay, Ag,...) and the above equations can be written as 


22 p 2,5 +4 =2 (24а) 

2; 4-923 4-84 —3 * (2.445) 

and 234-55 —4 „e (2.440) 
where 2535 Das 81, 83, 88, Ay, all20, (2.444) ` 


which gives the first basic feasible solution. 


Now artificial variables with values greater than zero destroy 
the equality required by the general linear programming model. 
Therefore, A; (A;, Аз, Aj... must not appear in the final solution. 
To achieve this, these artificial variables are assigned a large penalty 
(a large negative value, —M) in the objective function, which can be 
written as $ 

maximize Z—3z, —2, — МА; 4-08; 4-05; 4-055. s (2:45) 


М 
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Thus the objective is to maximize equation (2.45) subject to 
constraints (2.44a), (2.445), (2.44c) and non-negativity restriction 
(2.44d). The above information can be represented in the form of a 
simple table or matrix. , 


Table 2.34 
Objective function c; 3 —l 0 0 0 —M 
ĉi variables in cur- ; 
rent solution ү to 8 5% 88 Ai b 
-M А, н са ий ИШИ 1 2 
0 СА 1 3 0 1 0 0 3 
0 83 0 1 0 0 1 0 4 


Step 3 : Perform optimality test 

- Ву performing optimality test we can find whether the current 
basic feasible solution can be improved or not. This is done by 
computing cj—Ej, where Ej=Zeay. This is shown in table 2:35. 


Table 2:35 

ei current solu- 

tion variables x, 22 si 8 85 Àj 5 0 

—M А; (2) 1 —1 0 0 1 2 l«keyrow 
0 88 ые Ord)" GETS Ss 
0 8 01 PS 0e OD 0.64209 
Ej= Zea, —2M —M M'00M 
cj—E; 3.-2M —14-M —M 0 0 —2M 
J t 
K First basic feasible solution 


As c; — E; is positive under some columns, the current basie feasible 
solution can be improved. 
Step 4 : Iterate towards an optimal solution 

Sub-step (i) : Mark the ke; column, key row and key element 
as shown in table 2-35 and explained in example 2-10-1. x, is the 
incoming variable while A, is the outgoing variable. Make the key 
element unity as shown in table 2-36. 


Table 2-36 
e; current solution 
variables Zl 23 81 85 83 А, b 
VM UA, dpi cn oes SOLE dg 
2 2 2 
0 ЕЯ ) 1 3 0 1 0 0 3 
0 ЕА 0 1 0 0 1 0 4 
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Sub-step (ii) : Replace A; by z,. Omit column “А, This is 
shown in table 2-37. 


Table 2:37 
e; current solution SU & 
variables А з 81 E" & b 6 
1 1 
3 ү 1 T -F 0^ 3:70 1 —2 
0 А BU (3) Ee Mr E io. 
row) 
0 83 0 1 0 0 Ligy t 
3 3 
E j= P4 ей 3 7 — 3 0 0 
5 3 
cj — Ej ors э 7 0 0 
` 1 2nd basic feasible 
K solution 


Step 5: Repeat step 3. The key row, key column and key element 
are shown in table 2-37. Make the koy element unity as 
shown in table 2-38. 
Table 2:38 
— ее  ——_—_——— —— 


e; CS.V. а 23 5 СА 83 b 
1 1 

3.45 t 1 э — 0 0 1 

0 А 0 5 (1) 2 0 4 

07778. 0 1 0 `O 1 4 Key element unity 
Step 6: Repeat step 4.. Replacing s, by s, we get table 2.39, 

Table 2:39 

ee 
e; CS.V. ЕА РА СА 8 33 b 

за i 3 0 1 0 3 

0 а 0 5 1 2 0 4 

On ae 0 QOO RAD DN aka” 

ea 3 9 0 3 6 
cj—E; 0 —10 0. —3 0 


Optimal basic feasible solution 


*" c,—E; is either negative or zero under all oolumns, the 
optirdal solution has been obtained. Optimum values are %=3 and 
%=0. 


Also 5,—4, 54—0 and s;=4, A;=0. 
7—O.R, 


ag 
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ч ®та«==З®,—24,4}+0в,--055--0з3,—МАу 
—3x3—2Xx0-L-0--0-4-0—0 


EXAMPLE 211-2 
Minimize Z2 4-3y; 


subject to restrictions Yid- 9225 
yi-29 26 
yv №20. 
Solution : Step 1: Make the problem as №45 co-ordinate 
problem 


First of all we observe that all b; are non-negative. 

In order to solve the problem by simplex method, the first step 
is to convert inequations into equations and at first sight it appears 
the slack variables should be introduced as follows : 


Vid-9s—5—5 ' (2-46 а) 
-++2у»—5»=6 ...(2:46 b) 
Yar Уз 815 82) all DO ++-(2°46 c) 


and the objective is to maximize Z=—2y,—3y.+05,4-08,. — ...(2:47) 
Step 2: Make N co-ordinates assume zero value 

Putting yi —0, y2=0, we get 5,— —5, 5,— —60 ав the first basic 
feasible solution. But negative values for the slack variables are 
unacceptable. Therefore, we introduce. artificial variables А; (Ay, Ag) 
and the above equations can be written as 


Yt+Yo—%+Ay=5 ...(2:48 а) 
914-29» —53- A3 =6 ...(2:48 b) 
where Yo Yar 85 82; Ay, Ag, all >0. «(2:48 c) 


Now artificial variables with values greater than zero destroy 
the equality required by the linear programming model. Therefore, 
A; (Ay, Аз) should not appear in the final solution. To achieve this, 
we assign a large penalty to these artificial variables (a large negative 
value, —M) in the objective function, which is written as 

maximize Z= —23,—39s--05; 4-05, МА, — MA;. ...(2:49) 
Thus the problem is to maximize equation (2:49) subject to constraints 
(2:48 a), (2-48 b).and non-negativity restriction (2-48 c). 

The above information can be represented in the form of a mat- 
rix or table shown below. 


Table 2.40 
Objective function с; —2 —3 0 0 =M —M 
е; variables in Yı Yo СЯ Sa А, As b 
current solution 
—M Ay 1 1 —-—1 0 1 0 5 
ME TRS AS 1 2 бё ү 0 MES 


First basic feasible solution 
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Step 3 : Perform Optimality test 
By performing optimality tes& we can (find whether the current 
feasible solution can be improved or not. This is done by computing 
cj—Ej, where E;— Ze;a;. This is shown in table 2.41. 
Table 2:41 


Objective function c; —2 —3 0 0 —M 4M 
e; current solution p Ys 281/88 A, A, 5 0 


variables 
—M А, 1 1—1 0 1 0 5 5 
—M Ag 1 42) 0—1 0 1 6 3e 
key row 
Ej= еа, —2M —3M M M м -M 
0j —E; —2--2M —3-.-3M —M —M 0 o0 


t 
K 
Step 4 : Iterate towards an optimal solution 
Sub-step (i): Mark key column, key row and key-element as 
shown in table 2.41 and explained in example 2.10-1. The key element 
is (2). Incoming variable is y, and outgoing variable is A,. Make 
the key element unity, 


Table 2-42 
ei C.8.V Yı ЕД s 83 Ay As b ER 
—M Ay ке lel EU: IT NONU S 
—M Аа (Ol prO EE ОЗ 
Sub-step (ii): Replace А, by ys. Omit column «A,'. 
Table 2:43 


Ey 8o 1 0 EO 3 9 rw). 
E,— Zea; meme —3 M EL —M 
eps Bii йы S CRURA LEA) 

4 

K 


2nd basic feasible solution 


Siep 25 

Repeatstep 3. The key column, key row and key element are 
shown in table 2.43. Make the.key element unity as showp in table 
2-44. 
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Table 2.44 


е 0.8.7. Yı Ya 81 8 Ai b 
-M Ay (1) 0 —2 1 2 4 


=3 Yo + 1 0 —i 0 3 
Step 6: 3 
Repeat step 4, Replace А; by уу. Omit column ‘Az. 
Table 2-45 
; ee ee LO quad 
e C.S.V У Уз 81 $3 b 
—2 A 1 O @ C 4 
= Ya 0 1 1 — 1 Optimal basic 
E;— Zea —2 —8 1 i feasible solution 
сЕ; 0 Оаа) 


ЕЕЕ 
As cj — Е; is not positive under any column; the optimal solution has 


been achieved. Неге, y, —4 and y,—1, 
во that minimum value of Z is—254--3x 1—11* 
EXAMPLE 2.11.3 
Maximize Z—2--22,--3z,— x4 
subject to the constraints z;--2z$--3z,—15 
22 4-25-1-524—20 
244 -223--25--29, 10 
21, 23, o $4220. TET 
[Meerut B.Sc. (Math.) 1971, М.А. (Math.) 1977] 
Solution : 
Step 1 : Make the problem as N--S coordinate problem 
First of all we observe that all b; are non-negative. Introducing 
artificial variables A;(i=1,,2, 3), the above constraint equations can 
be writtenas ` 


2;--223--3744- A,—15 ++-(2.50a) 

2214-2523 Ag—20 «-. (2.500) 

23--225-- 23 -74--A3— 10 ...(2.50с) 

where у, 25, 5, £4, Ay, As, Ag, all 720. ..2:504) 


Now artificial variables with their values greater than zero 
destroy the equality required by the general linear programming 
model. Therefore A; (2—1, 2, 3) must not appear in the final solution. 

| To achieve this, these artificial variables are assigned a large penalty 


*Although this problem has been solvi by converting the minimization 
problem into the maximization form, the problem could be solved in the mini- 
mization form also. "Thisis done by selecting the non.basie variable having 
the largest negative value (in the c;—H; row) as the incoming variable. 
When all the elements in the (cj —E;) row are positive, the optimal solution 
is reached. 

2 
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(a large negative value, —M) in the objective function, which can be 

written as 4 : 
maximize Z —2,--22;--32—27, MA, —MA,—MA;. »« (2:51) 

Thus the problem is to find the values ofa, £a з and x, which 

maximize equation (2.51) subject to constraints (2.50а), (2.505) and 

non-negativity restriction (2.50c). 

Step 2: Make N Co-ordinates assume zero value 


Putting 2,—2,—25—2,—0 in the equations for constraints, 
А,=15, A,—20 and A;=10, which is the initial basic feasible solution. ` 
The above information can be put in the form of a simple table or 
matrix. 

Table 2.46 
Objective functionc, 1 2 3 —1 -M -M —M 
variables in : 
е current solution z C NE Arc Agr, ADU 
—M Ay ААГ et) 
—M E Р Si NETT) 0 1 0 20 
=M As Du AED д] Кү К 0 0 110 
Initial basic feasible solution 


Step 3: Perform optimality test 


By performing optimality test we can find whether the current 
[feasible solution can be improved or not. This is done by computing 
cj—E, where E;— Хе; a,j. This is shown in table 2.47. 


Table 2.47 

6 TOS —1 —M --M -M 

e; current solution 7, ^x, 23 45 Ar. A; Aa OO 
variables 
—M А, 1 2 3 0 1 0 0 15 5 
MTS. Z7 xc) 0 0 1 0 20 4 «кеу 
SM ДЕ 1:52, 1551-9 "07 1710 109 458 
Ej2Zeja, -—4M —5M —9M -M —M -M M 
c; Е 144M SM 349M—14M 0 0. 0 
1 


Аз c, —E; is positive, the current basic feasible solution is not 
optimal and hence has got to be improved. 
Step 4 : Iterate towards an optimal solution 

Sub-step (i): Mark the key column, key row and key element 
as shown in table 2.47 and explained in example 2.10.1. д. is the 
incoming non-basic variable while A, is the outgoing artificial variable, 
Make the key element unity as shown in table 2:48. 
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Table 2.48 
Current solution 
е variables — z; 2%, эж aj” “A, ^A As b 
—M A 1 2 3 0 1 0 0 15 
2 1 1 
—M Ay о ООУ s 4 
—M As 1 2 1 1 0 0 “10 


Sub-step (ii) : Replace А, by z. Omit column ‘A,’, This is shown 
in table 2.49. 


Table 2.49 
© 1-79 дм IM 
є 0.8.У, а Wa з % А; As b 0 
QE 0 g59 4. 50 S 
S ly z) 3 =z tkey row 
2 1 
за Rog 10 0 0 4 
3 9 10 
MA 3 j= 91 9 1 65 


—1+2) 16M 
qn =E M TEM о мо 0 2м basic feasible 


4K solution 


Step 5: 

Repeat step 3. The key column, key row and key element are 
shown in table 2.49. Make the key element unity. This is shown in 
table 2.50. 


Table 2.50 

& COSV. m lan n^ 4G А, As b 
— 5 15 
-M A, > (ha « @ 0 т 0 = 

2 1 
3 [71 Б CE 1 0 0 0 4 

3 9 
-M A, ЖО 0 1 0 1 6 

Key element unity 
Step 6 : 


Repeat step 4. wis the incoming non-basie variable while A 
is the outgoing artificial variable. Replace A, by z,. Omit column *A,'. 
This is shown in table 2.51. 
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Table 2.51 
of WRT > 2, OS SU ees 
e; CSV. д а Xy Cow tdw A, 
D DM E L “ten osteo 
Cue - 0- E eM 0 
aM AGREES 04 04 (E X 
Еу ае E 2 3 м СМ 
eH d 0 O-14M 0 
4K 
Step 7: 
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b o4 

15 

PF pe LO 
25 i 

7 : 
15 15 ki 
a har «-koy row 
8rd basic feasible solution 


Repeat step 4. z, is the incoming non-basio variable while А, is 
the outgoing artificial variable. Replace Аз by д. Omit column ‘Ag’, 


This is shown in table 2.52.. ; 
Table 2.52 
ej H 3 —l 
e OSV. m 2 ГА 4 b 6 
—1 15 
2 m4 — 1 00 0 әр =I 
3 25 25 
3 ЕА = 0 1 0 T F 
6 1 5 
El (7) o DE gU у = key tow 
Bie Zeus bs 30€ $2 
В) ооч ilie @ 140 
к dth basic feasible solution 


Step 8 : 


Repeat step 3. Key column, key row and key element are shown 


in table 2-52. 


Table 253, 
ei CSV. zi -ti 
2 E — x i 
3 
3 ©з E 0 
=T 24 (1) 0 


Make the key element unity as shown in table 2-53. 


T3 Ta b 
0 о 15 
7 
Mca ba eles 
7 

7 5 
0 3 F 
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Step 9: Repeat step 4. 2, is incoming variable while x, is 
outgoing variable. Replace x, by z,. This is shown in table 2-54. 


Table 2:54 
7 b 2 3 —1 
e; C.S.V. ГА д Жз T4 b 
H 5 
2 ха 0 1 0 * > 
1 5 
3 єз 0 0 1 =. ES 
` 7 5 
1 ау 1 0 0 * 7 
Еу Хеу 1 2 3 0 
cj — E; 0 0 1 


0 e 
Optimal basic feasible solution 


2 ¢—E, is either zero ог negative under all columns, the 
optimal basic feasible solution has been obtained. Optimal values 
are 


к 
«= es ma eS. 
1—73 a= > 3 4 


Also A,=A,=A;=0 and Z,4,—16. 
EXAMPLE 2.11.4 3 
Use Charnes big M method to 
maximize 2-32-22 
subject to constraints 22,42; «1 
32, 4-4z,24 
Zn m0. 
Solution 
Step1: Make the problem as N+S co-ordinate problem 
First of all we observe that all b; are positive. Introducing 
slack and artificial variables, the above constraints can be written as 


22,4-23--8 -1 «(2:52 a) 
32,47, —5,4- A,—4 sve (2:52 b) 
where 2, zs, ву, 8, Ay, all 20, (2:52 c) 


and the objective function becomes 
maximize Z= 3z -j- 223-05, --05, — MA,. 


i (2:53) 
Thus the objective is to find the values of 2 and z, which maximize 


equation (2-53), while satisfying constraints (2-52 a), (2:52 b) and 
meeting the non-negativity restriction (2-52 с). 
Step2: Make М co-ordinates assume zero value 


Putting z,—2z,—0 in the equations for constraints, we get 
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8,21, 5,0, Aí—4 as the initial basic feasible solution. The above 
information can be put in the form of a simple matrix or table. 


Table 2:55 
Objective 
function cj 3 2 0 0 —M 
e; variables in 
current , 
solution Y. ЕА E 8 Ai b 
0 8 2 1 1 0 Өлү 
—M А, 3 


—l 
Initial basic feasible solution 
Step3: Perform optimality test 
By performing optimality test we can find whether the current 
basic feasible solution is optimal or not. This is done by computing 
сЕ, where Ej = еа. This is shown in table 2-56. 


Table 2.56 
ej 3 2 0 0 —M 
e; current sqlution 
variables жү Se 5 & A b 6 
0 817 2 () 1 0 0 l<key . 
row 
-M А, 3 4 —1 1 $1 ^ 


0 
Ej=Zeay  —3M —4M 0 M —M 
cj-E; ' 343M 24.4M 0 
tK 


As cj —E; is positive under some columns, the current basie 
feasible solution is not optimal and needs to be improved. 
Stepá:  Iterate towards an optimal solution 

Sub-step (i) : Mark the key column. As there is tie in case of 
rows, Ist row is selected as the key row as per the rules described in 
section 2:13. Key element is (1). æ, is the incoming non-basic variable 
and з; is the outgoing basic variable. 


Sub-step (ii) : Replace s by 23. This is shown in table 2-57. 


Table 2.57 
T UE EE IT TG ee РНЕ See Bene Eee 
ĉj 3 2 0 0 —M 
ei CS.V. x ЕА E E А, b 
2 =, 2 T2 0 0 1 
-M А; —5 0. —4 i TU 


Ej=Z еа 445M 2 244M M —M 
cj-E; —(1+5M) 0 —(244M)-M 0 


Optimal basic feasible solution 
DM л e UL 


/ 
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As cj—Hj is negative or zero under every column and the 
column ‘variables in current solution’ contains artificial variable A, at 
zero level (zero value under column 4’), the second basic feasible 
solution is optimal. Optimal values are 

я %=0, z,—1 

Also 3, —0, 84—0, A,—0 and Z,4,—2. 
EXAMPLE 2.11.5 

Use penalty method to 

minimize Z—2--22,-I-2, 
subject to 2,4 252-3 z«1 


3 
* %+2%+2, 28 


Xy Xa ж, all >0. 
Solution 
Step 1 : Make the problem as N-+-S co-ordinate problem 
First of all we observe that allb;are non-negative. At first 
thought it appears that we should introduce slack variables s, and в, 
(for шк кн into eee) as shown below. 


ats Кын. * 234 8=1 


3 
3 ,4-22,- .2,—5$, =8. 


Step 2: Make N co-ordinates assume zero value 

Putting z,—2$—253-—0, we get s;=1 and s,— —8 as the initial 
basic solution. However, itis nota feasible solution since s, is 
negative. Therefore we introduce artificial variable A, and the above 
constraints can be written as 


1 1 
Н nts tt 234-5,—1 (2:54 а) 
d 2-223 -25—53-I-A,—8 (2:54 b) 
where Zis ta, 25, 81, 8, Aj, all 20 08:54 с) 


Now addition of this artificial variable destroys the equality 
required by the L.P. model. Therefore A, must not appear in the 
final solution. То achieve this, it is assigned a very large penalty 
(+M, since Z is to be minimized) in the objective function which 
may be written as 

minimize Z —2, 4-223 4-23 4-05; 4-05, 4-MA,. «4 (2:55) 

Thus the problem is to minimize equation (2-55) subject to the 
constraints (2-54 a) and (2-54 6), while satisfying the non-negativity 
condition (2-54 c). 

The above information can be put in the form of a simple 


matrix or table. 
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Tabie 2:58 


Objective function су 1 2 1 0 0 M 
e; variables in : 


current solution - z эж Z а 54 А b 
3 ЖА; 5 
0 s A 19 9 1 
3 
M Ay 3 Ob. и 


Initial basic feasible solution 
Step 3: Perform optimality test 


By performing optimality test we can find whether the current 
basic feasible solution can be improved or not. This is done by 
computing cj—E;, where Ej=2 e; ay. This is shown in table 2.59. 


Table 2.59 
Balen Sine Le eo eM 
e; current 
solution 


variables zx, ža Zs а а А b 6 


gg? ae Yo раа а eae 


Bya Be ay 5м мм 0 —M M 


cj — E; jas. M2—2M 1—M 0 M 0 
к | 

As с; —Е; is negative under some columns, the current basic 
feasible solution ean be improved. 
Step 4: Iterate towards an optimal solution 

Sub-step (i): Mark the key colu-un, key row and key element 
as shown in table 2:59 and explained in example 2-10-1. a, is the 
incoming non-basic variable, while s, is the outgoing basic variable. 


Make the key element unity as shown in table 2-60. 
Table 2-60 


e; ОБ.У. 1 23 Е 81 8% Ay b 
ues ic he 4 0 0 ESE 


2; 
2 
Mi ity tel а Anf oe E re! Bitelia 
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Sub-step (ii): Replace в, by z}. This'is shown in table 2:61. 


ТаЫе 2:61 / 
6 DS aeg of ow st EM 
e ОРУ а um 7s 8 E А, b 
2 m PL CM isa, ә 
M E M POEM Ui , 


2 
Ej Zejag 4—3-M 223—M4—4M -M M 


сЕ, 342M 0—LEM-444M M 0 


^ 2nd basic feasible solution 
Se a ASIN во?ичон 


VO cj—Ej is either positive or zero under all columns and the 
column ‘variables in current solution’ contains artificial variable А, 


. not at zero level (value 4 under column *b’), the second basic feasible 


solution is not optimal but pseudo-optimal with values 
i 2, —0, 2, —2, 7,—0 

Also 81=0, %=0, Ау=4 and Z,4,—4-L4M. 
21-2. The Two-Phase Method 

This method solves the L.P. problem in two phases. 

PHASE І 

Tt consists of the following steps : 
Step 1 : 

Ensure that all 0; (constant terms) are non-negative. If some 
ofthem are negative, make them non-negative by multiplying both 
Sides of these inequations/equations by —1. 

Step 2: 

Express the constraints in the Standard form as discussed in 
section 2-7-2, 

Step 3: 

Add non-negative variables (artificial variables) to the left hand 
sides of all the constraints of (= and >) type. 
Step 4: 

Formulate a new objective function w which consists of the sum 
of the artificial variables 

w=A,+A,+...4A,,. 

The function w is known as the infeasibility form, 
Step 5 : . 

Using simplex method minimize the function w subject to the 
above constraints of the original problem and obtain the optimum 
basic feasible solution. Three cases arise : 
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1. Min. w>0 and at least one artificial variable appears in 
column ‘variables in current solution’ at positive level. In such a case, 
no feasible solution exists for the original L.P.P. and the procedure is 
terminated. 


2. Мір. w=0 and at least one artificial variable appears in 
column ‘variables in current solution’ at zero level. In such a case, 
the optimum basic feasible solution to the infeasibility form (auxiliary 
L.P.P.) may or may not be a basic feasible solution to the given 
(original) L.P.P. To obtain a basic feasible solution, we continue 
phase I and try to drive all artificial variables out of the basis and 
then proceed to phase II. 

3. Min. w=0 and no artificial variable appears in the column 
*variables in current solution'. In such a case, a basic feasible solution 
to the original L.P.P. has been found. Proceed to phase П. 


PHASE II 


Use the optimum basic feasible solution. of phase I as a starting 
solution for the original L.P.P. Using simplex method make iterations 
till an optimal basic feasible solution for it is obtained. 


It may be noted that the new objective function w is always of 
minimization type regardless of whether the given (original) L.P.P. is 
of maximization or minimization type. The above three cases will 
now be explained with the help of examples. 


EXAMPLE 2-11-6 


Use two-phase simplex method to 
maximize Z = 5214-3232 
subject to the constraints 22142, < l 
z,4-4zy > 6 
Vj % > 0. 
Solution 


PHASE I 2 
It consists of the following steps : 


Stepl: 
First of all we observe that all b; are non-negative. So this ster 
is not necessary in the present problem. 


Step 2: 
Adding slack variables the given constraints take the Pits 
221+ %_+ 8 —0 
23-423 — 5326 
where 21, 22, 8 Sa all > 0. 
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Step 3 : 

Putting z,—25—0, we get з,—1 and з= —6 as the initial basic 
solution. However it is not a feasible solution since s; is negative. 
Therefore we introduce artificial variable A, and the above constraints 
can be written as 


2214-25-58; — 1 ++-(2-56a) 

244-425 —83-A1—6 ...(2.56b) 

where 2,5 23, 8, 8, Ay, all > 0 ...(2:56c) 
Step 4 : 

Here infeasibility form w is=A,. (2.57) 


We are, thus, to minimize equation (2-57) subject to constraint 
equations (2:56а), (2:565), while satisfying the non-negativity condi- 
tion (2-56c). 

Step 5: 

Putting z,—2,—0 in the constraint equations we get s,—1, 
84720, ÀA1—6 as the initial basic feasible solution. The above informa- 
tion can be put in the form of a simple matrix or table. 


Table 2-62 
body identity 
Objective function c;  ————————À4 co 
variables in 0 0 0 0 1 
e; current solution 21 А Sa 81 А, b 
51 2 1 0 1 DIT 
1 А, ш ышы | on beg 


Initial basic feasible solution 


Step 6: Perform optimality test ; 
Compute cj—E; where E;—Ze;zj. This is shown in table 2-63, 


Table 2-63 
e t isl а а т = ЕИ 
сј 0 0 0 0 1 
е eurrent solution 
variables а Ta E" 81 Ay b 0 
8 2 (1) 0 1 0 1 1 «key 
= д row 
л А, ЕЕ а = 


By=Zeay 1 ATO: 
Gj aM peed sneak АТЫША!) 0 
4K 


As c;—E; is negative under some columns (minimization 
problem), the current basic feasible solution can be improved. 
Step 7: Iterate towards an optimal solution 

Sub- step (i) : Mark the key column, key row and key element as 
shown in table 2-63 and explained in ехатар!е 2-10-l. æ is the 
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incoming non-basie variable while s, is the outgoing basie variable. 


The key element is unity. 
Sub-step (ii): Replace s by 2. This is shown in table 2-64. 


Table 2:64 
ĉj 0 0 0 0 1 
а CSV. азу ^i4:.[198 А уй 
0 ЕЯ 2 1 0 1 0 1 
1 А; —7 0 —1 —4 1 2 
E;-—Ze;ij —7 0 —1 —4 1 
cj—E; 7 0 1 4 0 


Optimal basic feasible solution 


*: c; — Ej is either positive or zero under all columns, an optimal 
basic feasible solution to the auxiliary L.P.P. has been obtained, 
However, since w=A,=—2(>0) and artificial variable A, 
appears in column ‘current solution variables’ at a positive level 
(A, =2), the given original L.P.P. does not possess any feasible solu- 
tion and the procedure stops. 
EXAMPLE 211-7 
Use two-phase simplex method to 
maximize Z —324--22,--2z, 
subject to 521--723--4z « 7 
—Azpx,L0z, > —2 
29 


32;4-42,—62, > rm 


Tis X. Ta, all > 0. 
Solution 
PHASE I 
It consists of the following steps : 
Step 1: 

First of all we observe that all b; should be non-negative, Since 
for the second constraint, b,.=—2, we multiply its both si : 
transforming it to td pee = 

4x, — 123 — 52, < 2 
Step 2: 
Adding slack variables the given constraints take the form 
Ba, 4-723 4-42,--5, — 7 
Az, — 125— 525--8 =2 
Заба Gs D 
| where 21, £a, 23, 81, 59, 84, all > 0 
Step 3: ded 


Putting z,—2,—2,—0 in ths constraints, we get, 7 
8i, 


J 
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$92, $,— —5* as the initial basic solution. However, it is поба 


feasible solution since s, is negative. Therefore we introduce artificial 
variable A; and the above constraints can be written as 


Bay 723 4-42, +s —7 (2-58 a) 
4v, — 725 —52,-4-$,—2 (2:58 b) 
За 4-424 — 675—54-- А; == E (2:58 c) 
where 2, Ze, 23, S 35, 83, A, all > 0. ...(2:58 d) 
Step 4: 
We introduce a new objective function w=A,, «.. (2:59) 


We are, therefore, to minimize equation (2-59) subject to 
constraints (2-58 a), (2:58 b), (2:58 c), while satisfying the non-nega- 
tivity condition (2-58 d). 

Step 5: a 

Putting z, —2$—7,—0 in the constraints, we get 5, —7, $—2, $40, 

Ai= as the initial basic feasible solution. The above information 


can be put in the form of a simplex matrix or table. 
Table 2:65 
body identity 
А Гар ре л таа ee 
Objective functionc;0 0 0 0 0 0 1 
. ej variables in 


current solution | a, 2 Xy 33 & $5 А, b 
0 81 5 7 4° 0) 1 9: 6 7 
0 En 4 —7. —5 0 0 1 0 2 
1 А, {Ды Ар ТОБТО deg 59. 


Initial basic feasible solution 


Step 6: Perform optimality test _ 
Compute c;—E;, where Ej—Ze, dij. This is shown in 


table 2-66. 
Table 2:66 
cj 0 0 0 0 0 0 1 
e; current 
solution 
variables у — 2» % 8 а а A, b 9 
0 E 5 (7) 4 0 1 0 0 7 l«key 
TOW 
Enc 1 9 1 овса 
MS qud dro ду q- 29 20 
7 28 
EjXea; 3 4 —6 —1 0 0 1 
0 0 
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Ав cj—E; is negative under some columns (minimization 
problem) the current basic feasible solution can be improved. 


Step 7; Iterate towards an optimal solution : 

Sub-step (i) : Mark the key column, key row and key element as 
shown in table 2-66 and explained in example 2-10-1. 2 is the incom- 
ing nonbasie variable while s, is the outgoing basic variable. Make the 
key element unity. This is shown in table 2:67. 


Table 2:67 
SM SC eM OPE cane i eee oM Ero lc ree 
e; COSV. а Xe 23 83 5 E Ai b 
5 4 1 
6-4 x Ub i$ d 
0 82 4 —Т —5 0 0 1 0 2 
ЫГ Е бей ШШ 5. 


Sub-step (ii); Replace s, by x. This is shown in table 2-68. 


Table 2:68 


©; 0 0 0 0 0 0 1 
аё ОВУ. 2° % % 8 1 8 A 6 0 
5 4 1 7 
0 m v 1 + 0 7 0 1 * 
0 8& (9 0 —l 0 1 1 0 9 1<key 
" row 
1 58 4 1 
= Элла э ЫЙ: 2229 
1 А, 7 0 5 7 0 1 7 
1 58 . 4 
Е;=2 еа 0 то —1 as 0 H 
£j —Ej E 0 = 1 Es 0 0 
4K 2nd basic feasible solution 


BEENDEN ee 


Step 8: 

Repeat step 6. The key column, key row and key element are 
shown in table 2-68. There is tie for the key row. „ However, the 
second row is marked as key row as per the rules described in section 

2.18. Make the key element unity. This is shown in table 2:69. 


8—0.R. * 
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subject to y, —y, —2ys--2y, < 0 
2y,—29,—3y,--3y, « 6 


where à Vis Уз, Уз Yo all > 0. 
Introducing slack variables, the problem may be written as 
minimize Z= 24, — 24+ 3y,—3y 44-05-1059 *« (2:60) 
subject to Yı—Ya—2ys+ 2y 4-5, —0 * (2:61 a) 
29i —29,—3ys3- 344-546 «(2:61 b) 
where Vis Yar Yar Yar 31 Sa, all > 0. -+(2°61 c) 


Thus the problem is to find the values of Vi Yar Ya and Ya 
which maximize equation (2:60) subject to constraints (2:61 а), (2:615) 
and non-negativity condition (2-61 c). 


Step 2: Make N co-ordinates assume zero value 
Putting yı=yz=y=y,=0 in the equations for constraints 


gives 5,—0, 5,—6 as the initial basic feasible solution, The above 
information can be put in the form of a simple matrix or table, 


Table 2.72 
Objective function су 2 —2 3 me 0 0 
e, variables in current 
solution PA n h Vis a 
0 ЁЛ 1 =] —2 2* 1 0 0 
0 а 2 -2 —3 3 0 1 6 


Initial basic feasible solution 


Step3: Perform optimality test 


By performing optimality test we can find whether the current 
feasible solutidn can be improved or not. This is done by comput- 
ing cj — Ej, where E;=Ze,a;;. This is shown in table 2-73. Variable E 
has zero value. We replace this zero value by а very small positive 
number є to carry out iterations. 
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CONNERCENEES Lh VETILEU 


MU genio uh à ^ м a abt %„ 
4, an 1 -1 -2 @ 1 06у 
row 
b vang М АЕС, УЙЫМДА MIND RE 
Е;= Хва 0 9 0 0.79 
“—Е, PPLE Уг ы qan 
tK 


As cj—E; is negative under some columns. the current, feasible 
solution is not optimal and is, therefore, to be improved. 
Step 4: Iterate towards an optimal solution 

Sub-atep (i): Mark the key colunin, key row and key ele. 
ment as shown in table 2-73 and explained in example 2-10.1. y, is 
the incoming non-basio variable, while 4, is the outgoing artificial 
variable, Make the key element unity. This is shown in table 2-74. 

Table 2:74 


agi ovs loca vn pair ri Е a 
SUR" "ORO mers qure guo que mpi I Pb 


pu 1 
0 ^ yp o0 тоо M 
0 quen Meg ERE Жр; Tay boy 
Sub-step (ii) : Replace а; by y, This is shown in table 2/75. 
Table 2:75 
RESP SNES oe tcu PE A TS ee UA 
6 a ЖЕРТ ШАЙ. 
OSV. y oh ^» ^ o^ b 0 
1 1 1 є 
—3 Yi "qoc —1 1 5 0 Y ше 
3 
én pP IPC. 4.1 cef - 3 
Е;= Zea 
-LR oye a 
E X 3 > 
cro du Cas Ма ой ды 
4K 
2nd basic feasible solution 


————— ee, M 
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-Step 5: Perform optimality test 


Find c;—E; where Ej—Z'eja;. Since c;—Ej; is negative under 
шн ‘yo’ 2nd basic feasible solution is not optimal. 


Step 6: Iterate towards an optimal solution 


Mark the key column ; this is column ‘y’. To find key row we 
' divide the elements in column ‘b’ by the corresponding elements of 
column ‘k’ and реб column ‘8’. Since all the quotients in column ‹9' 
are negative, the value of incoming non-basic variable y, can be made 
as large as we like without violating the feasibility condition. The 
problem, therefore, has an unbounded solution and further iteration 


stops. 


2:13. Degeneracy in Simplex Method 


Герепегасу may become evident in the simplex method when 
the outgoing slack variable is being selected. In the iterative pro- 
cess, the minimum positive quotient under «4’-column determines the 
outgoing variable. If the minimum quotient is equal for two or more 
rows, arbitrary selection of one of these slack variables may result in 
one or more slack variables becoming zero in the next iteration and 
the problem is said to degenerate. There is no assurance that the 
value of objective function will improve, since the new solutions 
may remain degenerate. More serious, however, isthe condition of 
‘cycling’ or ‘circling’ which may result from a poor choice among the 
tied variables. Fortunately the problems in which cycling occurs 
ате very rare. In fact it is difficult to find a practical problem in 
which cycling occurs, 


Nevertheless, if such a situation ocerrs, this difficulty may be 
overcome by applying the following simple procedure, called 
perturbation method by A. Charnes : 


1. Divide each element in the tied rows by the positive co. 
efficients of the key-column in that row. 


2. Compare the resulting ratios, column by column, first in the 
identity and then in the body, from left to right. 

3. The row which first contains the smallest algebraic ratio 
contains the outgoing slack variable. 


This procedure will be clear when we consider the following 
example : 


Linear Programming 119 


P Кы 
Table 2:76 
сј body identity 
o ae 

C.S.V. а £a rete 81 E 83 b 0. т 

1 1 
Sy ae —-60 —35 9 1 0 0 0 0 tied 

1 1 rows 
8% z —90 —ERó 3 0 1 0 0 0 
83 0 0 1 0 0 0 1 1 

^ 


K (key column) 


Now difficulty arises regarding the choice of s, or sg ав the out- 
going variable. For the identity of the first row, the ratio is 1/1/4=4. 
Likewise, for the identity of the 2nd row, the ratio is 0/1/2=0. Since 
the 2nd row yields the smaller ratio, są is the outgoing slack variable 
and the simplex procedure can, then, be continued. 


234. Some Additional Points 
(1) Restrictions : As we have already said, any inequality 
with < sign can be converted into an equality (equation) by the 
addition of slack variables which contribute zero to the objective 
function. For example, 
maximize Z=32,-++52, 
subject to — 2x,4-9z, « 4 


is written as 
maximize Z=32-+ bas 4- 05, 
subject to ^ 2,4 3z44-5—4. 


Likewise, any inequality with > sign can be converted into an 
equality (equation) by the subtraction of slack variables which again 
contribute zero to the objective function. 

For instance, in the problem, minimize Z—52 4-42; 

subject to 324-2, > 6, 


restriction may be written ав 324-22, —8, — 0. 
But this does not yield an acceptable initial feasible solution 
s 8,2 —6 and negative values for slack variables are not accept- 
able. Therefore artificial variables are introduced and the above 
equation may be written as 


32,4-22,—5;-- A126 à 
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: e М 
and since ‘the artificial variables should not appear in the final solu- 
tion, a large penalty (a large value, +M) is assigned to these artificial 
variables in the objective function so that the problem becomes 
? minimize Z— бау 4-425 4-05, --MA, 
subject to 32, 4-?24 — 5 - A,—0. 


(2) Equations. 1f the restrictions are in the form of equations, 
they can be modified to fit into the simplex format by adding an 
artificial variable A exactly the same may as above. 


For example, maximize. Z —4z, --325 
subject to 32-22, —6 
is modified to maximize 7—42, +32, —MA, 
subject to 3x,+ 2+ A,— 0. 
(3) Approximations. If the restrictions are of the form ду, say, 
for example, 
maximise Z—x-+ 6y 
24 subject to 224-3220, 
they may be prepared for the simplex matrix by adding and sub- 
tracting slack variables, such as 
2x--3y— 8$ -5,—20. 


The two slack variables permit 22--3у to be either slightly 
larger or slightly smaller than-20. The slack variable s, represents 
the amount by which 27+43y exceeds 20 and the slack variable s, 
represents the amount by which 27--3y is less than 20. The slack 
variable s, will appear in the body, and the slack variable sa will 
appear in the identity. We wish to minimize the values of the 
slack variables so that 2z--3y will be as close as possible to 20 and 
this may be accomplished by assigning the coefficient —1 to both 
slack variables in the objective function. Thus the objective func- 
tion will be 


maximize Z= 2+ 6y—s,—é. 


EXAMPLE 2-14-1 
Prepare the following data for simplex matrix : 
maximize Z —30z4-25y 
subject to 2z-1-y < 40 
2z--3y > 45 
3z--7y = 55 
2 4n43y = 40. 
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Solution. Adding and subtracting the appropriate slack and. 
artificial.variables, we have the following four equations for inclusion 
in the simplex matrix : 

2e+y+5,=40 + 
Qa --3y— 5$ 4-A,—45 2 
3х-4+7у4-Аз= 55 
Az +-3у—53--8,=40 
and the objective function is modified to 

maximize Z-=30x-+ 25y-+ 0; -0s, —MA, —MA,— 83—84. 

Rearranging the objective function so that the sequence of the vari- 


ables is divided between the body and the identity, we can develop 
the initial simplex matrix for this problem as shown in the table 


below. 
Table 2.77 


body identity 
ET, m) 
6j 30 25 0 —1 0 —M -M-—1 
e; variables in 


current 
solution a y Sz 83 c Bae & b 
0 81 2 1 0 0 1 0 0 0 40 
—M A, 2 3 —1 0 0 1 0 0 45 
-M A 3 7 0 0 0 0 1 0 55 
020) 8 дее SP лв ол... 1. 40 


2:15. Advantages of Linear Programming Methods 


Following are the main advantages of linear programming 
methods : 

1, It helps in attaining the optimum use of produotive factors. 
Linear programming indicates how a manager can utilize his produc- 
tive factors most effectively by a better selection and distribution of 
these elements. For example, more efficient use of manpower and 
machines can be obtained by the use of linear programming. 

y ofdecisions. The individual who 


2. It improves the qualit; al w 
makes use of linear programming methods becomes more objective 


than subjective. The individual having a clear picture of the rela- 
tionships within the basic equations, inequalities or constraints can 
have a better idea about the problem and its solution. " 
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3. It can go a long way in improving the knowledge and skill 
of tomorrow's executives. 

4. Although linear programming gives possible and practical 
solutions, there might be other constraints operating outside the 
problem which must be taken into account, for example, sales, 
demand, etc. Just because we can produce sq many units does not 
mean that they can be sold. Linear programming method can handle 
such situations also because it allows modification of its mathematical 
solutions. 


5. Ithighlights the bottlenecks in the production processes. 
When bottlenecks occur, some machines cannot meet demand while 
others remain idle, at least part of the time. Highlighting of 
bottlenecks is one of the most significant advantages of linear 
programming. 

2:16 Limitations of Linear Programming Model 

This model, though having a wide field has the following 
limitations : 

1. For large problems having many limitations and cons- 
traints, the computational difficulties are enormous, even when 
assistance of large digital computers is available. ф may be some. 
times possible to get over this difficulty by splitting the main prob- 
lem into smaller ones, deriving solutions for them and then combining 
the results. 

2. According to the linear programming problem the solution 
variables can have any value, whereas sometimes it happens that 
some of the variables can have only integral values. For example, 
in finding how many lathes and how many milling machines to be 
produced, only integral values of decision variables 2, and x, are 
meaningful. Except when the variables have large values, rounding 
the solution to the nearest integer will not yield an optimal solution. 
Such situations justify the use of special methods. 

3. The model does not take into account the effect of time. 
The O.R. team must define the objective function and constraints, 
which can change overnight due to internal as well as external 
factors. 

4, Many times, it is not possible to express both the objective 
function and constraints in linear form. For example, in production 
planning we’often have non-linear constraints on production capacities 
like setup and take-down times which are often independent of the 
quantities produced. The misapplication of linear programming under 
non-linear conditions usually results in an incorrect solution. 


t 


Linear Programming у 128 


When comparison is made between "ће advantages and disad- 
vantages/limitations of linear programming, its advantages clearly 
overweigh its limitations. It must be clearly understood that linear 
programming techniques, like other mathematical tools only help the 
manager to take better decisions, they аге іп no way a substitute for 
the manager. 


2-17 Further Developments of Linear Programming 


The various maximization and minimization problems presented 
in this chapter represent the various fields in which linear program- 
ming technique may be used. Some more fields where it can be used 
are mentioned here. 


An interesting example is the allocation problem in making 
frankfurters. They contain, among other things, beef, pork, cereal, 
grain and spices. There are upper and lower limits on the amount of 
each constituent, imposed by flavour, structural and legal considera- 
tions. Тһе prices of the ingredients fluctuate daily, but the produc- 
tion rate of the line is constant. This is an allocation problem in 
which we are to allocate the mix of ingredients so as to give the 
least cost frankfurter, subject to the imposed constraints. This is an 
area that can be and has been explored by many meat packers for 
reducing daily costs. 

Many more examples сап be found for the minimization prob. ` 
lem—such as the elimination of excessive amounts of high octane 
components in the blending of gasoline, finding the most suitable 
animal feeds, and finding the lowest cost mixture for a drug manu- 
facturer. Oil refineries throughout the world have used linear 
programming with considerable success. Similar trends are develop- 
ing in chemical industries, iron and steel industries, aluminium indus- 
try, wood products manufacture, food processing industry and bank- 
ing. In fact linear programming may be used for any general 
situation where an objective function (expressed as a linear function) 
has to be maximized or minimized subject to certain restrictions 
(expressed as linear equations/inequations). 


218. Bibliographic Notes 

At present, linear programming is one of the best developed 
methods of operations research. There is, therefore, quite a lot of 
literature on this subject. All text books on operations research 
contain quite a lot of information on this subject. In addition, there 
are many research papers dealing exclusively. with the theory and 


applications of linear programming. 
* 
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The first good work published on the subject is by L. Kantoro- 
vich [4]. It deals with the applications of this method to a firm 
and gives comprehensive information of the theoretical basis. The 
algorithm proposed by Kantorovich for solving the linear pro- 
grammes differs a bit from the simplex algorithm presented in this 
book. 

' Elementary details of linear programming are given in the 
book by R. Ferguson and L. Sargent [2] and also by R. Metzger [7]. 
One ofthe best presentations of linear programming is the book 
by A. Charnes, W. Cooper and A. Henderson [1]. This book 
diseusses the theoretical basis along with applications of linear 
programming. 

Book by S. Gass [)]gives a detailed information about the 
mathematical foundations of linear programming. It also contains 
а survey of principal applications. Book by S. Vajda [10] deals 
exclusively with the applications of linear programming. 

The importance of linear programming in the theory of firms is 
dealt with in the book by R. Dorfman. Linear programming in 
connection with theory of games is dealt with in the book by S. Vajda 
[9]. A collective work edited by T. Koopmans [5] deals with linear 
programming, its applications, calculating techniques and mathemati- 
cal basis. 

A collective work edited by Н. Kuhn and A. Tucker [6] is 
devoted solely to special mathematical problems associated with 
linear programming. 

A comprehensive bibliography on linear programming is 
contained in the work by V. Riley and 8. Gass [8]. 
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Exercises 
1. What are the essential characteristics of a linear programm- 
ing model ? 
[Pb. Univ. Mech. Engg. 1976, 28, 79} 
2. Explain the terms : key decision, objective, alternatives and 
restrictions in the context of linear optimization models by assuming 
a suitable industrial situation. 
[Pb. Univ. Mech. Engg. 1975, 76] 
3. Explain important characteristics of the industrial situations 
to which linear programming method can be successfully applied. 
Illustrate application of this technique with a suitable example. 
[Pb. Univ. Mech. Engg. 1977, 78, 79] 


Section 2:3. 


4, A small manufacturer employs 6 skilled men and 10 semi. 
skilled men and makes an article іп two qualities, a delux model and 
an ordinary model. The making of a delux model requires 2 hours 
work by a skilled man and 2 hours work by a semi-skilled man. The 
ordinary model requires 1 hour work by a skilled man and 3 hours 
work by a semi-skilled man. By union rules no man can work more 
than 8 hours per day. The manufacturer's clear profit of the delux 
model is Rs. 10 and of the ordinary model Rs. 8. Formulate the 
model of the problem. 

[Baroda Univ. B.E., 1975] 
(Ans. Maximize Z— 102,--823 
subject to 225, а < 40 
22,--32, < 80 
2,2 > 0.) 

5. Old hens can be bought for Rs. 2 each but yotng ones cost 
Rs. 5 each. The old hens lay 3 eggs рег week and young ones 5 eggs 
per week, each egg being worth 30 paise. A hen costs Re. 1 per week 
to feed. Ifa person has only Rs. 80to spend on the hens, how 
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many of each kind should he buy to give a profit of more than Rs. 6 
per week assuming that he cannot house more than 20 hens ? 
[Meerut Univ. B.Sc. (Math.) 1969] 
(Ans. Maximize Z=0-3 (32, 4-52;)(z, 4-23) 
==0-5 %—0-1 E21 
subject to 214-2920, 22-52380 and тү, %_>0) ; 
2,20, 2,—16, Zmaz—Rs. 8. 

6. А firm manufactures three products A, В and C. The 
profits are Re. 3, Rs. 2 and Rs. 4 respectively. The firm has two 
machines and the required processing time in minutes for each 
machine on each product is given below. 


Table 2-78 
Product 
A B © 
Cc 4 3 5 
Machine 
2 2 4 


Machines C and D have 2,000 and 2,500 machinc-minutes 
respectively. The firm must manufacture 100 A's, 200 B's and 50 C's 
but no more than 150 A's. Set up an L.P. model to maximize it. 

[Roorkee М.Е. (Mech.), 1977] 
Ans. Maximize Z—3zA -2zg--4zc 
subject to 4z4 --3zg --0zc«; 2,000 
2x4 --2zp + 4zc«: 2,500 
42:100 
za « 150 
282200 
102650.) 

7. The manager of an oil refinery has to decide upon the opti- 
mal mix of two possible blending processes, of which the inputs and 
outputs per production run are as follows : 


Table 2.79 
Input Output 
Process Crude A _ Crude B Gasoline X Gasoline Y 
1 5 3 5 8 
2 4 5 4 4 


The maximum amount available of crude A and B are 200 units 
and 150 units respectively. Market requirements show that at least 
100 units of gasoline X and 80 units of gasoline Y must be produced 
The profits per production run from process 1 and process 2 are Rs. 3 
and Rb. 4 respectively. Formulate the problem as linear program- 
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ming broblem, 
[Pb. Univ. Mech. Engg. 1977] 
(Ans. Maximize Z=3x,+-42, 

subject to 52, 4-425«;200 
324 4-525«; 150 
524-479 7100 

82, 4 42, 7280 

а, 23220.) 

8. A firm can produce three types of cloth, say, A, B and C. 
Three kinds of wool are required for it, say, red wool, green wool and 
blue wool. One unit length of type A cloth needs 2 yards of red wool 
and 3;yards of blue wool; one unit length of type B cloth needs 3 yards 
of red wool, 2 yards of green wool and 2 yards of blue wool ; and one 
unit length of type C cloth needs 5 yards of green wool and 4 yards 
of blue wool, The firm has a stock of only 8 yards of red wool, 
10 yards of green wool апа: 15 yards of blue wool. It is assumed that 
the income obtained from one unit length of type A cloth is Rs. 3, of 
type B cloth is Rs. 5 and that of type О cloth is Rs. 4. Formulate 
the problem as linear programming problem. 

[Meerut В. Sc. (Math.) 1971] 
(Ans. Maximize Z—3z4--Dzg--4xc 
subject to 2z4-]-3zg <8 
2zg--5zc«; 10 
9za J-2zp--4xc«; 15 
a, Tg, tc 220. 

9. Adairy feed company may purchase and mix one or more 
of the three types of grains containing different amounts of nutritional 
elements. The data is given in the table below. 

The production manager specifies that any feed mix for his 
livestock must meet at least minimal nutritional requirements, and 
seeks the least costly among all such mixes. 

Table 2:80 


One Unit Weight of 
Item Grain 1 Grain 2 Grain 3 Minimal 


requirement 

A 2 3 7 1,250 

Nutritional В 1 1 0 250 

inyredients С 5 3 0 ° 200 
D 6 35 1 232-5 

Cost/unit 

weight (Re.) 41 35 96 * 

————————————— 27 
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Analyse the situation to recognize the key decision, objective, 
alternatives and restrictions. Formulate linear programming model 
for the problem. 

[Pb. Univ. Mech. Engg. 1978] 
(Ans. Minimize Z—412;--3525-4- 962, 
subject to 22, 1-32, 4- 7242 1,250 
24-2472 250 
52,4- 32,72 900 
62, 4-202, 4-242 232-5 
23, 2, 2320.) 

10. A farmer has a 100-acre farm. He can sell all the tomatos, 
lettuce or radishes he can raise. The price he can obtain is Re. 1 per 
kgfor tomatos, Re. 0:75 a head for lettuce and Rs. 2 per kg for 
radishes. The average yield per acre is 2,000 kg of tomatos, 3,000 
heads of lettuce and 1,000 kg of radishes. Fertilizer is available at 
Ке, 0-50 per kg and the amount required per acre is 100 kg each for 
tomatos and lettuce and 50 kg for radishes. Labour required for 
sowing, cultivating and harvesting per acre is 5 man-days for tomatos 
and radishes and 6 man-days for lettuce. A total of 400 man-days 
of labour are available at Rs. 20 per man-day. 

Formulate an L.P. model for this problem in order to maximize 
the farmer's total profit. 

[Delhi M.B.A. 1976] 

(Ans. Maximize Z=(2,000—50—100) z,--(2,250-—50—120)u, 

--(2,000 —25— 100) a 
1,8502, 4-2,0802, 4- 1,8757; 
subject to 2+2 2, « 100 
ба 4-623 -524« 400 
Zis 25, 25720.) 

11. A manufacturer of metal office equipment makes desks, 
chairs, cabinets and book cases. The work is carried out in three 
major departments : metal stamping, assembly and finishing. The 
exhibits A. B and О give requisite data of the problem. 


Exhibit A 
Time Required in Hours per Unit of Product 
Products 
Departments Desk Chair Cabinet Book case Hours 
a available 
per week 
Stamping 4 2 3 3 800 
assembly 10 6 aa 7 1,200 


Finishing 10 8 8 8 800 
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Exhibit B 
Cost (Rs.) of Operation per Unit of Product 
Products 
Department Desk Chair Cabinet Book case · 
Stamping 15 8 12 12 
Assembly 30 18 24 21 
Finishing 35 28 25 21 
Exhibit C 
Selling Price (Ва.) per Unit of Product 
Desk : 175 Chair : 95 
Cabinet : 145 Book case : 130 


In order to maximize weekly profits what should be the pro. 
duction programme ? Assume that the items produced can be sold. 
Which department needs to be expanded for increasing profits ? 

[Gujarat Univ. April, 1976] 
(Ans. maximize Z=[175 .—(15-4-30-i-35)]z, +[95 — (8 + 18 --28)]z, 
4- [145— (12 4-24 4-125)]25 4- [130 — (12 4:21 +4.21)}a, 
952, 4- 4123 --842, 4- 76x, 
subject to 4244-27, -323--3x, «800 
1025 4- 62 1-82, -- 72, «1,200 
102, 4-874 -- 825 -- 8x, « 00 
Zis Uy, Tg, Va >0.) 

12. A plant manufactures washing machines and dryers. The 
major manufacturing departments are the stamping deptt., motor 
and transmission deptt. and assembly deptt. The first two depart- 
ments produce parts for both the products while the assembly lines 
are different for the two products. The monthly deptt. capacities 
are 


Stamping deptt. : 1,000 washers or 1,000 
dryers 
Motor and transmission deptt.: 1,600 washers ог 7,000 
dryers 
Washer assembly line : 9,000 washers only 
Dryer assembly line : 5,000 washers only 


Profits per piece of washers and dryers „аге Rs. 270 and Rs, 300 
respectively. What number of each product should be produced to 
maximize profits ? [Pb. Univ. Mech. Engg. Nov., 1976] 

13. A used car dealer wishes to stock up his lot to maximize 
his profit. He can select cars A, B and C which are valued wholesale 
at Rs. 5,000, Rs. 7,000 and Rs. 8,000 respectively. These can be 
sold at Rs. 6,000. Rs. 8,500 and Rs. 10,500 respectively. For «each 
car type the probabilities of sale are 
9—OR 
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Type of car Probability of sale in 90 days 


A 07 
B 0:8 
С 0:6 


For every two cars of type B, he should buy one car of type А 
ог С. Ifhe has Rs. 1,00,000 to invest, what should he buy to 
maximize his expected gain? Formulate the linear programming 
problem. 

[Madurai B.E. Mech. 1976] 

14. Acertain farming organization operates three forms of 
comparable productivity. The output ofeach farm is limited both 
by the usable acreage and by the amount of water available for 
irrigation, Following are the data for the upcoming season : 

Farm Usable acreage Water available 
in acre feet 


1 400 1,500 
2 600 2,000 
3 300 900 


The organization is considering three crops for planting which 
differ primarily in their expected profit per aere and in their con- 
sumption of water. Furthermore, the total acreage that can be 
devoted to each of the crops is limited by the amount of appropriate 
harvesting equipment available. 

Crop Minimum acreage Water consumption | Expected profit 


in acre feet per per acre 
acre 
A 700 5 Rs. 400 
B 800 4 Rs. 300 
© 300 3 Rs. 100 


Jn order to maintain a uniform work Joad among the farms, 
it is the policy of the organization that the percentage of the usable 
acreage planted must be the same at each farm. However, any 
combination of the crops may be grown at any ofthe farms. The 
organization wishes to know how much of each crop should be plant- 
ed at the respective farms in order to maximize expected cost. 
Formulate this as a linear programming problem, 

(Delhi Univ. M.B.A. 1975) 

[Hint : Let x; (i=1, 2, 3 ; j—A, В, C) represent the number of 

acres of ith farm allotted to the jth prs Then the objective is to 


, maximize Z=400 E Tia +300 i Tig 4- 100 E Lig 


i=l i=l 4=1 


\ 
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subject to the restrictions 
Балд+4в-ЕЗх„ « 1,500 
Sraa -42зв 4-325, < 2,000 


бхз + 4®зв-Е9®в < 900; 
Z zy « 400, 2 za; « 600, X x; «2300 
j j j 


« 300; 
2 tia «700 Гав $ Bon айе 300 ; 
$ i 


325-222; 
j j 
Zzje22X] 
j j 


Section 2:4 


15. Maximize, by using graphieal method, the objective 
function 


Z= 2a, + 324 
subject to constraints M+ ngl 
Brit ty € 4 
%,% 20. 


[Meerut B. Sc. (Math.) 1970] 
(Ans. 2,20, 2, —1, Zma2=3.) 
16. Maximize Z 52-32; 
subject to 32, --5z, < 15 
52;--2z, < 10 
т, vy > 0. 
[Delhi M. FA. (Math.) 1969]. 
A _ 20 
( na. DX t= a > —— 


17. Maximize 2:=521-- 322 


subject to ара « 6 
О< а > 3 è 
0« 2,23 
22,32. > 3. 
(Ans. 21=3, 2—3, 2,5424. ) 
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18. Minimize Zz202; 4-102; 
subject to gy 2 < 40 
3u 4230 
4, 4- 92, > 60 
х, % 2 0. 
[Meerut M. Com. 1977] 
(Ans. 2,—6,2,—12, Zmin= 240.) 
19. Determine 2, and 2 so as to 
maximize Z—2;-34; 
subject to the constraints ^ 2+2. Ç 30 
Й tyt > 0 
жу < 20 
2,23 
ж & 12 
anda % > 0. 
(Ans. 2,218, 2,—12, Zmax=72) 
20. Find the maximum as well as minimum value of the 
objective function 
Z-—4z--5y 
subject to a+ y | 6 
2:4+2у < 5 
х—2у «2 
—r+y $ 2 
+y >l 
and z,y > 0. 


(а. жш А у= 5 расса 10 ; 


Жогар к Ине ) 


21. Findthe maximum as well as minimum value of the 
objective function 
=— 32+ by 
subject to z42y4120 
—4z4- y423 >0 
2x4y—4 > 0 
z—4y--13 > 0 
z—y+1> 0 
and z > 0, y > 0. 
(Ans. 2==3, y=4, Zmas= 1° ; 
z=5, y=—3, Zminm 33.) 
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l Two products А and B are to be manufactured. One 
single unit of product A requires 2-4 minutes of punch press time 
and 5 minutes of assembly time. The profit for product A is 
Rs. 0-60 per unit. One single unit of product B requires 3 minutes 
of punch press time and 2-5 minutes of welding time. The profit for 
product B is Rs. 0:70 per unit, The capacity of the punch press 
дері. available for these products is 1,200  minutes/week. The 
welding deptt. has an idle capacity of 600 minutes/week and assembly 
deptt. has 1,500 minutes/week. 


(i) Formulate the problem as linear programming problem. 
(ii) Determine the quantities of products A and В so that total 
profit is maximized. 
[Pb. Univ. Mech. Engg. April, 1976] 
(Ans. 2z4-—200, vg 240 units.) 


23. Afeed mixing operation can be described in terms of two 
activities. The required mixture must contain four kinds of ingre- 
dients w, х, у апа z. Two basic feeds A and B, which contain the 
required ingredients are available in the market. 1 kg of A contains 
O-lkg of w, 0-1 kg ofy and 0-2 kg ofz. Likewise, 1 kg of feed B 
contains 0-1 kg of x, 0:2 kg of y and 0-1 kg ofz. The daily per head 
requirement is. of, at least, 0:4 kg of w, 0-6 kg of z, 2 kg of y and 
1-6 kg of z. Feed A can be bought for £ 0:07 per kg and B for £ 0:05 
per kg. Determine the quantity of feeds A and В in the mixture in 
order that the total cost be minimum. 

[Pb.Univ. Mech. Engg. Nov., 1976] 
(4. ЕК л їв = 28 ) 
Зонага 

24. Afirm manufactures two items. It purchases castings 
which are then machined, bored and polished. Castings for items A 
and B cost Rs. 3 and Rs. 4 respectively and are sold at Rs..6 and 
Rs. 7 each respectively. Running costs of the three machines are 
Rs. 20, Rs. 14 and Rs. 17:50 per hour respectively. What product 
mix maximizes the profit ? Capacities of the machines are 

Part A Part B 

Machining capacity 25/hr 40/hr 

Boring capacity 28/hr 35/hr 2 

Polishing capacity —35/hr 25/hr 

[РЬ. Univ. in Engg. m 79] 


(4%. 21820: зт, male A. T 


434 Operations Research : An Introduction 


[Hint : Cost and Profit per Part 
Part A Part B. 
(Rs.) (Ёз.) 
Machini 20 0-80 2° 0-50 
achining cost 35-9 EX D “5 
: 14 14 
Boring cost 35 =0-50 35 =0-40 
Pie 17:5 17:5 = 
Polishing cost "35 =0:50 37388: 70 
Casting cost 2:00 3-00 
с. Total cost 3:80 4:60 
Selling price 5:00 6-00 
;. Profit 1-20 1:40 


;. Objective is to maximize Z = 1-22; 4- 1-42, 
Constraints are due to the capacities of the three machines. 


They are 
1 1 i 
55 at-a tal te, 40a,-+-252, « 1,000 


ES «pu m «1 i 3541420 $ 980 
9501352 < 875 
where 2, ta > 0. ] 

25. A company is manufacturing products Y and Z. One unit 
of product Y requires 4-8 minutes of machining and 10 minutes of 
assembly time. The profit for product Y is Rs. 0-70 per unit. Product 
Z requires 6 minutes of machining vime and 5 minutes of welding 
time for manufacturing one unit. Profit for Z is Rs. 0-90 per unit. 
The capacity of the machining deptt. available for these products is 
1,400 minutes per week. The welding deptt. has an idle capacity of 
800 minutes/week and assembly deptt. has 1,800 minutes/week. 
Determine the quantities of Y and Z so that total profit is maxi- 

` mized. 


1 1 ` 
L етш 1 i.e, 
35 a+ 38 ta Ş i.e 


[Pb. Univ. Mech. Engg. April, 1979 

f А ЭПБ х 
\ NS. ace Z=160 ші.) 
26. A manufacturer of a line of patent medicines is preparing 
a production plan on medicines Aand B. There are sufficient in- 
gredients available to make 20,000 bottles of A and 40,000 bottles of 
В but there are only 45,000 bottles into which either of the medicines 
can be put? Furthermore, it takes 3 hours to prepare cnough materia! 
to fill 1,000 bottles of A, it takes 1 hour to prepare enough materia! 
to prepare 1,000 bottles of B and there are 66 hours available for this 
_ operation. The profit is Rs. 8 per bottle for A and Rs. 7 per bottle 

for B. 


\ 
\ 
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n 


09] Formulate this problem as linear programming problem. 
(D) How should the manufacturer schedule the production in 


\ order to maximize his profit ? 
[Meerut B.Sc. (Math.) 19781 


(Ans. (a) Maximize Z= 2,+7%p 
subject to x43 20,000 


«40,000 
za- tpe 45.000 
3 1 
7,000 ^^ t ggg "266 
or 3zA-]-rg« 66,000 
TA, ®в;20. 


(b) 24. 10,500, хв ==34,500, Zmaz=Rs. 3,250,000.) 


27. Two grades of paper X and Y are produced on a paper 
machine. Because of raw material restrictions, not more than 400 
tonnes of grade X and 300 tonnes of grade Y can be produced in a 
week. There are 160 production hours in a week. It requires 0-2 
and 0-4 hour fo produce one tonne of products X апа У respeotively 
with corresponding profits of Rs. 20 and Rs, 50 per tonne. Find the 
optimum product mix using the graphie method. 

[Bangalore Univ. July, 1978] 
(Ans. X=200 tonnes, Y —300 tonnes, Z,,4;—Rs. 19,000.) 


28. A farmis engaged in breeding pigs. The pigs are fed on 
various produots grown on the farm. Because of the need to ensure 
eertain nutrient constituents, it is necessary to buy additionally one or 
two products, which we shall call A and B. The nutrient constituents 
(vitamins and proteins) in each unit of the products are given below. 


Table 2:81 
Nutrient contents in the 
products Minimum 
Nutrient amount of 
nutrient 
A B 
1 36 6 108 
2 3 12 36 
3 20 10 100 


уы Ce SSE T тыкшы ун Ен pe ee UNE UB 
Product A costs Rs. 20 per unit and product B costs Rs. 40 per 
unit. How much of products A and B be purchased at the lowest 
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possible cosé so as to provide the pigs, nutrients not less than that 
given inthe table ? j 
| Delhi M.B.A. 1973] 
(Ans. x44 units, zg—2 units 
б Zemax= Вв. 100.) 
[Hint. Minimize Z=20z, + 105 
subject to 362, 4- бав > 105 
3244-1228 > 36 

2044 --lÜrg > 100 

зд, tp > 0.) 

29. The ABC Electric Appliance.Company produces two pro- 
duets ; refrigerators and ranges. Production takes place in two separate 
departments. Refrigerators are produced in deptt. І and ranges are 
produced in deptt. IT. The company’s two products are produced 
and sold on a weekly basis. The weekly production cannot exceed 
35 refrigerators in dept. I and 35 ranges in deptt. II, because of 
limited available facilities in the two deptts. The company regularly 
employs a total of 60 workers in the two deptts. A refrigerator 
requires 2 man-weeks of labour, while a range requires 1 man-week 
of labour. A refrigerator contributes a profit of Rs. 60 and a range 
contributes a profit of Re. 40. Formulate the problemas L.P. problem. 
How many units of refrigerators and ranges should the company 
produce to realise a maximum profit ? 

[Delhi M.B.A. 1975, 77 | 
[Ans. (d) Maximize Z—60, + 407, 
subject to x, «25 
Зб 
2x, + t, 60 
ту, £320] 
(b) 12:3 refrigerators and 35 ranges, Za; == Ra. 2,150.) 

30. A company produces two types of leather belts, say types A 
and B, Belt A is a superior quality and belt B is ofa lower quality. 
Profits on the two types of belts are 40 and 30 paise pest belt 
respectively. Each beit of (уре A requires twice as much time as 
required py a belt of type B. If all belts were of type B, the company 
could produce 1,000 belts per day. The supply of leather, however, 
is guficient only for 800 belts per day. Beit A requires а fancy buckle 
and only 400 fancy buckles are available for this per day. For belt 
of type B, only 100 buckles are available per day. How should the 
company manufacture the two types of belts in order to have a maxi- 
mum overall profit ? 

[Delhi M. Com. 1975]) 
(Ans. æa=400 belts, 25400 belts, Z2, ЁЗ. 280 


a 


x 
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int. Maximize Z—0-4x4 --0-3«p 
subject to хА4-їв < 800 
ta < 400 
xg « 700 
ta, vg > 0.] 

31. The ABC company wishes to plan its advertising strategy. 
Where are two media under consideration, call them magazine І and 
IL respectively. Magazine T has a reach of 2,000 potential customers 
and magazine П has reach of 33,000 potential customers: The cost 
per page of advertising is Rs, 400 and Rs. 600 in magazines I and П 
respectively. The firm has а monthly budget of Rs. 0,000. There is 
an important requirement that the total reach for tho income group: 
under Rs. 20,000 per annum should not exceed 4,000 potential 
customers, The reach in magazines І and II for this income group is 
400 and 200 potential customers, How many pages should be bought 
in the two magazines to maximize the total reach ? 

| Delhi Dip. in Mkt. and Sulesman, 1978] 
(Ans. Maximize Z= 2,000 2; 4- 3,000 «i 
subject to 400% + 60025: « 6,000 
4002 + 200211 4,000 

zn їп 70.) 


\ 


Section 2:5 
32. Maximize Z 292,0. 


subjeet to З фа < б 

т ng? 

э > 7 

—%y+%, > 4 

and ay, xg > 0. 

(Ans. Solution docs not exist.) 
33. Maximize Я За dry 

subject to зуе Za «—l 

ty pty < 9 


By, ti 0. 
(Меи M.Sc. (Math.) 1974] 


(Ans. Solution does not exist.) 
34. Maximize Z —82, 4 Te 
subject to Sa, 4a, © 8 
2 Bay+rs 6 
Buy m «X » 
wipt [S 


2,29 2 0. 
(Ans. Infinite number of optimal solutions exist.) 
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35. Maximize Z= 42 4-525 
subject to titt > l 
— 2947-2 «1 
41—20 Ş 1 
a, % 2 0. 
(Ans. Unbounded solution) 
36. А plant manufactures two products A and В. The profit 
contribution of each product has been estimated as Rs. 20 for product 
A and Rs. 24 for product B, Each product passes through three 
departments of the plant. The time required for each product and 
total time available in each department are as follows : 


Table 2-82 
Hours required 
Department Product A Product B Available hours 
during the month 
1 2 3 1,500 
2 3 2 1,500 
3: 1 1 600 


The company has a contract to supply at least 250 units of 
product B per month. Formulate the problem as a linear program- 
ming model and solve by graphical method. 

А [Pb. Univ. Mech. Engg. 1978] 

(Ans. maximize Z—2024 -+ 232g 
subject to 2x4 Зав 1,500 
Sua 4-228 1,500 

ta -- vp « 000 

®в< 250 

Xa, ®в;20.) 

37. Solve exercise 4 by using graphical method. 

[Baroda Univ. B.E. May, 1972] 
(Ans. 2,—10, 2,— 20 units, Zmar —Rs. 360.) 
38. The sales manager of a company has budgeted 
Rs. 120,000 for an advertising programme for one of the firm’s pro- 
ducts. The selected advertising program consists of running adver- 
tisements in two different magazines. The advertisement for maga- 
zine 1 costs Rs. 2,000 per run while the advertisement for magazine 
2 costs Rs. 5,000 per run. Past experience has indicated that at least 
20 runs in magazine l, and at least 10 runs in magazine 2 aro 
necessary to penetrate the market with any appreciable effect. Also, 
experience has indicated that there is no reason to make more than 
50 rune in either of the two magazines. How many runs in maga- 


X 
N 
N 
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zine 1 and how many in magazine 2 should be made ? 
(Ans. Magazine 1 : 20 to 35 runs ; Magazine 2 : 10 to 16 runs.) 


39. A factory is to produce two products P; and Ps. The 
products require machining on two critical machines М, and M;. 
Product P, requires 5 hrs. on machine M, and 3 hrs. on machine M;. 
Product P, requires 4 hrs. on machine М; and 6 hrs. on Ma. Machine 
M, is available for 120 hrs. per week during regular working hours 
and 50 hrs. on overtime. Weekly machine hours on M, are limited 
to 150 hrs. on regular working hours and 40 hrs. on overtime. Pro- 
duct P, earns a unit profit of Rs. 8 if produced on regular time, Rs. 6 
if produced on overtime on one machine and Rs. 4 if produced on 
overtime on both machines. Product Р, earns a unit profit of Rs. 10 
if produced on regular time, Rs. 8 if produced on overtime on both 
machines. 

Formulate an L.P. model for designing an optimum production 
schedule for maximizing the profit and solve by graphical method, 
[Pb. Univ. B.Sc. (Prod.) Engg. 1977 | 
Section 2.7 

40. Reduce the following linear programming problem to 
the standard form : 

Determine 2; > 0, % > 0, % 2 0 

во as to maximize A=5.2y+ Зар Ata 
subject to the constraints 92, — 5r « 6 
2a 32 py > 5 
32, Fir, $ 93. 
41. Reduce the following linear programming problem to 
the standard form : 
Determine x, > 0, ta > 0, Vs 
go as to minimize Q — 22, 4-23 3-924 
subject to constraints 5а 4-22, < 5 
32, 2244-425 > 7 
221 +5» $ 3. 
42. Put the following problem in the standard form : 
Maximize Z-= ft, +9: — 9*3 
subject to vitta 323 < 20 
2ay HTr + 2w < 10 
ti 5r — 3t; 2 3 
az 0 
43. Express the following problem in the standard form : 
Minimize Z=22,+5% 
subject to — 25--2z8—25 =—4 
32,425 — Ta =—7 Б 
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titrs +2, —9 
Sx,—2z, +2 =17 
Жз, Uy, Xs, Xe D0. 
Section 2:8 
44. Obtain all the basie solutions to the following system of 
linear equations : 
By 2t Hrg 4 
225, 4-15 +-5a3=5. 
Which of them are basic feasible solutions and which are non-degen- 
erate basic solutions ? Is the non-degenerate solution feasible ? 
[Meerut M.Sc. (Math.) 1974] 


(Ans. (i) 2,1, 240 ; 2520, 2, —0, mu ; n= i=l, 


%=0, 24-0. 
(ii) 21, 250, 25 —0 ; 25—1, 29 —0, ху=0. 


{йс кыбыс: dy 
(iv) No.) 
45. What do you mean by an optimal basic feasible solution 
` 10 a linear programming problem ? Is the solution zj— 1, m= E: у 
з= = ту=0 a basic solution of the equations 
y+ aly 4-23 ty 2-2 
and atr +} 2,-- 7; —2 ? 
x [Delhi B.Sc. (Math.) 1975] 
(Ans. No.) 


46. Compute all the basie feasible solutions to the L. P. 
| problem : 
Maximize Z 2-22 4- 323 4-425 -]- 727; 
subject to the constraints | 225 4-825 — 25-42, —8 
2,—225-- 67, —77,— —3 
Жү, o, Ta, Ty 22.0 
and choose that one which maximizes Z. 
[Meerut M Sc. (Math.) 1972, 77] 
(Ans. (i) a1, %=2, 24,—0, 2,0 
(ii) а= a y 25220, z5—0, r= 1 


9 
ә 
Hs: 45 7 
(iii) 2, —0, T= 6° t= Т6 ° а= 0 


44 45 491 ) 


(00) 2, —0, 2520, t= 17? “= ү pe E 


Linear Programming 141 


47. The following table gives the calorio values and the 
protein contents of fve types of foods along with their costs. Find 
the amounz of each type of food to be purchased in order to meet 
exactly the daily requirements of a person at minimum cost. Assume 
that a person, on the average, requires 3,000 calories and 100 grams 
of proteins. 


Table 2:83 
Bread Meat Potatoes Cabbage Milk 
Calories 2,500 3,000 600 100 600 
Proteins (gms.) 80 150 20 10 40 
Cost/kg (Rs.) 3 10 1 2 3 


BSS не. шз сыек ee 


Also find 
(i) basic feasible solutions 
(ii) non-degenerate basic feasible solutions 


(iii) optimal basic feasible solution. 


10 2, 2 
(Ans. 1. y= а= соу ;Z-4 D 


other non-basie variables zero.) 


9. 220,259; 2=5, dow 
20 10 12 
9, wmm oa vip 5-4 T dO, 
15 5 1 
4. meg: t=- ? 2=4 20 7 —do— 
Б. аа=з0, $—5 ; Zod, —do— 
9 
6. n=: = 10; Z= —8 F х —do— 
7. жу==2, t= —5;Z=5, don 
S: 25, y= 0; Z=5, ET MT 
9. а3=5, 15=0; 7—5, us 
10. z,2—930, 25=10 ; Z=—30, zdo- 
(i) No.1, 9. 3, 4, 5, 8, 9. 
(ii) No. 1, 3, 4. z 


: = 10 b de: 
(tit) No. 4; tı 18° x=0, 032—0, 040, v= Z mias +56: ) 


Solve tlie following problems by the simplex method. е 
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Section 2:10 
48. Maximize Z=22,+4 tə 
subject to 2, 4-22, « 10 
vy < 6 
21-2 6 2 
а1—22 « 1 
т, % > 0. 
[Meerut M.Sc. (Math.) 1971] 


(Ans. 2,—4, %_=2 ; 24:10.) 
49. Maximize Z=3x,+ 22,452, 


subject to z--z,--2, <9 
22, 4-325 -52, < 30 
2z,—2,—2, Ş 8 
Tis To, Xa > 0. 


(Pb. Univ. (Prod.) Engg. April, 1977| 


50. Maximize Z —52, 4-32; +72, 
subject to 2,--2,--2x, < 22 
32, --22,--2, < 26 
Vylz.-x, « 18 
Tis To, % > 0. 


What will be the solution if tne first restriction cha; 


nges to 
T+ %y+ 2%, Ş 26. 


[Pb. Univ. (Prod.) Engg. 1977] 
51. Maximize Z= 22,42, — 325-52, 
subject to 234-723 4-925 4-72, « 46 
32,—2,--2,--2x, «8 
22143023 ра [L 10 
Vis Pas Ta, T4 > 0. 
( Ans. a=0, m= m %=0, z, SE ; Zmar=28. ) 
7 i 
52. Maximize Z—22, 1-1 +r- jr 
subject to а ау <4 
21142 S 3 
ааа «3 
"> 0(j=1, 2,3, 4). | 


(Ans. Zmar=6:5 ) | 
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53, Minimize zy —31—923 — 223 
snbjectto — 32z,—23--2z, < 7 
—92,2-4z, < 12 
— 4a -- 32, + 8x, < 10 
жү, Ta ©з > 0. 
[Meerut M. Sc. (Math.) 1972, 74 


Bus 78 114 Il, JA 319 
в. 5° 95 9/70 "738^ ) 


54. Maximize Z = 32; J- 4s 4- 234-524 
subject to 825 4-32, -225--204 © 10 
22, - zs 25-4, < 5 
types titat ta © 6 
ж, Tes Tys Ty 2 0. 
[Meerut B. Se. (Math.) 1970] 


15 5 95 
( Ans. тү=үр ж=0,ху=0, х= TO Zmor= 11 -) 


55. Maximize Z=2a,+ 3234-73 + 124 
subject to Sa, + 3g +45 - 4 «6 
22, 4-025 -254-5, < 3 
a Ang 523-24 <T 
Zis Lay Tas Ta > 0. 
[Ans. Zmar=42-) 


56. Give an outline of the complex method for solving an L.P.P. 


and solve : 
Maximize Z «-42, +524 923+ llr, 
subject to constraints 2+ tot tat 94 « 15 
Tay + 52, H 3234-22 « 120 
324 -+ 525 3- 1025-162; « 100 
rj29(-21523, 4.) 
(Киги. M. Sc. (Math.) 1976] 
(An. PA w=, Mery: ‚а=0;Жмах= T) 


57. Show by simplex method that the following problem has 


an infinite number of solutions : 
Minimize Ze — 407; — 1 002% 
subject to 10x, +522 < 250 
Элү-}-5х < 100 
9,317 < 90 


ayy ts z h 
(Ans. Zinin=—2,000.) 


144 Operations Research : An Introduction 


58. Show by simplex method that the following problem has 
an unbounded optimal solution : 


Maximize To 22 +23 
subject to z,—2,« 10 
9010 « 40 
ж, % > 0. 


59. Show that the L.P.P, 
maximize Z —2z,--32, 4- 423 4-2, 
subject to —ws—52,—92,--6z, « 2 
3a, —25 3-23 4-32, «& 10 
2244-3924 — 723-87, « 0 
Tis Ys, 23, 04 > 0, 
has an unbounded solution. 
Section 2:11-1 
60. Use Charnes penalty method to 
maximize Z-3n—127, 
Subject to constraints 
2am, 2 2 
% +31 Ş 3 
© 4 
жү, X9 > 0. 
[Punjab M. Sc. (Math.) 1974] 
(Ans. 2,—3, %=0 ; Z,4,—9) 


61. Use M.technique to , 

minimize Z—4z tr 
subject to 325-25 —3 

42,432, > 6 

% +27, $ 3 

£y % 2 0. 


3 6 1З 
( Ans. vom qu а= = 3 Zw pe ) 


62. Solve the following problem using big M method : 
Maximize Z = 62, —323 4-22, 
subject to 2z,42,4-7, © 16 
324--22,-- x, | 18 
%--2a, > 8 
ty, ta, Xy > 0. 
[Pb. Univ. Prod. Engg. Dee., 1975] 


2 
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63. Use Charnes penalty method to solve the problem : 
Maximize Z=42,+ 525-225 
subject to 224--244-2, © 10 
2,4-92, 4-25 « 12 
21422-28 = 6 
24, 29, tg > 0. 
[Pb. Univ. Prod. Engg. April, 1979] 
64. Solve the following problem by using za, т; and 25 for the 
starting basic feasible solution : 
Maximize Z232,-- 2; --2z5 
subject to 1224-32, 4-07; 4-32, —9 
82, 4-24 —425 4-21, 10 
3z,—2,—0 
Ej, Z3, 06 22 0. 


Ans. x—u-X,—x4-0, — Zmax=3- 


[Hint. Divide first constraint equation by 3, second by 2 and 
third by —1]. 
65. Minimize Z —22; 4-92, +% 
subject to the constraints 
aj 4r4 2n, > 5 
324-2, 4-224 2 4 
жу, £g Z3 20. 
[Meerut M.Sc. (Stat.) 1972] 
( Ana. 21=0, 250, € 3 Znaz= 3: ) 
Section 2:11-2. 
66. Use two phase method to 
minimize Z —;-- 2; 
subject to 22,4+% > 4 
+Tax, D7 
Zy 29 2 V 
[Kuru. M.Sc. (Math.) 1975, 77] 
( ans. np 5-19, тае, ) 
67. Solve the following linear programming problem, using the 
two phases of the simplex method : 
Minimize Z=2a1+72 


subject to бл, -1022—23=8 ` b 
2,4 ry uam 
and 21, Ta, з Tas all2 0. 
4 1 
(а. аү=0, 257 p t= g Отт, E ) 


10—0. R. 


Á 


146 Operations Research : An Introduction 


.68. Using two phase method, 
maximize Z—5z—2y-1-3z 
subject to 2z--2y—2 > 2 
3:—4у < 3 
y+3z « 5 
where 1,0,2 > 0 


( Ans. 2-2, y=5, 2=0; Zmar= 


= @ 
— 


69. Minimize 2-32 ty —32q 


subject to the constraints 
3z,—2,—23 > 3 
тү—®-+-®; > 2 
2 Ta % > 0. 
Use the two-phase method. 
[Roorkee M.Sc. (Math.) 1974] 
С Ans. ae а22=0, a3; 2—10 > ) 
70. Minimize Z—2z,--32z 4-225 —24--x; 
subject to the constraints 
32,— 32, -425--22,—2;—0 
234-2, - 25-32, 4- 25 —2 


and zj > 0,j=1 to 5. 
: 2 4 2 
ANS, Zi: — qmm, x. gig) Zmin= к ) 


71. A firm produces three products. These products are pro- 
cessed on three different machines. The time required to manufacture 
one unit of each of the three products and the daily capacity of the 
three machines are given in the table below. 


Table 2:84 


Time per unit (minutes) 
Machine Machine capacity 
(minutes/day) 


Product 1| Product 2| Product à 


M, 2 3 2 440 
Mee: [sored =: 3 470 
Ms 2 5 A 430 
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Itis required to determine the daily number of units to, be 
manufactured for each product. The profit per unit for products 1, 2 
and 3 is Rs. 4, Rs. 3 and Rs. 6 respectively. It is assumed that all 
the amounts produced are consumed in the market. 

[Pb. Univ. Mech. Engg. 1977, 79] 

( yeu cede o d ЕВА if ‹ ) 

72. A company has the option of using one or more of different 
types of production processes. The first and second processes result 
in product Ру, while third and fourth result in product Рз. For each 
process, input (resources) are 

(i) labour measured in man-weeks 
(ii) kg. of materials, K 

(iii) boxes of materials, B 

As each process varies in its input requirements, the profits 
obtained for each process are different even for processes producing 
the same item. The amounts of manpower and both kinds of materials 
are limited. The data is given below in table 2-85. 


Table 2:85 


One unit E Ў One, "ай. of eS 
It product product P, 
3 А available 
resources 
Ш BET +, 

Manweeks 15 (max.) 
Kg. of 120 (max.) 
materials, K 
Boxes of 15 100 (max.) 
materials, B 
Unit profit 11 
(Rs.) 


What is the optimum production level of each process to get 


maxi 1 
aximum profit "m 


a ; =. m 
(а mm tb, NER 


á 
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73. A firm manufactures three products P,, Р, and P;. The 
minimum number of units of P,, P, and P, that must be produced 
are 100; 200 and 150 respectively. These products require two types 
of raw materials M, and M, which the firm can purchase upto a 
maximum of 500 and 400 units respectively. Design a production 
plan so as to maximize the profit if the respective individual profits of 
P, P, and P; are Rs. 2, Ев. 5 and Rs. 4 respectively. Consumption 
of raw materials is shown below. 


Table 2.86 


ee 


Consumption of raw material per unit product 


Raw material 


M, 


(Ans, 222100, 242 300, 2, — 150.) 


[Hint. Maximize Z.—22,4- 62, 4- 42, 
subject to 3o mn « 500 
2m +5 +2 > 400 
% 100 
za > 200 
тз > 150.) 
74. A small scale industrialist produces four types of machine 
components, Му, М, M; and M, made of steel and brass. The amounts 
of steel and brass required for each component and the number of 


man.weeks of labour required to manufacture and assemble one unit 
of each component are as follows : 
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Table 2-87 
“ЭҢ зо л те ур иси ooo os ШЫ 
м, м, и, M, | Availability 
Steel * 6 5 3 2 100 kg 
Brass 3 4 9 2 75 kg 
Man-weeks | 1 2 1 2 20 


The labour is restricted to 20 man-weeks, steel is restricted to 

100 kg per week and brass to 75 kg per week. The industrialist's profit 

on each unit of M;, M, M; and M, is Rs. 6, Rs. 4, Вз. 7 and Rs. 5 

respectively. How many of each type of machine components should 
he produce to maximize his profit and how much is his profit ? 

[Pb. Univ. Mech. Engg. 1978] 


(а. M,=14, M,—0, M, e M,=0; 


Zmaz= Bs. 0 рег week.) 
75. A manufacturer of leather belts makes three types of belts 

A, B and C which are processed on three machines Му, М, and Mg. 
Belt A requires 2 hours on machine М, and 3 hours on machine Mg. 
Belt B requires 3 hours on machine M;, 2 hours on machine M, and 
2 hours on machine M; and belt C requires 5 hours on machine M, 
and 4 hours on machine M,. There are 8 hours of time per day 
available on machine M,, 10 hours of time per day available on 
machine М, and 15 hours of time per day available on machine Mj. 
The profit gained from belt A is Rs, 3-00 per unit, from belt B ia 
Rs. 5:00 per unit and from belt C is Rs. 4-00 per unit. What should 
be the daily production of each type of belt so that the profit is 
maximum ? 
- [РЬ. Univ. Mech. Engg. 1979] 

89 50 62 

Ans. А=дзү, В=21 апі б=зү: ) 
76. A company ргойпсев four products A, B, C and D. Raw 
material requirements, storage space needed, production rates and 
profits are given in the table below. The total amount of raw mate- 
rial available per day for all four products is 180 kg. Total space 
available for storage is 230 square metre and 7 hours/day is used for 


‹ 


produotion. 
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Table 2:88 


Raw material (kg/piece) 2 2 |15 4 
Space (metre?*/piece) 2 | 2-5 2 | 15 
Production rate (pieces/hr.) 15 30 10 15 
Profit (Rs.]piece) 5 6-5 5 5-5 


——————————————————— 


How many units of each product should be produced to maxi- 
mize total profit ? 
[Pb. Univ. Mech. Engg. 1977} 
71. Afood products company is considering to market three : 
products A, B and C. The firm has three basic manufacturing 
departments; mixing, frying and. packing. The time required for 
each product and the total available hours are as given below. 


Table 2-89 


Product Mixing deptt. | Frying deptt. | Packing deptt. 
(minutes) (minutes) (minutes) 
A 6 12 6 
B 12 24 6 
с 24 12 6 
Available 5,000 4,500 
monthly 


hours 


The profit contribution of products A, B and C is expected to be 
Ев. 3, Rs. 4 and Ба. 5 respectively. Using simplex method determine 
the optimum quantity for each product and the total profits per 
month. 

“i [Pb. Univ. Mech. Engg. 1978} 


pD———————————H——— Oe 
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78. A factory manufactures three products, which are processed 
through three different stages. The time required to manufacture one 
unit of the three products andthe daily capacity of the stages are 
given by the following table : t 


Table 2:90 , 


Time/unit (minutes) 


Stage Stage capacity 
| (mintues/day) 
Product 1| Product 2 | Product 3 
1 1 2 1 430 
2 3 — 2 460 
3 1 4 — 420 


The profit/unit for product 1, 2 and 3 are 3, 2 and 5 monetary 
units respectively. Find the daily number of units to be manufactured 


of each product. 
[Pb. Univ. Mech. Engg. 1978] 


79. A manufacturer produces three products A, B and C. 
Each product can be produced on either one of the two machines I 
and П. The time required to produce 1 unit of each product on a 


machine is 
Table 2:91 
ooo 
Time to produce one unit (hrs.) . 


_ о ——— 


Product 
Machine I Machine II 
PESCA aae а 
А 0-5 0-6 
0-7 0:8 
Cc 0:9 1-05 


ш н ME САЗА. 
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There are 85 hours available on each machine. The operating 
cost is Rs. 5/hr for machine I and Rs. 4/hr for machine II. The market 
requirements are at least 90 units of A, at least 80 units of B and at 
least 60 units of C. The manufacturer wishesto meet the requirements 
at minimum cost. Solve the problem by simplex method. 

[Delhi M.B.A. 1975] 

[Hint: Minimize Z=(0:5x5-+0:6x4)za --(07 x 5--0-8 x 4)zn 

(0:9 x 5-- 1:05 x 4)хс 
4-04 -4- 6:728 +8 Trc 
subject to — 0-Dza-L 0-728 --0-9zc < 85 
0-62, 4-0-8zg -- 1-05 хс < 85 
za > 90 
vg > 80 
хс > 60.] 

80. A factory has decided to diversify its activities. The data 
collected by sales and production departments is summarised 
below. . 

Potential demand exists for three products A, B and C. Market 
can take any amount of A and С whereas the share of B for this 
organisation is expected to be not more than 400 units a month. 

For every three units of C produced, there will be one unit of & 
by-product which sells ata contribution of Rs.3 a unit and only 
100 units of this by-product ean be sold per month. Contribution per 
unit of products A, B and C is expected to be Rs. 6, Rs.8 and Rs, 4 
respectively. ; 

These products require three different processes and the time 
required per unit product is given in the table below. 


Table 2:92 
Le sare D re ы MR PM 
Hours[unit 
Available 
Procase Án etre 
Product A| Product B| Product C 

I 2 3 1 900 

Tie = 1 2 600 

III 3 2 2 1,200 
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Determine the optimum product mix for“ maximizing the 
contribution, 
[Bombay Dip. Ind. Man, 1974] 


[Hint: Maximize 
Z— 62, "8g Anc H x3 


sm xA J- 8zg-]-5zc 


subject to — 2z4--3zg--zc < 900 
Xpg4-2«c < 600 

Sz, 3-228 4-2xc « 1,200 
xg « 400 


2с 
F <10 


or zc & 300 
ZA, Xp. 2с 2 0.] 


81. А company manufactures products A, B, C and D which 
are processed by planner, milling, drilling and assembly departmenta. 
The requirements per unit of product in hours and contribution are as 
follows : 


Table 2-93 
o A 
Department 
Contribu- 
— — | tion[unit 


Planner | Milling | Drilliny | Assembly 


Product A 0-5 20 0-5 3-0 Rs. 8 
Product B 10 1:0 0-5 10 Rs. 9 
Product С 10 1:0 10 2.0 Rs, 7 
| Product D 0:5 10 10 30 «| Rs. 6 


Capacities of various departments and minimum sales 
requirements are 


e 


ыч 
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Table 2:94 


Department Capacity Minimum sales require- 
(hours) ments 


Planner 1,800 Product A 100 units 
Milling ` 2,800 Product B 600 units 
Drilling 3,000 Product C 500 units 
Assembly 6,000 Product D 400 units 


(а) Determine the number of products A, B,C and D to be 
manufactured to maximize production. 


(b) Determine the total maximum contribution for products 
A, B, C and D. 


(c) Determine the slack time in each department. 
[Pb. Univ. M.Sc. (Math.) 1975] 


[Hint : Maximize 
Z8 -92,4-723 4-62, 
subject to 0-524--z3- 25 -- 0-62, < 1,800 


2251-234-22-29 $ 2,800 
0:521-0:523--аз+-2, « 3,000 


32, 4- 25-22, 4-32, « 6,000 
zı > 100 
Za 2 600 
2з 2 500 
z, > 400.] 


Section 2:12 
82. Maximize 7—8, 
' subject to m2, >0 
2,432, | —6 
25, z, Unrestricted. 


Linear Programming 


83. Maximize Z—22,--2; 4-42; 
subjeot to —2z,--4z, $ 4 
%+2%+a; > 5 
2z "432, $ % 
21, Z3 > 0, z, unrestricted. 
84. Maximize Z—22,—22,-- 32, 
subject to 22,--92,—2, < 30 
3z,—224--z, Ş 24 
%,—42,—62, > 2 
z 20. 


j 


" Transportation Model 


Asstated in previous sections, simplex algorithm can be used 
{о solve any linear programming model. But this algorithm is 
laborious. For this reason, wherever possible, we try to simplify 
the calculations. One such model requiring simplified calculations is 
called transportation model. The model is applicable to that subclass 
of linear programming problems in which resources and requirements 
are expressed in terms of only one kind of unit. The name of this 
model is derived from transport to which it was first applied.. The 
name “transportation model’’ is, however, misleading. This model 
сап be used for machine assignment, plant location, product mix pro- 
blems and many others, so that the model is really not confined to 
transportation or distribution. We shall present now a few indus- 
trial situation which will establish the relevance and utility of this 
model. 


31. Examples on the Applications of Transportation Model 


‘EXAMPLE 3.1-1 (Transportation Problem) : 
A dairy firm has three plants located throughout a state. Daily 
milk production at each plant is as follows : 
....-6 million litres 
Meer 1 million litres 
OUT 10 million litres 
Each day the firm must fulfil the needs of its four distribution 
«entres. Minimum requirement at each centre is as follows : 
distribution centre 1...... 7 million litres 
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distribution centre 2......5 million litres 
distribution centre 3......3 million litres 
distribution centre 4......2 million litres 
Cost ofshipping one million litres of milk from each plant to 

each distribution centre is given in the following table in hundreds of 


rupees : 


Table 3:1 É 
Distribution Centres 
1 2 3 4 
1 2 3 | п 7 
Plants 2 1 0 6 1 
3 5 8 15 9 


PENET MEME ПЕ. UL жи ус Жы, 
The dairy firm wishes to decide as to how much should be the- 
shipment from which plant to which distribution centre so that the 
cost of shipment may be minimum. 
EXAMPLE 3-1-2: (Transportation Problem with Degeneracy): 
A company has four warehouses and six stores. The waro- 
houses altogether have а surplus of 22 units of a given commodity, 
divided among them as follows : 
' Warehouses 1 2.9 
Surplus _ 5 6 2 9 
The six stores altogether need 22 units of commodity. Indivi- 


dual requirements at stores 1, 2, 3, 4, 5 and 6 are 4, 4, 6, 2, 4 and 2 
e unit of commodity from 


units respectively. Cost of shipping on 
warehouse i to store j in rupees is given in the matrix below. 
Table 3-2 


Stores 


Warehouses 
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How should the products be shipped from the warehouses to the 
stores so that the transportation cost is minimum ? 
EXAMPLE 3.1-3. (Unbalanced Supply and Demand) : 

A product is produced by four factories А, В, Сапа D. The 
unit production costs in them are Rs. 2, Rs. 3, Re. 1 and Rs. 5 
respectively. Their production capacities are, phase А —50 units, 
В —70 units, C—30 units and D—50 units. These factories supply 
the product to four stores, demands of which are 25, 35, 105 and 20 
units respectively. Unit transport cost in rupees from each factory 
to each store is given in the table below. 


Table 3:3 
Stores 
1 2 3 4 
A 2 4 6 11 
в 10 8 T | 5 
Factories 
с 13 3 9 12 


Determine the extent of deliveries from each of the factories to 
each of the stores so that the total production and transportation 
cost is minimum, 

[Pb. Univ. Mech. Engg. April, 1977] 


EXAMPLE 3.1-4 (Profit Maximization Problem) : 


A company manufacturing air-coolers has two plants located at 
Bombay and Calcutta with a capacity of 200 units and 100 units 
per week respectively. The company supplies the air-coolers to its 
four show rooms situated at Ranchi, Delhi, Lucknow and Kanpur 
which have'a maximum demand of 75, 100, 100 and 30 units res- 
pectively. Due to the differences in raw material cost and trans- 
portation cost, the profit per unit in rupees differs which is shown in 
the table below. à 
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Table 3.4 
Ranchi Delhi Lucknow Kanpur 


Bombay 90 90 100 100 
Calcutta 50 VERS a RES Se раат трт 


Plan the production programme so as to maximize the profit, 
The company may have its production capacity at both plants partly 
or wholly unused. 

EXAMPLE 3.1.5 (Least-time Transportation Model) : 

A military equipment is to be transportéd from three origins to 
four destinations. The supply at the origins, the demand at the 
destinations and time of shipment is shown in the table below. The 
units to be shipped as obtained by North-West corner rule are given 
in parentheses. Work out a transportation plan so that the total 
time required for shipment is minimum. 


Table 3-5 
Destinations 
1 2 3 4 
1R 
1 10 0 20 1 15 
(12) (3) 
2 1 7 9 920 25 
(8) (15) (5) 
Origins 
12 14 16 18 5 
(5) 
b, 12 8 15 10 45 (Total) 


EXAMPLE 3.146 (Problem on Placement of Orders on 
Machines) : 

Three machines can produce four different products. The 
machines, however, differ in type and degree of automation. The time 
required to produce these four products differs for each machine. The 
total available times per. month are 
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machine 1 ...320 hrs. 
machine 2 ...390 hrs. 
and machine 3 ...875 hrs. 
"The products to be manufactured are 
product A—1,500 units, product B—1,800 units, product C— 
2,100 units and product D—2,250 units. Some machines cannot 
produce certain products due to their technical features. The table 
below shows the number of units produced in one hour by each 
machine. 
Table 3-6 
Machines 


Units} 1| 2 | 8 


A 75 | 100 | 80 


B 9-0 | 120 | 9-6 


с 6-0 


D 90 | 7-2 


The selling price for each unit is $ 2.45 for A, $ 2.40 for B, $ 2.25 for 
Cand $9.10 for D. The production costs are 
product A; $0.83, $0.91 and $0.87 for machines 1, 2 and 
3 respectively. 
product B : $0.79, $0.93 and $0.91 for machines 1, 2 and 
3 respectively. 
product C ; $ 0.60 for machine 2. 
product D: $0.81 and $0.82 for machines 2 and 3 respect. 
ively, 
Schedule and assign the appropriate. work load to the three machines 
so as to maximize the total contribution (profit). 


3.2, Introduction to the Model 


The origin of transportation models dates back to 1941 when F. 
L. Hitchcock presented a study entitled The Distribution of a Product 
from Several Sources to Numerous Loealities, The presentation is 
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regarded as the first important contribution to the solution of trans- 
portation problems. In 1947, T.C, Koopmans presented a study called 
‘Optimum Utilization of the Transportation System’. These two ооп. 
tributions are mainly responsible for the development of transpor- 
tation models which involve a number of shipping sources and a 
number of destinations, Each shipping source has a certain capacity 
and each destination has certain requirements associated with a cer- 
tain cost of shipping from the sources to the destinations, The object 
is to minimize the cost of transportation while meeting the require- 
ments at the destinations. 


3.3. Matrix Terminology 

The matrix used in the transportation models consists of squares 
called ‘cells’, which when stacked form ‘columns’ vertically and ‘rows’ 
horizontally, 


Table 3.7 
Warchouses 
] 2 3 4 Output 
R ОЗ | 5 
Plant | 
5 6 8 | 7 | 20 
B 
Demand 10 5 12 8 | 35 (Total) 


The cell located at the intersection of a row and a column is 
designated by its row and column headings. Thus the cell located at 
the intersection of row A and column 3 is called cell (A, 3). Unit costs 


are placed in each cell. 


34 Definition of Transportation Model 


rtation models deal with problems concerning as to what 


‘Lanspo 
happens to the effectiveness function when. we associate each of 


number of origins (sources) with each of a possibly different number of 
destinations (jobs). The total movement from each origin and the 


total movement to each destination is given and it is desired to find 


how the associations be made subject to the limitations on totals. In 


ourees can be divided among the jobs or jobs may 


such problems, s: 
© 


11—0.R. 
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be done with a combination of sources. The -distinct feature of trans- 
portation problems is that sources and jobs must be expressed in 
terms of only one kind of unit. 


Suppose that there are m sources and n destinations. Let a; be 
the number of supply units available at source i(/— 1, 2, 3,..., m) and 
let b; be the number of demand units required at destination  (j—1, 
2, 3....n). Let су represent the per unit transportation cost for trans- 
porting the units from source i to destination ј. The objective is to 
determine the number of units to be transported from source ito 
destination j so that the total transportation cost is minimum. In 
addition, the supply limits at the sources and the demand require- 
ments at the destinations must be satisfied exactly. 

Tf x4; (а > 0) is the number of units shipped from source i to 
destination j, then the equivalent linear programming model will be 


Find aj (121, 2, 3,...,m ; j=1,2, 3,...,n) in order to 


m n 
minimize Z=% У ej Xij 
i=l j=l 
n 
subject to E ty=a, i=l, 2, 8,..., m. 
Den 
"m 
= gib; jzl, 2, 8,...,%. 
i=l 
where zy > 0 
The two sets of constraints will be consistent if 
m n 
= а =® b; 
i=l j=l 


This restriction causes one of the constraints to be redundant (and 
hence it can be deleted) so that the problem will have (m+-n—1) 
constraints and (mx m) unknowns. The above information can be 
put in the form of a general matrix shown below. 


Table 3:8 
Jobs to be done 
Àojeeheej. Supply 
BI "еп 63:501--Cm . di 

> В, Cn Con Су Сы а, 
Sources E H 
Е; Cn ба C Cin di 
Е г Сна Ca] 6 a 
Demand T T mu b, AM 


| 
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3.5. Formulation and Solution of Transportation Models 


Tn this section we shall consider a few examples ЫШЫ will. 
make elcar the technique of formulation and solution of transporta- 


tion models. 
EXAMPLE 3.5-1 


For example 3.1-1 show that it represents a network situation. 
Also find the optimal shipment policy. 


Solution. Let us represent the example graphically : 


NOTATION ITEM 
D PLANT 
о DISTRIBUTION CENTRE 


Figure 8.1. 


We find that the above situation takes the shape of a network. 


Similar situations occur whenever raw materials, semi-finished 
materials and finished products have to be transported. For example, 
three blade manufacturing plants owned by a company may come 
aoross a problem of finding the minimum transportation cost when 
transporting blades from these plants to a large number of distribu- 
tion centres in the country. Again, a mining company may have to 
make a similar decision while transporting ore from mines to process- 


164 Operations Research : An Introduction 


ing plants (say six) and ето ship steel to distribution centres (say 
20). Shipping crude oil from oil fields to refineries and then shipping 
petroleum products to, say, 200 distribution centres is another similar 
complex situation. 


FORMULATION OF MODEL 
Step 1: 


Key decision to be made is to find how much quantity of mills 
from which plant to which distribution centre be shipped во as to 
satisfy the constraints and minimize the cost. Thus the variables in 
the situation are : zy; £i Tiss Tra» Tan Toa Tag Жр, Var» Tyo» 2,5 ANd ду. 
These variables represent the quantities of milk to be shipped from 
different plants to different distribution centres and can be represont- 
ed in the form of a matrix shown below. 


Table 3.9 
Distribution centres 


Plants 2 


~ In general, we can say that the key decision to be made is to 
find the quantity of units from each origin to each destination. Thus 
if there are m origins and destinations, then z;; are the decision 
variables (quantities to be found), where 


i=l, 2, 3,..., m 
and j=l, 2, 3...., n. 


Step 2: 

Feasible alternatives aro sits of values of z;; where xy, > 0. 
Step 3: 

Objective is to minimize the cost of transportation. 


i.e., minimize 2214-3214 1125-725, 


— 
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+ ay4-O% 2+ bost 

Dag 8t + 15 atg34- 923, 
in general, we can say that if с; is the unit cost of shipping from 
in source to jth destination, the objective is 


5 y m n n m 
minimize 9 X cij tij =з У. Cj wä 
КОР j=l LESS 


Step 4 : Constraints are 
(i) because of availability or supply 


Vy 19-13 3-234 0 (for milk plant 1) 
ta tH gg H- 223-294 —1 (for milk plant 2) 
ту -[- 253 -1-2793-]- 234 — 10. (for milk plant 3) 


Thus, in all, there are 3 constraints (equal to the number of plants). 
In general, there will be m constraints if number of origins is 
т, which: ean be expressed as 


n 
У =, i=l, 2, 3...m. 
DET 


(ii) because of requirements or demand 


n 2nd-29—7 (for distribution centre 1) 
ga -]- gg d ga D (for distribution centre 2) 
233 ttt 233 — 3 (for distribution centre 3) 
tutta tHty=2 (for distribution centre 4) 


In general, there aro n constraints if the number of destinations 
is n, which can be expressed as 


m 
E tj=Dpjæl, 2,90. 


i=l 


Thus we findthat the given situation involves (3x 4—12) 
variables and (34-457) constraints. In general, such a solution 
will involve (mx u) variables and (m--7) constraints. 


It can be casily seen that in this model the objective function 
as well as the constraints are linear functions of the variables and 
therefore the model can be solved by simplex method, However, as 
a large number of variables are involved, many times computation 
will be required which may even exceed the capacity of àu electronic 
computer. Again in the transportation-situations, the general, require- _ 
ment is minimization of the pbjective fünction* whereas simplex 
method was more suitable for maximization problems. ы” 


B 
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Note that the coefficients of л; in the constraints are all unity. 
Such a model called transportation model can be solved by trans- - 9 
portation technique which is easier and shorter than simplex techni- 
que. 

SOLUTION OF THE TRANSPORTATION MODEL 

The solution involves making a transportation model (in the 
form of a matrix), finding a feasible solution, performing optimalit: 
test and iterating towards optimal solution if required. 
Step 1 : Make a Transportation Model 

"This consists in expressing supply from origins, requirements at 
destinations and cost of shipping from origins to destinations in the 
form of a matrix shown below. A check is made to balance thc 
supply and requirements. 


Table 3-10 
Distribution centres (Destinations) 
1 2 3 4 Supply 
1} 2 | sic prem g 
Total 
Voc Em VR] =6- )=17 
(Plants ; x 2 Ў 7| 1 supply=6-+-1+1¢ 7 
Origins) 2 | 
5 Total 
3] 5 | 8 15 | 9. |10 requi-—7.154-3-E2—17 
! rement 
Require. 7 5 3 3 |17(fota) 
ments 


Such a problem is said to be «self contained" problem. Thus 
in the given example, supply and requirements are balanced. 
Whenever it is not во, а dummy origin or destination (as the case 
may be)is created to balance the supply and requirements. For 
example, observe HE IAE de 


4° Supply 
3 efef 11 ZH 6 
Total supply = 17 
(A) 2] 1 0 | 6 E 1 
3 5 se] D | 9 | 10 
; | 
Requirement 7 5 


5 2 
Total requirement=19 
(requirement is more) 
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bye 3 Supply 
КА | 3 | 7 | s 
(аг Total supply —19 
(B 2] 1 0 | 6 1 ТЫ, 
315 | 8 5 | 9 |10 
Requirement 7 5 3 2 


| Total requirement — 17 
(supply is more) 
For case (A), а dummy origin can be created as shown below. 
1 3 4 Supply 


| 1 2 3 1! 7 6 


2 1 0 6 1 1 

3 5 8 | 15 9 |10 =19 

D 0 0 | 0 0 2 
Requirement 7 5 5 2 


| =19 
| Sinee nothing сап be produced at the dummy origin, nothing 
can be transported. This is represented inthe matrix by associating 
zero transportation cost from such dummy origin to the different 
destinations. 

For case (B), we can creat a fictitious or dummy destination as 


shown below. 
2 3 4 d Supply 


Requirement =19 


Е f 
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In this case the cost coefficients are zero, since the surplus quan- 
tity remains lying in the respective plants and is not shipped at all. 


Step II : Find a Basic Feasible Solution 
A feasible solution, in transportation technique, is said to exist 
if sum of origin supplies equals the sum of destination requirements 


m n 
ie if щ= Eo A feasible solution is said to be basic if it 
NE]. jl 


satisfies m-Ln—1 constraints i.e., if it contains at most m+n—1 
positive allocations, otherwise the solution will degenerate. If a 
feasible solution (not necessarily basic) also minimizes the total cost, 
- itis said to be an optimal feasible, in this case, a minimal feasible 
solution, This can be easily obtained by applying a technique which 
has been developed by Dantzig and which Charnes and Cooper refer 
toas “the north-west corner rule". Other methods for finding the 
initial feasible solutions are also described. In all these techniques 
it is assumed at the beginning that the transportation table is blank 
i.e., initially all 2;; a0. 


(1) North-West Corner Rule or Stepping Stone Method 

This rule may be stated as follows : 

(i) Start in the north-west (upper left) corner of the require- 
ments table i.e., the transportation matrix framed in stepI and 
compare the supply of plant 1 (call it S,) with the requirement of 
distribution centre 1 (call it D,). 

(а) IfD <8; tie., if the amount required at D, is less than the 

number of units available аё 81, set 21 equal to D, and 
proceed to cell (1, 2) (i.e. , proceed horizontally). 


Table 3.11 
Distribution centres 
1 2 3 4 
||? |з 11 1 6 
(6) 
Plants 2 | + 0 6 1 1 
(1) | | 
5 | 8 15 9 10 
3 5 3 2 
(8) (3) (2) 
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(b 1£D,—S, set tm equal toD; and proceed to cell (2, 2) 
(ie., proceed diagonally). Я 

(c) 1£D,28, set tu equal toS, and proceed to cell (2, 1). 
(i.¢., proceed vertically); 

(ii) Continue in this manner, step by step, away from the 
northwest corner until, finally, a value is reached in the south-cast 
corner. \ 

hus in the present example (see table 3.11), one proceeds ав 
follows : 

(i) seb жү equal to 6, namely, the smaller of the amount ахай. 
able at 8, (0) and that needed at Р”, (7) and 

(ii) proceed to cell (2, 1) (rule a), Compare the number of units 
available at Sy (namely 1) with the amount required at D, (1) and 
accordingly set 25 — 1. 

(iii) proceed to cell (3, 2) (rule 0). Now. supply from plant S, 
jx 10 units while the demand for D, is 5 units ; accordingly set тау 
equal to 5. 


(iv) proceed to cell (3, 3) (rule а) and allocate $ there, 


(r) proceed to cell (3, 4) (rule а) and allocate 2 there. 


It can be easily seen that the proposed solution is a feasible 
solution since all the supply and requirement constraints are fully 
satisfied, In this method, allocations have been made to various cells 
without any consideration of the cost of transportation associated 
with them. Hence the solution obtained may not be the best (most 
economical) solution. The transportation cost associated with this 
solution is 


Z-=Rs. (2x 04-1 x148x 5415x349 x 2) x 100 
=Rs. (12 4-14-40 +4518) x 100 
=Rs. 11,60. 


Note that for any cell in which no allocation is made, the correspond- 
ing a is equal to zero. A cell that gets an allocation is called a 


basic cell. 


(2) Row Minima Method 

This method consists in allocating as much as possible in the 
lowest cost cell of the first row so thate ither the capacity of the first 
plant is exhausted or the requirement at jth distribution centre is 
antisfied or both. Three cases arise : s 
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(i) ifthe capacity of the first plant is completely cxhausted, 
cross off the first row and proceed to the second row. 


(ii) if the requirement at jth distribution centre is satisfied. 
cross off the jth column and reconsider the first row with the 
remaining capacity. 


(iii) if the capacity of the first plant as well as the requirement 
at jth-distribution centre are completely satisfied, make a zero alloca- 
tion in the second lowest cost cell of the first row. Cross off the row 
and move down to the second row. 


Continue the process for the resulting reduced transportation 


table until all the rim conditions (supply and requirement conditions) 
are satisfied. 


Table 3:12 


Distribution centres 


Supply 


In this problem, we first allocate to cell (1, 1) in. the first row 
asit contains the minimum cost 2. We allocate min. (6, 7)=(6) in 
this cell. This exhausts the supply capacity of plant 1 and thus the 
first row is orossed off. The next allocation, in the resulting reduced 
matrix is made in cell (2, 2) of row 2 as it contains the minimum cost 
Oin that row. We allocate min. (1, 5) —(1) in this cell, This exhausts the 
supply capacity of plant 2 and thus the second row is crossed off. The 
next allocation, in the resulting reduced matrix is made in cell (3, 1) 
of row 3 as it contains the minimum cost 5 in that row. We allocate 
min. (1, 10)=(1) in this cell. This exhausts the requirement condition 
of distribution centre 1 and hence the first column is crossed off. 
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Proccediug in this way we allocate (4), (2) and (3) units to cells (3, 2), 
(3, 4) and (8, 3) till allthe rim conditions ‘are met with. The resulting 
matrix is shown in table 3-12. Р 
'The transportation cost associated with this sulution is 
Z—Rs. [2x6--0x 1-5 x 1--8 x4--15 x 34-9 x 2] x 100 
—Rs. 11,200, E 

which is less than the cost associated with solution obtained by 
N-W corner method. 


(3) Column Minima Method 

This method consists in allocating as much as possible in the 
lowest cost cell of the first column so that either the demand of tlic 
first; distribution centre is satisfied or the capacity of the ith plant is 
exhausted or both. Three cases arise:: 

(i) if the requirement of the first distribution centre is satisfied, 
cross off the first column and move right to the second column. 

(ii) if the capacity of ith plant is satisfied, cross off ith row and : 
reconsider the first column with the remaining requirement. 

(iii) if the requirement of the first distribution centre as well as 
the capacity of the ith plant are completely satisfied, make a zero 
allocation in the second lowest cost coll of the first column. Cross off 
the column and move right to the second column. 

Continue the process for the resulting reduced transportation 
{able until all the rim conditions are satisfied. 


Table 3:13 
Distribution centres 


1 2 3 4 Supply 


Plants 


Requirement 1 Р 5 r 3 2 
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In the given problem, we allocate first to cell (2, 1) in the first 
column as it contains the minimum eost 1. We allocate min. (1, 7)= 
(1) in this cell. This exhausts the supply capacity of plant 2 and 
thus the second row is crossed off. The next allocation in the 
resulting reduced matrix is made in cell (1, 1) of column 1 as it 
contains ihe second lowest cost 2 in that column. We allocate min. 
(6, 6) =(6) in this cell. This exhausts the supply capacity of plant 1 
as well as the requirement of distribution centre 1. Therefore, we 
allocate zero in cell (3, 1) of the first column, cross off first row and 
first column and move on to the second column. Proceeding in this 
way we allocate (5), (3) and (2) to cells (3, 2), (3, 3) and (3, 4) till 
all the rim conditions are met with. The resulting matrix is shown 
in table 3-13. 

The transportation cost associated with this solution is 

Z—Rs, [2x6-E1x I4 63x 0--8x5--15x 34-9x 2] x 100 
=Rs. 11,600 

which is same as the cost associated with solution obtained by N-W 
corner method. 
(4) Least Cost Method 

— This method consists in allocating as much as possible in the 
lowest cost cell/cells and then further allocation is done in the cell/ 
cells with second lowest cost and soon. Consider the matrix for the 
problem under study. 

Here, the lowest cost cell is (2, 2) and maximum possible 
allocation (meeting supply and requirement positions) is made here. 
Evidently, maximum feasible allocation in cell (2, 2) is (1). This 
meets the supply position of plant 2. Therefore, row 2 is crossed out, 
indicating that no allocations are to be made in cells (2, 1), (2, 3) 
and (2, 4). 


Table 3-14 
Distribution centres 
m “2 3 14 supply 
6 
1 


Же” 


——————— тч S 


РОР 
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% The next lowest cost cell (excluding the cells in row 2) is (1, 1), 
max. possible allocation of (6) is made here and row lis crossed out. 
Next lowest cost cell in row 3 is (3, 1) and allocation of (1) is done 
here. Likewise, allocations of (4), (2) and (3) are done in cells (3, 2), 
(3, 4) and. (3, 3) respectively. The transportation cost associated 


with this solution is 
Z=Rs. (2x64+0x14+5x14+8x4+15x3+9x2)x 100 
—Rs. (12--04-5--32-L45 4-18) x 100 
= Rs. 11,200, 


which is less than the cost associated with the solution obtained by 
N-W corner method. 


(5) Vogel's Approximation Method (VAM) 


Vogel's approximation method yields a very good initial solu- 
tion, which, sometimes may be the optimal solution. ‘This method 
takes into account not only the least cost cj but also the costs that. 
just exceed су. The technique is simple and considerably reduces 
the number of iterations required to arrive at the optimal solution. 

. This methed consists of the following substeps : 


Substep 1 : Write down the cost matrix as shown below. 


Table 3:15 


Distribution centres 


1 De 3 4 supply 


601 


1 (1j 


10 (3] 
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Enter the difference between the smallest and second smallest elc- 
ments in each column below the corresponding column and the diffe- 
rence between the smallest and second smallest elements in each row 
to the right of the row. Риб these numbers in parentheses as shown. 
For example, in column 1, the two lowest elements are 1 and 2 and 
their difference is 1 which is entered as [1] below column 1. Similarly, 
the two smallest elements in row 2 are 0 and 1 and their difference 1 
is entered as [1] to the right of row 2. А row or column “difference” 
indieates the unit penalty incurred by failing to make an allocation 
to the smallest cost cell in that row or column. 


Substep 2: Select the row or column with the greatest differ- 
ence and allocate as much as possible within the restrictions of the 
rim conditions to the lowest cost cell in the row or column selected. 
In case a tie occurs, use any arbitrary tie breaking choice. 


Thus since [0]is the lowest number in parentheses we choose 
column 4 and allocate as much as possible to the cell (2, 4) as it has 
the lowest cost 1 in column 4. Since suppy is 1 while the require- 
ment is 2, maximum possible allocation is (1). 


`“ Substep 3: Cross out the row or column completely satisfied by 
the allocation just made. For the assignment jnst made at (2, 4), 
supply of plant 2 is completely satisfied. So, row 2 is crossed out and 

‚ the shrunken matrix is written below. 


Table 3:16 
x ‚2 3 4 
1 Ee m 11 1 в1[1 
Kok 4 (9) m 
5 i : 
3 | 5 8! E 9 10 [3] 
Uu 
vous 3 1 


This matrix consists of the rows and columns where allocations have 
not yet been made, including revised row and column totals which 
take the already made allocation into account. 
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Substep 4: Repeat steps 1 to 3 until all assignments have been 
made. 


(a) Column 2 exhibits the greatest difference of [5]. Therefore, 
we allocate (5) units to cell (1, 2), since it has the smallest 
transportation cost in coluan 2. Since requirements of 
column 2 are completely satisfied, this column is crossed 
out and the reduced matrix is written again as table 3-17. 


Table 3-17 


76 3 
[3] ш 3 


(b) Differences are recalculated. The maximum difference is 
[5]. Therefore, we allocate (1) to the cell (1, 1) since it has 
the lowest cost in row 1. Since requirements of row 1 аге 
fully satisfied, it is crossed out and the reduced matrix їз 
written below. 


Table 3:18 


15 9 
(8) (3) (1) | 10 
1 


(c) As cell (3, 1) has the lowest cost 5, maximum possible 
allocation of (6) is made here. Likewise, next allocation of 
(1) is made in cell (3, 4) and (3) in cell (3, 3) as shown. 


All allocations made during the above procedure are shown 


below in the allocation matrix. à 
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Table 3-19 
Distribution centres 


requirement 
The above repetitions can be made in a single matrix as shown below 


Table 3.20 


Distribution centres 


1 2 3 4 supply 
1 


$ 1[1][1] I< 


Plants 2 1 [1 


10 (3] [3] [4) 


requirement 


Hn 13) B. i9 
em s uw a 
(3) u m 


The cost of transportation associated with the above solution is 
Z—Ras (2x14-9x54-1 x 1--5X64-15x 3-E9x 1) x 100 
=Rs, (24.15+1+430+45+9) x 100 
= Rs. 10,200, 
which is evidently the least of all the values of transportation сові, 


found by different methods. Since Vogel's approximation method 
results, in the most economical initial feasible solution, we shall use 
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this method for finding such a solution for all transportation problems 
henceforth. 
Step III : Perform Optimality Test 

Make an optimality test to find whether the obtained feasible 
solution is optimal or not. An optimality test can, of course, be per- 
formed only on that feasible solution in which 


(а) number of allocations is m--n— 1, where m is the number 
of rows and љ is the number of columns. In the given 
situation, m=3 and n—4 and number of allocations is 6 
which is equal to (m4-n —1) ("7 3+4—1=6). Hence opti- 
mality test can be performed. 

(b) thoes (m-+-n—1) allocations should be in independent posi- 

ions. 

A look at the feasible solution of the situation under considera. 
tion indicates that all the allocations are in independent positions as 
it is impossible to increase or decrease any allocation without either 
changing the position of the allocations or violating the row and 
column restrictions. For example, if the allocation in cell (1, 1) is 
changed from (1) to (3), the allocation in cell (1, 2) must be changed 
from (5) to (3) in order to satisfy the row restriction. Similarly, the 
allocation in cell (3, 1) must be changed from (6) to (4) in order to 
meet the column restriction. This will, in turn, require changes in the 
allocations of cells (3, 3) and/or cell (3, 4). 


Table 3:21 
Distribution centres 


Plants 


Demand 


12-0.R. 


А 
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A simple rule for allocations to be in independent positions is 
that it is impossible to travel from any allocation, back to itself, by a 
series of horizontal and vertical jumps from one occupied cell to 
another, without a direct reversal of route. For instance, the occupi- 
ed cells in table 3.21 are not in independent positions because the 
cells (2, 2), (2, 3), (3, 3) and (3, 2) form a closed loop. 


Let us now understand the motivation of the optimality test. 


` Consider the matrix giving the first feasible solution for the problem 


under consideration. Let us start with any arbitrary empty cell (a 
cell without allocation), say (2, 2) and allocate +1 unit to this cell. 
As already discussed, in order to keep up the column 2 restriction, —1 
must be allocated to cell (1, 2) and to keep up the row 1 restriction, 
+1 must be allocated to cell (1, 1) and consequently —1 must be 
allocated to cell (2, 1); this is shown in the matrix below. 


Table 3.22 
2 3 4 
ТА Ола коё. €op LES aan ae CU, 
(1)--1<—|—— —1(9) 6 
| 1 
| o S FR NEP А, TU M 
1| 0 6 1 
Bate) (0) |1 
—1———[———+1 
5 8 15 9 10 
3 (6) (3) (1) 


‘The net change in transportation cost as a result of this perturbation 
is called the evaluation of the empty cell in question. 


+ Evaluation of cell (2, 2) - Rs. 100 x (0x 1—3x 1--2x 1—1x 1) 
= Ез. (—2х 100) 
= —Rs. 200. 


Naturally, as а result of this perturbation, the transportation сов} 
decreases by Rs. 200. Now the total number of ny cells will be 
т.п (m4-n—1)— (n —1) (n— 1). 
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Therefore, there are (m—1) (n—1) such cell evaluations which 
must be calculated. If any cell evaluation is negative, the cost can 
be reduced so that the solution under consideration can be improved 
i.e., it is not optimal. Оп the other hand, if all cell evaluations are 
positive or zero, the solution in question must be optimal. Actually, 
it is not necessary to compute each cell evaluation individually, the 
optimality test described below calculates all of them simultane- 
ously. This test consists of the following substeps : 

Substep 1; Set up a cost matrix containing the costs associated 
with the cells for which allocations have been made. This matrix for 
the present example is 


Table 3.23 


1 cost matrix 


5 15 9 


PERA AEN Leti 

Substep 2: Enter a set of numbers vj across the top of the 
matrix and a set of numbers u; across the left side so that their sums 
equal the costs entered in substep 1. 


Thus щ+т=2 us 4-01 —5 
443-7203 Ug -]- v4 15 
Ug+%=1 and Us 4-v,—9 
Let v,=0, then v —2 из=5 
vw-l v=10 
u= —3 v=4 
Therefore, the matrix may be written as 
Table 3.24 
y 0 1 10 4 
щ 
2 2 3 
Ed H 
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Substep 3; Fill the vacant cells with the sums of w; and vj, 
This is shown in table 3.25. 


Table 3.25 


7 


E 


Substep 4: Subtract the cell velues of the matrix of substep 3 
from the original cost matrix. 


Table 3.26 Table 3.27 
ee 
11—12 | 7—6 5 ^ —1 1 
Ж ЕК Шаа 


Cell evaluation matriz 


The resulting matrix is called cell evaluation matriz. 


Substep 5: If any of the cell evaluations are negative, the 
basic feasible solution is not optimal. In the present example, since 
two cell evaluations are negative, steps should be taken to obtain an 


optimal solution. 


Step IV : Iterate towards an Optimal Solution 
his involves the following substeps : 


a ТИРИ ҮН PUPPI I INI II NI OE TOS à 


Transportation Model 181 


Substep 1: From the cell evaluation matrix, identify the cell 
with the most negative entry. Since, in our case, two cells have the 
same negative entry (—1), we can identify either ofthem. Let us 
choose the cell (1, 3). 3 


Substep 2 : Write down again the initial feasible solution. 


Table 3-28 
1 2 go 
1 
0———|-———|--— 
DR. Ы ЕД) 
2|1 | 
i t'y EAN 
| [| УЛДЕ, 
16 3] 
3 we —|—> — -—|-—- 1 
a 4 10 
eal sce E EP 
"n 5 3 2 


Check mark (4/) the empty cell for which the cell evaluation is most 
negative. This is the cell chosen in substep 1 and is called identified 
cell, 

Substep 3. Trace a path in this matrix consisting of a series 
of alternately horizontal and vertical lines. The path begins and ter- 
minates in the identified cell, All corners of the path lie in the cells 
for which allocations have been made. 

Substep 4 :: Mark the identified cell as positive and each 
occupied cell at the corners of the path alternately —ve, +ve, —ve 
and so on. 


Substep 5: Make a new allocation in the identified cell by 


Table 3:29 Table 3:30 
П Sg ана Е. НЕ re a 
eel ЖЕ: 6 sli 6 
| nsa ul Te БАШ [da 
ERIT a-1i|i |0 |7 una 0 
7 2 2 
2nd feasible solution 


"E 
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entering the smallest allocation on the path that has been given a 
—ve sign. Add and subtract this new allocation from the cells at the 
corners of the path, maintaining the row and column requirements. 
This causes one basic variable to become zero and other variables 
remain non-negative. The basic cell whose allocation has been made 
zero, leaves the solution. 

The total cost of transportation for this 2nd feasible solution is 

=Rs. (3x54+11xK14+1x1+7x5+4+2x 15-+-1x9) x 100 
=Rs. (15+11+41]+35+430+9) x 100 — Rs. 10,100, 

which is less than for the first (starting) feasible solution. 
Step V: Check for Optimality 

Let us check whether the solution obtained above is optimal or 
not, This shall be checked by repeating the steps under ‘check for 
optimality' already made. In the above feasible solution, 

(a) number of allocations із (m--n--1) i.e., 6, 

(D) these (m+n — 1) allocations are in independent positions. 

Above conditions being satisfied, an optimality test can be per- 
formed as follows : 

Substep 1: Set up the cost matrix containing the costs associa- 
ted with the cells for which allocations have been made. 

Substep 2: Enter a set of numbers v;along the top ofthe 
matrix and a set of numbers 2; at the left side so that their sum is 
equal to costs entered in matrix of substep 1, shown below. 


Table 3:31 
wy 0 2 10 4 
ш 
1 3 п 
542 4 1 
5| Б 15 9 
Thus u+ —3 и34-0=5 
144-95 — 11 Us-+v3=15 
44-v,—1 and u3+%4=9 
Let v —0, 
Then Ug=5 => 
v=10 %=1 
щ=& ®=2 


* These values are shown entered in matrix 3:31. 
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= 


` Substep 3: Fill the vacant cells with the sums of ш; and vj. 


1 Table 3.32 
PNM igus ey St) = Ced 
ш; | 
1 1 d E 5 
—3 | —3 21 7 T 
5 5 7 5 4 


pc ——— O A 


Substep 4: Subtract the cell values of this matrix from the 
original cost matrix. 


Table 3:33 Table 3:34 


UNE ЧЕЗАРЕ ОО шын А 
This matrix 3.34 is called cell evaluation matrix. 

Substep 5: Since one cell value is —ve, the 2nd feasible solu- 
tion is not optimal. 
Step VI: lterate Towards an Optimal Solution 

This involves the following substeps : 

Substep 1: In the cell evaluation matrix, identify the cell with 
the most negative entry. It is the cell (2, 3). 

Substep 2: Write down again the feasible solution in question. 

Table 3-35 


A LOSS 

© " Library А 

m em SA 
x w E 
CES Ux 


Ме» с $ 
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Mark the empty cell (y) for which the evaluation is negative, 
This is called identified cell. 

Substep 3: Trace the path shown in the matrix. 

Substep 4 : Mark the identified cell as +ve and others alter- 
nately — ve and +ve. 

Substep 5: Make the new allocation in the identified cell by 
entering the smallest allocation on the path which has been given a 
negative sign. Subtract and add this amount from other cells. Tables 
3:36 and 3:37 result. 


Table 3:36 Table 3-37 
5 1 5 1 
TREE ae a S CLER к ааа ТЫА 
+1 [1-1 |— 1 feasible 
solution 
7 2-1 |.1431 7 Eire 


For this allocation matrix the transportation cost is 
Z=Rs. (5x3--1x114-1x6--1x 16--2x 9.-7 x 5) x 100 
=Rs. 10,000. 

'Thus it is a bettersolution. Let us use ifit is an optimal 
solution, 

Step VII: Test for Optimality 

In the above feasible solution 

(a) number of allocations is m+n—1 i.e., 6. 

(b) these m-+-n—1 allocations are in independent positions. 
Не, „е repeat the following substeps : 


Substep 1: Set up the cost matrix containing costs associated 
with cells for which allocations have been made. This is table 3:38. 


Table 3-38 
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Substep 2: Enter а set of numbers v; and u; such that 


33-04 —3 Mg -01—5 
м 403211 Ug+t3=15 
44-7,4—6 and v34+%4=9 
Let v=0 
Then из=б usum —4 
®з==10 щ=1 
v,—4 n=? 


The resulting matrix is shown in table 3-39. 


Table 3:39 
vj 0 2 10 4 
Uy | 
1| 


5 


Substep 3: Fill up the vacant cells also as shown above. 


Substep 4: Subtract the cell values of the above matrix from 
the original cost matrix. Tables 3-40 and 3-41 result, 


Table 3:40 Table 3.41 


2 
d акел үлтү! 
2 p | evaluation 
А matriz 


Substep &: Since all the cell values are positive, the third fea- 
sible solution given by the following matrix is the optimal solution : 
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Table 3:42 
Distribution centres 
1 2 3 4 Supply 
145 3 11 6 6 
(5) (1) 
Plants 2| 1 0 6 1 
q)|1 
3|5 8 15 9 10 
(7) (0| (2) 
LI aur tad MSE Pa i MD 
Requirement 7 5 3 2 


and the optimal (minimum) transportation cost Rs. 10,000. 


The above iterative procedure of determining an optimal solu- 
tion of a transportation problem (T.P.) is called Modi Method. 


EXAMPLE 3.5-2 : 

Solve example 3.1-2. Also explain degeneracy in transportation 
technique in the context of this example. 
Formulation of the Model 
Step 1 

Key decision to be made is to find how many units of the 
commodity be shipped from which warehouse to which store so that 
cost of transportation is minimum. Let 2;; represent the decision 
variables i.e., number of units to be shipped. 


Here 1—1,2,3,4 
j=1, 2, 8, 4, 5, 6. 
Step 2 ; 
Feasible alternatives are sets of values of 2;;, where zi; > 0. 
Step 3 
Objective is to minimize the transportation cost i.e., minimize 
4 6 
x 2-5 PH Cij*ij 
i=l j=l 
where су; is the unit cost of shipping from ith warehouse to jia Store. 
Step 4 
Constraints are 
(i) 2ecause of surplus or supply : 
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6 
y Hti ttg 2 2152016516, У z;—5 
jal 


6 6 6+ 
Similarly ЖУ 223=6, Z х;=2 & Ух„=9. 
j=l j=l dei 
(ii) because of requirement or demand : 


4 
%y Zn T Zn 224 i.e., EN 21=4 
= 


4 4 4 
Similarly Z z,=4, X 75-6, X tu=2, 
i=l i=l i=] 
4 4 
Z2 tg=4&E дєез2. 
i=l t=1 


Thus the given situation involves 4x 6(—24) variables and 
446(==10) constraints. 
Solution of the Model 

The solution involves making a transportation model (in the: 
form of a matrix), finding a feasible solut'on, performing optimality 
test and iterating towards optimal solution if required. 
Step I: Make a Transportation Model 

This consists in expressing supply from origins, requirements at 


destinations and the unit cost of shipping from each origin to each 
destination in the form of a matrix shown below. A check is made to. 


balance supply and demand 


Table 3.43 
Stores (destinations) 
1 2 3 4 5 6 Surplus 
РЕ (supply) 
1 9112 | 9| в | 9 | 10 [5 
Ware- 2 7 3 7 7 Б |6 Total 
houses surplus :« 22° 
(ori- 
gin) 3| 6 5 9| 
Total requi-- 
419 Du) 8 п 2 2 | 10 |9 rement—22 


Require- 4 4 6 2 4 2 
ment (demand) ; 
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Thus supply and demand are balanced. 
Step II : Find a Feasible Solution 

Vogel’s approximation method will be used to find the initial 
feasible solution, This method consists of the following substeps : 

Substep 1: Write down the cost matrix. Enter the difference 
between the smallest and second smallest element in each column, 
below the corresponding column and the difference between the 
smallest and second smallest element in each row to the right of the 
row. Put these numbers in parentheses. 

Substep 2: Select the row or column with the greatest differ- 
ence and allocate as much as possible within the restrictions of rim 
conditions to the lowest cost cell in the row or column selected. 

Substep 3 : Cross out the row or column completely satisfied by 
the allocation made and revise the row and column totals which take 
into account the allocations already made. 

. Substep 4; Repeat the substeps 1 to 3 until all allocations 
have been made. 

All allocations made during the above procedure are shown 
below in a single matrix. 


Table 3.44 
Stores 


supply 


© & [3] 31 [0] [0] [0] (0) 


Св 4 (2702108) e 


(01 [2] [2] (4 [1] J5 
[0] [21 (2) [4 [H f 
[0] (2] (2 + 15 
10] (2) [2] 

[0] [0] 

[3] [0] 
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These allocations are entered below in the allocation matrix. 


Table 3.45 
Stores 


to 
e 
9 
= 
e 
ER 
"d 
Е 
E] 


Ware- zi 
house 3 5| 9) 11 3] 11] 2 
30. (UR geste erae 
Frist 
4| 6| 8|11| 2| 2[10/|9  feaeible 
(3) (2) | (4) “solution 
Demand РЕАК И, Р 


The cost of transportation associated with the above solution 
18. 
Z=Rs. (9x 543x445x246x149x 14-6x3--2x2--2x4) 
—Rs. (45 4-12 4-10 4-6 --9 4-18 -4-4-8) 
z Rs. 112. 
Step III : Perform Optimality Test 
Make an optimality test to find whether the obtained feasible 
solution is optimal or not. An optimality test can however be per- 
formed on that feasible solution in which 
(a) number of allocations ів m4+n—1. 


In the given situation m=4, n=6 
J. m4+n—1=4+6—1=9. 
Now the number of allocations=8(<9). Therefore optimality 
test cannot be performed as such. Such a solution is called a 
degenerate solution. 


(b) these m4n—l allocations must be in independent 
positions. ы 

In the present example, these m--n—1 allocations are in 

independent positions as it is impossible to increase or decrease any 

allocation without either changing the positions of allocations or 

violating the row and column restrictions. The degeneracy wilkoccur 
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whenever, while finding the initial feasible solution, the supply and 
demand are satisfied simultaneously. Normally, any_allocation made 
satisfies either row or column, The above degenerate solution is made 
permissible for optimality test in the following manner i 


First of all the requisite number of vacant cells is chosen 80 
that 


(i) these cells plus the existing number ofallocations are equal 
to m-4-n—1. 


(si) these m+n—1 cells are in independent positions. (This 
can always be done if the solution we start with contains loaded cells 
' in independent positions.) 


Now allocate an infinitesimally small but positive value € (Greek 
letter epsilon) to each of the chosen cells. Subscripts are used when 
more than one such letter is required (e.g., є, €» etc.). These €'s are 
then treated like any other positive basic variable and are kept in the 
transportation array (matrix) until temporary degeneracy is removed 
ог until the optimal solution is reached, whichever occurs first. At 
that point we set each e=0. Notice that e is infinitesimally small 
and hence its effect can be neglected when it is added to or subtracted 
from a positive value. Consequently, they do not appreciably alter 
the physical nature-ofthe original set of allocations but do help in 
-carrying out further iterations. 


In the present example, there is need for making one infinitesi- 
mal allocation. Out of the unoccupied cells, cell (3, 5) has the least 
cost of Rs. 3. The infinitesimal allocation should be made in this 
cell. However, allocating € to this cell forms a closed loop among 
the cells (3, 1), (3, 5), (4, 5) and (4, 1) so that allocations in these cells 
do not remain in independent positions. Therefore, no allocation is 
made in cell (3, 5). There are two next higher cost cells, viz. cell (2, 5) 
and (3, 2) each with a cost of Rs. 5. Allocation in either of these cells 
does not result in closed loop. Hence the infinitesimal allocation can 

_ bo made in either of these two cells. Let us make the allocation in cell 
(2,5). Table 3.46 formed thereby is shown below. 
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Table 3-46 
10.52 3 4 5 6 
1 5 
2 4 € 2 
du AUN — | ee pner 
3 1 | 
^ Е 


Now optimality test сап be applied. It consists of the follow- 
ing substeps : 


Substep 1. Set up the cost matrix containing the oosts asso- 
ciated with the cells for which allocations have been made. This 
matrix for the present example is 


Table 3-47 
1 2 3 4 5 6 
1 9 | 
2 3 5 5 
3| 6 9 | 
4| 6 2 2 


Substep 2. Enter a set of numbers v; along the top of the 
matrix and а set of numbers шщ down the left side so that their sums 


are equal to the costs entered in substep 1. 
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Thus Uu, $529 33-016 
Vs T- nam 3 tg -95—9 
2+0=5 us ptu 
Ms 0. 5 ua 2 

and щ+%=?2 

Let 01=0 AT 1326 M6 


Substep 8. Fill up the vacant cells with the sums of w and 
v:. The resulting array is shown below. 
Table 3:49 


Substep 4. Subtract the cell values of the above matrix from 
the original cost matrix. The resulting matrix called cell evaluation 
matrix is shown below. 
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Cell evaluation. 
matriz 


Substep 5. Since cells (2, 1) and (2, 3) have negative values, 
the current feasible solution is not optimal. 


Step IV. Iterate Towards an Optimal Solution. 
This involves the following substeps : 


Substep 1. In the cell evaluation matrix, identify the cell with 
the most negative entry. This is cell (2, 3). 


Substep 2. Write down again the initial feasible solution. 


Table 3.51 


Check mark (y) the empty cell for which the cell evaluation is most 
negative. This is the cell chosen in substep 1 and is called identified 
cell. 

Substep 3. Trace a path in this matrix consisting of a series of 
alternately horizontal and vertical lines. The path begins and termi. 
nates in the identified cell. All corners of the path lie in the cells 
for which allocations have been made. 

Subitep 4. Mark the identified cell as positive and each 
occupied cell at the corners of the path alternately —ve, 4-те, —ve 
and so on, 

Substep 5. Make a new allocation in the identified cell by 
entering the smallest allocation on the path that has been assigned a 
—ve sign. Add and subtract this new allocation from the cells at 
the corners of the path, maintaining the row and column requirements. 

© 


13-0.R. 
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Table 3-52 Table 3:53 

1 2 з 4 5 6 1 2. 3 4 5 6 
1 5 1 5 
2 4 +e e—e 2| 2 4 € 2 

ax -——l -- —| —ļ|-- >| —|-— | — | | ——— 
3 [i-re 1—e ЗТ 1 
4 |a—e 2 |4+є 4| 3 24 

\ 
За 420.17 a PUN 


2nd feasible solution 


As can be seen, this new allocation gives the same cost of transporta- 
tion (Rs. 112) as the old one. But this places us in a position to 
carry further iterations. 

Step V. Test for Optimality 

In the above solution 

(a) number of allocations are m-+-n—1 (=9) 

(b) these m--n—1 allocations are in independent positions. 

Hence optimality test can be performed as follows : 


Substep 1 Set up а cost matrix containing the costs asso- 
ciated witn the cells for which allocations have been made. 


Table 3:54 
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Substep 2. Enter aset of numbers v; along the top of the 
matrix and w; along the left side so that their sum is equal to the 


.costs entered in matrix of substep 1. 


Table 3:55 
yee ша ат 


Uy --v5229 Let v,—0 


в |в |5 2 |2 |7 
ЕК К ШЫК MR |e U--ty—3 7. w4—6 
а 4]. |. |o |o |. | “tus? шв 
— |-—| — | | —|— | we+r,=5 6 
6 5 ie fica кы Ыр ача 
j EC an Ux Aie |i Hs Ug+¥3+9 . 04—3 


W+%=6 5 5w——4 
u4--v,—2 Vp —4 
44-952 а= —1 


Substep 3. ЕШ ир the vacant cells as shown inthe above 
matrix, 


Substep 4. Subtract the cell values of this matrix from the 
original cost matrix. Tables 3-56 and 3-57 result. 


Table 3-56 
9--6 | 12—5 6—2 | 9—2 | 10—7 
7—4 ке ое 7—0 pu mu 
1 [ses| s азаа | n7 
8—5 | 11-9 . ra ene à 


/ 
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Table 3:57 Я 
| 3 7 4 7 | 3 
ae A 
hene An 
ы 


Since all the cell values are positive, the 2nd feasible solution 
is an optimal solution. Since the above matrix contains zero 
entries, there exists alternative optimal solution Thus the optimal 
solution for our problem is 


Table 3-58 
Stores 
1 2 3 4 5 6 Supply 
119 12 9 6 9 10 5 
| ©) 
2 |7 3 7 7 5 5 6 
Warehouses (4) (2) 
3 6 5 9 11 3 11 2 
(1) (1) 
4.16 8 11 2 2 10 9 
(3) (2) | (4 
Demand ^ 4 4 6 2 4 2 


Total vost of transportation=Rs. 112. 


In solving this problem, infinitesimal allocation was made in 
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cell (2, 5). If this allocation is made in ceil (3, 2), the same optimal 
solution (as above) is obtained without having to make any iteration. 


Remark. In this problem, the initial (starting) feasible 
solution, obtained by Vogel’s approximation method was a degenerate 
one. However, sometimes, even ifthe starting feasible solution is 
non-degenerate, degeneracy may develop later at spme iteration 
stage. This happens when the selection of the entering variable 
(least value in the closed path which has been assigned a negative 
sign) causes two or more current Pasic variables to become zero. We 
allocate єү, єз, ete. to such cells so that there are exactly m--n—1l 
cells in independent positions and the procedure is then continued in 
the usual manner. Example 3:5-4 makes this point clear. 


EXAMPLE 3.5-3 


Find the optimum solution to the following transportation 
problem in which the cells contain the transportation cost in rupees. 


Table 3-59 


W, W Wy, W, W; Available 


Required 30 30 15 20 65 [m (Total) 


Solution 

Step I : Make the Transportation Matrix 

This step is not necessary in the current problem. 

Step II : Find a Basic Feasible Solution à 

We shall use Vogels approximation method to find initial 


basic feasible solution. The method consists of substeps 1, 2.3 and 
4 already explained in example 3.5-2. 


/ 


/ 
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Table 3.60 


м OW, W, Wa, Ws Available 


f, Lr mM n a- B- 
А 3 [1 = 
R| 05) xy D m 
& x m mmm 
Required 

m 0] Hi m] Ш 

m mj m m 

[1] m m 

[1] 1 


The degenerate ‘basic feasible solution is given by table 3:61. 


Table 3:61 


Wi W, Ws Ма Ws Available 


Required 30 30 15 20 5 
Initial basic feasible solution 


Step III: Perform Optimality Test 

From the above matrix we find that 

(a) required number of allocations=m+4n—1=445—1=8 

Actual number of allocations=7. 

<. Weshall allocate a very small positive value € to one of 
cells (Fy, We), (Ез, Wo), (Ез, Wa) and (F4, W;), each of which has the 
same mirimum transportation cost of Rs. 6 (out of the unoccupied 
cella). Allocations to either of cells (Ез, Ws) and (F4, Ws) results in 
closed loops and hence no allocations will be made in these cells. 
Thus є can be allocated to either cell (Еу, W;) or (Fs, Ws)- Let us 
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allocate it to cell (F,, Wa) во that the number of allocated cells 
becomes 8. Thisis shown in Table 3-61. 

(b) these 8 allocations are inindependent positions. Therefore 
optimality test can be performed. This consists of the following 
substeps : 


Substeps 1, 2, 3, 4 and 5, details of which are given in example 


Table 3-62 Table 3-63 
yo —4 -8 —2 —1 vs 0 —4 —3 —2 —1 
us Ux i 
gu 4 |5 т. au E 6 
9 5 16 919 5 ; ДЕЕ 
жен кый ен Ml Б DEA) ЙЕ DUI ER Кс. 
616 5 Ө В-Ф 
EM ари жел al eee ae x -|—|— |— |— 
55 ; 1| 2|] 38] 4 
Matriz of wu; 4-vj Matrix with cell values of 
шо; for empty cells 
Table 3.64 
"yis 
zr 0 
6 6 2 
6 L 5 


Cell evaluation matriz 
As cell value in cell (F, Wy) is negative, the initial basic 
feasible solution given by table 3:61 is not optimal. 
Step IV: Iterate Towards an Optimal Solution = 


This involves substeps 1, 2, 3, 4 and 5, details of which are 


given in example 3.5-2. % 


/ 
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Initial feasible solution with closed path 


Table 3.66 Table 3:67 


2nd feasible solution 


Step V: Test fer Optimality 
Repeating step IIT we get the following tables : 


Table 3.68 Table 3.69 


Matriz of w+; Matriz with cell values u; 4-v; 
for empty cells 
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Table 3-70 


Cell evaluation matrix 


As all cell values are positive, the second feasible solution is 
optimal. Therefore optimal transportation policy is 


Table 3.71 
Wi W: Ws W, W, Available 
7 6 4 5 9 
F, 40 
(5) (15) | (20) 
8 5 6 7 8 
F, 30 
(30) 
6 8 9 6 5 
F, 20 
(15) (5) 
5 7 7 8 6 
к, (10) 10 
Required 30 30 15 20 5 


Total transportation cost 

=Rs. (7X54+4x15+4+5 x 2045x3046 x 15+5x5+5 x 10] 
— Ra. [354.60-4-100-+ 150 4-90 4-25 +50] 

= Кз. 510. 


EXAMPLE 3.5.4 

Find the basic feasible solution of the following transportation 
problem by north-west corner rule, Also find the optimal transporta- 
tion plan. s e 


E 
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Table 3.72 


1 2 3 4 Available 
A 4 3 1 2 am 
B rs "gn 3 4 / 60 
dress | 
D знада! ns apap cmo: 20 


Required ^ 60 60 30 40 10 |200 (Total) - 
Solution 
StepI: Make а Transportation Table 

This step is not necessary in the current problem. 
Step П. Find Basic Feasible Solution 

By following the north-west cornerrule (explained in example 
3-5-1), we get the non-degenerate initial basic feasible solution shown 
below. 


Table 3.73 
1 2 Б] 4 5 Avaible 
A 80 29 
B 60 20 
[9] 40 30 


D| 2 4 4 5 3 20 10 
(10)| (10) 
Required 60 60 20 40 10 Initial basic 
10. 10 10 feasible solution 


Step III: Test for Optimality 

Required number of allocations =m +n—1=4+45—1=8 

Actual number of allocations =8 

These 8 allocations are in independent positions. Therefore 
optimality’ test can be performed. This step consists of substeps 
1, 2, 3, 4 and 5, details of which are given in example 3-5-2. 
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Table 3.74 Table 3-75 
s 0 — 0 —8 —5 0-1 0 —8 —5 
Ui 
4|4 |3 4 4 |1 |—1 
3 2 3 513 0- |--2 
— |—] STE RE 4 — |_| — 1— |— 
g 6 |3 «161259197 1 
8 e gis |7 18 
- ОНИ 0 үр ДЕЧ ШЕЕ 
Matriz of ui4-v; Matriz of u; +v; for empty 
cells 
Table 3-76 
zd 1 7 
2 4 7 
—3 0 1 
6—8 |-—4 


NES SS a ee е с == 


Cell evaluation matria 


As many cell values are negative, initial basic feasible solution 


is not optimal. 
Step IV: Iterate 


Towards an Optimal Solution 


This involves substeps 1, 2, 3,4 and 5, details of which are 


given in example 3-5-2. 


Table 3:77 


Initial feasible 


solution with closed path 


/ 
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` Table 3.78 


2nd feasible solution 


In the second feasible solution the number of occupied cells 
(allocations) becomes less than m +n—] (-8) on account of 
simultaneous vacation of two cells (€, 3) and (D, 4) as indicated by*, 
Hence this is a degenerate solution. 


This degeneracy can be overcome by allocat ing € to one of these 
two cells (C, 3) апа (D, 4). Since itis a minimization problem, є 
should be.allocated to cell (D, 4) which has the lower cost 5 out of 
the two cells, This is shown in able 3-79. 


Table 3:79 


л ‚2па feasible solution 


The rest of the procedure is exactly the same as explained in 
example 3-5-2. Тһе optimal solution is given by table 3:80. 
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Table 3.80 
1 2 3 4 5 Available 
A| 4 3 1 2 6 | 80 
(10) (80) (40) 
B| 5 2 3 5 | 60 
(60) 
CEs 5 6 2 40 Optimal solution ` 
(30) (10) 
D| 2 4 4 з |20 
(20) 
Required 60 во . 30 40 10 | 200 (Total) 
EXAMPLE 3.5.5 


Solve example 3.1.3, 


Solution: Firstof all we shall compile a. new table of unit 
costs which consists of both production and transportation costs. The 
new table or matrix is given below. 


Table 3.81 


Stores 


Face- E. 
tories B| 1043| 843 743 54-3 


Demand 25 35 105 20 s 


/ 


/ 
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Table 3.82 


Demand 25 35 


Supply 


50 


70 


30 


50 


105 20 


The cell values of the first row of this matrix are obtained by 
adding unit production costs of factory A i.e., Rs. 2 to each value 
in the first row of Table 3.81. The cell values in the other rows are 
obtained in a similar fashion. The above table, therefore, gives unit 
production plus transportation costs from each of the factories A, B, 
C and D to each of the stores 1, 2, 3 and 4. 


Step I : Make the Transportation matrix 


Let us again write down the above matrix (table 3.82). 


Stores 


1 2 3 4 Supply 


Facto- 
ries C} 14 4 | 10 | 13 
D 9|11|13| 8 
Demand 25 35 105 20 


50 Total supply —200 


70 Total demand 2185 


30 Surplus supply— 15 


50 


Supply and demand are not balanced in this case and we have 
a surplus of 15 units of the product. "Therefore, we create a fictitious 
(dummy) destination (store). The associated cost coefficients are taken 
AS zero, as the surplus quantity remains lying in the“ respective 
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factories and is, in fact, not shipped at all. Therefore our starting 
cost matrix becomes 
Table 3.83 
Stores 
Drees ч ч тащ 


A| 4| 6| 8/13] 0 50 


B|13|11|10| 8) 0|70 Total supply = 200 


Fac- 
tories | .C | 14| 4|10|13| 0 | 30 Total demand= 200 


D| 9|11|13| 8| 0 |50 


Demand 95 35 105 20 15 
Step II; Find a Basic Feasible Solution 

We shall use Vogel's approximation method to find the initial 
feasible solution. The method consists of substeps 1, 2,3. and 4 


already explained in example 3.5.2. 
Table 3.84 
Stores 


1 2-249 4 d supply 


5025.20 (?] [2] (2) [5] 

26 (2) (2] (2) (2) (21 

Factories 
[^ 


(6]— 


A6 (1) (1) (3) (5] [6]+ 


f 
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The initial feasible solution is given by the following matrix : 


Table 3.85 
Stores 

1 2 3 4 d Supply 
A/4 6 13 50 

(25) | (»[ (20) 
В | 13 1 10 8 0 70 Initial feasible 

Factories e LOU) solution 
C | 14 4 10 13 0 30 
(30) 


D/9 11 13 8 0 
(15) | (20) | (15) 
Demand 25 35 105 20 15 
Step III : Perform Optimality Test 

From the above matrix we find that 

(@) number of allocations —m--»—1 —4--5—128. 

(b) these m--n—1 allocations are in independent positions. 
"Therefore optimality test can be performed. This consists 
of the following substeps : 

Substeps 1, 2, 3, 4 and 5, details of which are explained in ex- 

ample 3.5-2. 


Table 3.86 Table 3.87 

v 0 2 4 —1—9 t$; 0 2 4 —1 —9 

Ui | 
4) 4] 6] 8 3| —5 
6 10 6 8 5| —3 
2 4 2 61=7 | —7 
9 13| 8 9] 11 

Matriz of uj4-v; Matriz with cell values 


of щі; 


oy) 
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Table 3-88 
13-3 04-5 
: OR 11—8 i : 8—5 | 043 
14—2 7 10—6 13—1 0+7 
LUE NETS А PUES Eon 
+ 
Table 3-89 
10 5 
т | са | айий лы 
ОШ АР 4 12 7 
ioe ae 


EDU eS) Se Eee 
Cell evaluation matrix 


Since all the cell values are ve, the first feasible solution is an opti- 
mal solution. Now, though the 15 extra units of the product are not 
transported, they are definitely manufactured in factory D, thus 


involving production cost only. 
The optimum (minimum) transportation plus production cost 


Z=Rs. (4x 284-6 X 5 +8 x 204-10 70--4x 304-13 x15 


: --8x 204-0 x 154-5 x 15) 
= Ез. (1004-30--1604-7004-1204-195-+-1604-0--75) 
—Rs. 1,465. ER 
EXAMPLE 3.5-6 к 


Solve example 3.1-4. 
14—O.R. 
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Solution 
It consists of the following steps : 
Step I: Make the Transportation Matrix 


For the given data, the transportation matrix is as shown 
below : 


Table 3.90 
Ranchi Delhi Lucknow Kanpur Supply 
Bombay 90 90 100 110 | 200 Total supply 
=300 units 


Total demand 


Calcutta | 60 | 70 n. | s5 |100  —305 units 


Demand 75 100 100 30 


Thus supply and demand are not balanced. As the demand is 
more than supply, a dummy source is introduced to meet the extra 
demand and zero profit; coefficients are introduced since nothing is 
produced at the dummy origin and therefore nothing can be sold, The 
resulting matrix is shown in table 3.91. 


Table 3.91 
Ranchi Delhi Lucknow Kanpur Supply 


Bombay 90 90 100 110 200 
Calcutta 50 70 130 85 100 
Dummy 
source 0 0 0 0 5 
Demand 75 100 100 30 


Step П: Find Initial Basic Feasible Solution 

We shall use Vogel's approximation method to find the initial 
feasible solution. This method consists of substeps 1, 2, 3, 4 and 5 
already explained in example 3.5-2. 

Note that we are dealing with mazimization problem. Hence 
while making allocations, we select the cell with largest entry in the 
profit table 3.92. Thus the first maximum possible allocation of 
75 піз is made in cell (1, 1) and not in cell (2, 1). Same is true for 
other allocations. 
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Table 3.92 » ‚^ 


Ranchi Delhi Lucknow Kanpur Supply 


A 


100 2 | 
| Bombay (25) :| 209 [0] [10] 
Б з don en cea Peut СРИНА АТТАС о. 195 
56°]. j| 78 
Calcutta. {| 199 [20] [15] 
i Dummy | 0 
source 8 [0] [0] 
TU PT УАТ О 
Demand 16 199 100 30 
4 
[40] [20] [30] [25] , 


t [20] - [25] 


Step Ш ; Perform Optimality Test 

Required number of allocations m-n —123--4—1-—6 

Actual number of allocations =5 

Therefore we allocate very small positive number € to cell (1, 3) 
[0611 having maximum profit out of vacant cells] so that the number 
of allocations becomes 6, This is shown in table 3.93. These 6 
allocations are in independent positions. Therefore optimality test 
can be performed. This consists of substeps 1, 2, 3,4 and б, details 


Table 3.93 


Ranchi Delhi Lucknow Kanpur Supply 


90 100 
Bombay (75) (100) 


50 T 130 
Calcutta. (100) 


Dummy | 0 0 0 


| 
| 
F source 


Demand 75 100 100 30 a 


- Initial basic feasible solution 


, 


of which are given in example 3.5.2. 
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Table 3.94 Table 3.95 
Uae, Oe ТОВ 20 “О О io 50 


щ 
90 | 90 90 100 | 110 90 


120 130 +120] 120 | 120 i 140 
— 20 0 --30| —20 | —20 | —10 
Matriz of ui4- v, Matrix of u; +; for 
vacant cells 
Table 3.96 
—70 | —50 —55 


* Cell evaluation matrix 


As some of the cell values are positive (maximization problem), 
the initial basic foasible solution is not optimal. 
StepIV: Iterate Towards an Optimal Solution 

This involves substeps 1, 2, 3, 4and 5, details of which are given 
in example 3-5-2. 


Table 3:97 Table 3.98 

= = 

и 5: 4 

| ST | 70 | 100| е | 30 
| 100 | i iud: 

| И 100 

ҮЧ qe ву зао а аас 
У Ев 

[— LÀ | 
i = M RÀ 

5 First feasible solution with та feasible solution 


closed path 


"m: 
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Table 3-98 gives the optimal solution. Its verification is left as 
an exercise for the reader. The demand at Ranchi is left unsatisfied 
by 5 units. The profit corresponding to the above scheme is 


Znar= Rs. (90 x 70-490 x 100 $110 x 30-4130 x 100) 
= Кв. 31,600. 


EXAMPLE 35-7: 
Solve example 3-1-5. 


Solution 


These are some transportation problems where the objective is 
to minimize time rather than transportation cost. Such problems are 
usually encountered in hospital management, military services, fire 
services, etc. The present example deals with the transportation of 
military equipment and speed of delivery is more important than the 
transportation cost. Therefore, in this example, the objective is to 
minimize the transportation time rather than transportation cost. 
The transportation matrix is shown in table 3:99, 


Table 3.99 
Destinations 
1 2 Var d 
LJ a 
je e 20 T н 
(12) (3) 
1 7 9 20 
Origins 2 У Ы 
6 | 09 | 
12 T 16 18 
Ў e) |5 
ieee 8 05 10 


Now, while solving problems where the objective is to minimize time 
for each route, the cost per unit is replaced by the total time required 
to ship the quantity zi; from origin ito destination j, whee i=1, 2, 
3,..., m and j=1, 2,3,...‚ п. The corresponding transportation matrix 


is given below. ` ^ 
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Table 3:100 


m n 
and = q=} b; 
fal j=l 


Note that the shipment of a feasible plan will be complete when the 
shipment with the largest time will be complete. Let T; be the 
largest time associated with kth feasible plan. Our objective is, 
therefore, to find out a plan for which T, is minimum for all values 
of k. The procedure for getting minimum T, consists of the following 
steps : 
Step I 

Find an initial basic feasible solution. This is obtained by using 
the game method as for the normal transportation technique. 


Step П 
Find T, corresponding to the current. feasible solution and cross 
out all the non-basic cells for which t; > Тү. 


Step III 

Draw & closed path (as in the normal transportation technique) 
for the basic variable associated with T, such that when the values 
at the corer elements are shifted around this basic variable reduces 
to zero and no variable becomes negative. This procedure ends if no 
‘such closed path can be traced out, otherwise repeat step II. 


> 
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Thus in the given matrix ; 

2,4212, 212-23, 93 —5, 235 — 10, 234,725 and 5,75 and all other 
variables are zero. 

The shipping times are 44 — 10; 1j —0, fy — 7, бз =9, = 20 and 
13,518. Therefore, all the shipments of this plan will be complete 
after 

T,— max (бу, lio Loos зз, toas baa) 
=t =20 time units. 
Therefore, the cell (1, 3) is crossed out according to step II, since it 
has ty;=20(=T,). The closed path for 2, is shown in the table 
below. 


Table 3-101 


It is clear from the closed path that x, can be decreased by 
only three units, for, otherwise zi» will become negative. The new 
solution is shown in table 3-102. 

Table 3.102 


For table 3-102, T, is still equal to 20. The next closed path is 
shown in table 3-103, where т is decreased further by 2 units, there- 
by reducing it to zero. This is shown in table 3:104. 

Table 3 103 Table 3-104 


< 
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In table 3-104, T,—4£,,-18, corresponding to 234. The closed 
path for zs, is shown in table below. 


Table 3-105 Table 3:106 


хы can be reduced by 5 units, thus reducing it to zero. So it is 
crossed out and the resulting solution is shown in table 3-106. 

_ Now T,=t,=12. Hence cells (3, 2) and (3, 3) are crossed out 
Since tss and fy, are both > £4. This is shown in table 3-107. 


Table 3:107 


Since no closed path can be traced for zg, the iterative 


_ procedure ends here. Thus the above planis optimal and the total 


shipment time is 12 units. Details of the plan are 


yz with 1—10 2352 8B with £4 — 7 
Zj 210 with £,—11 244—165 with = 9 
=2 with t,—1 2y,=5 with t3,—12. 


3-6. Excessive Number of Filled Cells 

Sometimes instead of arriving at a degenerate solution we may 
arrive at a solution having filled cells larger than given by the for- 
mula m+—1. In such cases, a reduction in the number of used 
(filled or allocated) cell routes must be made. This can be done by 
finding four (six, eight,...) used cell routes which form a loop or a 
closed system. Consider the following example. 
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Table 3.108 
Warehouse 
1 2 3 4 Supply 
|+ " 
25 125 
ае a ecd P 
| 
200 | 250 
Factory - I 
125 50 175 


Demand 150 350 90 60 


To decrease the number of filled cells, let us shift 26 units from cell 


(A, 2) as shown by the closed path above. The resulting matrix with 
reduced number of filled cells in shown below. 


Table 3:109 
Warehouse 


Factory 


Demand 150 350 90 n 


37. Alternate Optimal Solutions 


A look at the cell evaluation matrices of the optimal solutions 
of examples 3:5-2 and 3:5-5 indicates that there are cells with zero 
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evaluations. In example 3-5-2, cell (3, 2) and in example 3-5-5, cells 
(4, 1) and (4, 2) have zero evaluations. In such cases, alternate opti- 
mal solutions exist. Alternate optimal solutions or programs are use- 
ful since they provide the programmer with a wider selection of ‘best’ 


Destinations 


Di D, D, D, D, Supply 


choices and offer him the opportunity to consider secondary objectives 

"as well, These alternate optimal solutions are obtained the same way 
as that used for normal optimal solutions. The only difference is 
that zeros appearing in the optimal cost evaluation matrix are treated 
exactly the same way as negative entries. 


‘As an example, let us consider the following optimal solutions : 


т" Destinations 
D; D; D; D, D; Supply 
81 81 10| 6 | 10 | 
Si (1) Fe (16) & 17 
+7 +3 | 10 
WEN Е ТРИ ота се CUNG 
Origins Sa | (10) ~(9) (6) | 25 (A) 
! +5 +3 
121 ТТЕ] 141 12] 
Spp кмк ОНИ | Qe» |” 
+9 (10)! no od 
Demand» 10 11 6 16 23 (66) 


As the cell S,D, in table (A) has a zero evaluation we may. make the 
shifts in allocations indicated in table (A’) by its closed path and we 
arrive at the following alternate optimal solution [t able (B)] : 
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D, D, D, D, D; 
8 | 8] 101 6| 10 | 
So a "wb tb) as 17 
"| 47 | CE T | xx | 0 
0] 8] 6] 12] Hi 
Sa | 0 E (5 e as 25 (B 
2 | (10) (10) | (5) 98 ES (B) 
21 10] 18] 14 | 121 
8, | F ro i (23) |24 
+9 (1) +5 
10 11 6 16 23, 


Similarly, as the cell S,D; in table (A) has a zero evaluation, we may 
make the shifts in allocations indicated by its closed path in table (A') 
and we arrive at another alternate optimal solution [table (C)]. 


D, D, D, D, D; 
8| 8 | 10] 61 10] 
BH e. = m m 17 
+7 10 +3 (16) 
ONES 61 12 | 4| 1 
Bo 79). [ (8) us e 25 (С) 
00) | +5 +3 
12] 101 81 14] 12, 
SR rm =) E Б | 24 
+9 0 +5 (22) 
10 11 6 16 23 


in addition to the above two alternate optimal solutions, we can 
derive two more optimal solutions, firstly utilizing the zero value in 
cell S,D; of table (B) and secondly utilizing the zero value of the cell 
83D, in table (C). And that is not all; we can, in fact, find infinite 
number of optimal solutions. While deriving the alternate optimal 
solution matrix (B) from (A), we shifted one unit from SD, to бур. 
But instead of shifting one complete unit, we can shift 1/2 or 1 /4 or 
1/8th...units and we shall again arrive at an optimal solution. 


For example, the alternate optimal solution obtained by shifting 
1/2 unit from cell S,D, in table (A) is shown below. 
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D; D; D; D, Ds 
8| 8| 10 | 6] 10 | 
8 RJ т [Tw p 17 
+7 +3 0 
à [m 8] E E 14 | 
(10 (9 T75 s c 25 (Р 
2 | (10) | (94) (53) 5 43 (D) 
ü 12 | ч 81 Fs 12, 
x | à bat ae (23 24 
3 49 (3) d) 45 | (23) 
10 tl 6 16 23 


Thus we can get an infinite number of alternate optimal solutions. 
Thus whenever optimal solution contains vacant cells with zero eva- 
luations, we have great flexibility in distribution at minimum cost. 


3.8. Techniques for Simplifying Problem Solution 


The arithmetic complexity of a problem can be considerably 
reduced by three ways : 


(i) a little consideration over the examples discussed in this 
chapter will convince that it is the unit cost differences rather than 
their absolute values which determine the optimal solution. There- 
fore, if all the costs are reduced by a fixed amount (e.g. minimum 
cost in any cell), the resulting allocation will remain unaltered, This 
considerably reduces the calculation work. 

(ii) the rim conditions (rim requirements) may be expressed in 
the simplest possible terms. For example, instead of writing down 
the output from plants as 70,000, 18,000, 25,000 units; it may be ex- 
pressed as simply 70, 18 and 25 in terms of thousands of units. This 
will enable us to work with two digit numbers only instead of five 
digit numbers, which is undoubtedly easier. 

(iii) north-west corner rule, row minima ‘method, column 
minima method and minimum cost method may not be used for 
deriving initial feasible solution as they yield rather poor solutions, 
requiring many iterations. Instead, Vogel's approximation method 
may be used which yields a better initial feasible solution réquiring 
lesser iterations to reach optimal solution. 
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Exercises 
Section 3-5 


1. Detern ine an initial basic feasible solution to the following 
transportation problem using north-west corner rule : ^ 


Table 3.110 
To Available 


3 4 6 8 9 |20 


to 
= 
= 
= 
ex 
© 


30 


Brom |n IR 


7 11 20 40 3 |15 


to 
= 
> 
— 
= 
_ 
e 


13 


: $e Ic i 
Demand 40 6 8 18 6 


[Meerut M.Sc. (Stat.) 1975] 

(Ans. 25—20, 1.20, 2, — 6, 923754, 233—4, 

Z54,—11,27,,—7 and Z= 6.) 

2. Findthe feasible solution of the following transpértation 
problem using north-west corner method : 
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Table 3-111 
Warehouse 
Wi We Ws W, Supply 
F| 14 25 45 5 6 
Factory F, 65 25 35 55 8 
F, 35 3 65 15 16 
Requirement 4 7 6 13 30 (Total) 


(Ans, 2,,—4, $5372, = D, 2353, 233—9, 23413.) 
3. Determine an initial basic feasible solution to the follow- 
ing transportation problem using row minima method : 


Table 3-112 
To Availability 
AO CRINE Tte MEE TOU АТА 
5 2 4 3 22 
From 4 8 1 6 15 
4 6 b7 5 8 
Demand 7 12 


9 
[Delhi M.Sc. (Math.) 1972] 
(Ans. 2,5—12, жз=1„ 214—9, 255—105, 981—7, %g=1.) 
4. Determine an initial basic feasible solution to the follow- 
ing transportation problem using the row minima method : 


Table 3:113 
To Available 


From | 5 5 3 8 


nodo e 5994 


Required 7 9 18 
(Ans. 25 —5, 2:3—8; gg —1, ®а=®› 243772, T= 10). 
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5. Determine an initial basic feasible solution to the follow- 
ing transportation problem using column minima method : 


Table 3-114 
To Availability 


From | 16 7 13 | 12 
era soe ES IM, 
Requirement 6 11 13 [30 (Total) 


(Ans. 25510, 222=11, 255— 1, 231 — 6, $332.) 
6. Determine an initial basic feasible solution to the follow- 
ing transportation problem using column minima method : 


Table 3.115 


Destination 


O1 2 1 4 |20 

Origin О, 3 3 2 | 40 
Availability 

Op E 2 5 9 50 


0,| 5 3 6 10 | 99 


Requirement 20 40 30 10 
(Ans. дп =20, 255—30, 25,— 10, 25$ = 20, 245-220.) 


7. Find the initial basie feasible solution to`the following 
transportation problem by : 
(а) minimum cost method 
(b) north-west corner rule. 


State which of the methods is better; 
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Table 3-116 
To 
2 7 4 5 


From 3 3 1 8 
Supply 


Demand 
[Meerut M.Sc. (Math.) 1970, 77] 
(Ans. (а) $42, 213—4, 223—8. 2357, t=T, 243—7. 


(b) 21 =5, 251 —2, 222—6, 233—3, 23,4, 7,57 14 ; First.) 


8. Find the initial basic feasible solution of the following 
transportation problem by Vogel's approximation method. 


Table 3:117 
Warehouse 
Wi W: W, W, Capacity 


E | 19 | 30 | 50 | 10 | 7 


Factory’ Fs\ 79 | зо | 49 | 60 | 9 
: б Ecol 
40 8 70 20 18 
Requirement 5. 8 7 14 34 (Total) 


[Delhi M.Sc. (Math.) 1971] 


(Ans. 23155, 244—2, 5337, 134— 2, 2154—8, 24 10.) 


-9. Determine an initial basic feasible solution to the follow- 
ing T. P. using : 
5 (а) north-west corner rule 
(b) Vogel's approximation method. 
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Table 3.118 
Destination 


Demand 
[Delhi M.Sc. (Stat.) 1973] 
(Апа. (а) 211=3, rj —1, 244 —2, 23574, 2,,—2, 23,223, ty=6 
(6) zu=4, 235722, 2356, 241 —3, z= l, 254—4, Z3, 1.) 


10. Find an initial basic feasible solution to the following 
T. P. using Vogel's approximation method : 


Table 3-119 
Destination 
1 2 3 4 Availability 
Al 7 2 5 30 
Origin B| 4 4 6 15 
C| 5 3 3 10 
D| 4 ds ret 20 


Requirement 20 25 15 


(Ans. - 211—5, 2.05, 21515, zb, 2,,—15, Z3, —10, а= 20.) 
.. 11. Solve the transportation problem for which the cost, 
origin availabilities and destination requirements are given belów. 
15—0.R. 
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Table 3-120 
DEED DD De Di h 


^0, Ро түсү OERZ] 30 
0, 3-— 84 ӨЛБӨЙ 9| 50 
0, 4. 42.7 «29:378. 19] 75 
0, атт го 


bj 20 40 30 10 50 25 | 175 (Total) 
' [Delhi M. Sc. 1968] 
(Ans. 2,4220, 2,5—10, 254—20, 2,,—10, 2,,—20, 13,— 40, 
$55 7210, 7,425, z,,—20.) 
12. Give a mathematical formulation of the transportation 


and simplex methods. What are the differences in the nature of 


problems that can be solved by these methods ? 
[Delhi M. Sc. 1965] 


- 13. Given below is the unit costs array with supplies 
a;=1, 2, 3 and demands b;, j—1, 2, 3 and 4. 


Table 3-121 
Sink 


Source 2 12 9 4 


- 
= 
© 


h 95 32 40 23 | 120 (Total) 


Find the optimal solution to the above Hitchcock problem. 
[Delhi M. Sc. 1975] 


14. The matrix below represents the weekly output of cattle 
feed in tons, which is obtained as a product of alcohol distillation in 
two plants P, and P; The cattle feed is to be transported to four 
warehouses for distribution. The transportation costs per ton are 
algo shown in the matrix. Find out the * ansportation pattern so as 
to minimize the transportation cost. 
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Table 3:122 
Warehouses 


Wi W W W, Output 


P, 2 3 8 1 793 


Р, 5 4 7 ТАТ 


i unnm 


Demand 12 — 13 15 10 |50 
(Ans. P,W,—12, P,W,—1, P,W,—10, P,W,—12, P,W,=15.) 


15. A manufacturing company has three factories F,, F, and , 

F, with monthly manufacturing capacities of 7000, 4,000 and 10,000 
units of a product. The product is to be supplied to seven stores. The 
manufacturing cost of these factories are slightly different but the 
important factor is the shipping cost from each factory to a particular 
store. Table 3:123 represents the factory capacities, store requirements 
and unit cost in rupees of shipping from each factory to each store and 
slack. Here, slack is the difference between the total factory capacity 
and the total store requirement. 


Table 3-123 
Store 
Factory 
S; 8, S, S, S, S, 5, slack capacity 


Е, |5 |в |4 |3 17 |5 |4 [0 |7,000 


Factory F»|9 |4 |3 |4 |3 |2 |1 |0 4,000 


t2 
a 
A 
oo 


Е, |s |4 з {0 |10,000 
Store | 


demand 1,000 2,000, 4,500, 4,000 2,000 3,500 3,000 1,000 


Work out a transportation plan so as to minimize the transporta- 
tion cost. 
(Ans. Fj8,—1,000, F,S,=4,000, F,S, =1,000, Е, slack —1,000, 
Е,5, = 3,500, F,S,—500, F,8,—2,000, F,S;= 4,500 
F,8,—2,000 and Fj8; 4 500.) 
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16. Consider four bases of operations B; and three targets T';. 
The tons of bombs per air-craft from any base that can be delivered 
to any target are given in the following table : 


Table 3:124 
Target (T;) 


=- 


t2 


Base (Bi) 


= 


A 


^ The daily sortie capability of each of the four bases is 150 sorties per 
day.» The daily requirement in sorties over each individualtarget is 
200. Find the allocation of sorties from each base to each target 
which maximizes the total tonnage over all the three targets 


explaining each step. 


[Roorkee M.Sc. (Math.) 1977] 


“ (Ans. 2j —50, 244—100, 23125 150, 255 150, £4 =100, 2043—50 ; 
i Zopt=3,300.) 


17. There are three sources or origins which store a given 
‘product. These sources supply these produets to four dealers. The 
capacity of the sources and the demands of the dealers are given 


below : 


Bources Demands 
8,=150 D,=90 
8,=40 . D,—70 
8,—80 D,—50 
D,=60 


The cost of transporting the products from various sources to 
various dealers is shown below. 
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Table 3-125 


Find out the optimal . solution for transporting the products at 


a minimum cost. ж 


[Roorkee М. E. (Mech.) 1977] 


(Ans. 2230, 2,4 —70, 2,5250, 25,940, 24,— 60, 2,2203 — - 

; Zopt=8,190.) 

18. General Electrodes is a big electrode manufacturing 

company. It has two factories and three main distribution centres 

in three cities. The supply and demand conditions for units of 

electrodes (truck loads) are given below along with unit cost of . 
transportation. How should the trips be scheduled so that the cost 

of transportation is minimized ? 

The present cost of transportation is around Rs. 3,100 per 
month. What can be the maximum savings by proper scheduling? . 


Table 3-126 à 
Centres : А в (0) е 
Requirement . 50 50 150 " 
Cost per trip from X plant 25 35 10 * 
» » aar 20 5 80 
Capacity of plant X 150 units of electrodes 
Y 100 A 5 » 


[Bombay Dip. Орт. Manag. 1972] 
(Ans. Х0—150, YA=50, YB—50 ; Zmin=Rs. 2,750 ; 
max. savings- Rs. 350.) 


19. A company has three factories and five warehouses. The 
transportation costs, factory capacities and warehouse requirments 
are as given below : 
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Table 3-127 
Factories 
Warehouse 
A B С requirement 
1 5 4 8 400 
2 8 7 4 400 
Warehouses 3 6 7 6 500 
4 6 6 6 400 
5 3 5 4 800 


Factory capacity 800 800 1,100 
Determine the optimal transportation schedule. 
[Pb. Univ. Mech. Engg. April, 1978] 


20. A company has decided to manufacture some or all of five 
A o "new products at three of their plants. The production capacity of 
each of these three plants is 1s follows : 


Plant no. Production capacity in total 


AON number of units 

E + 1 40 

2 60 
"7 3 90 
Sales potential of the five products is as follows : 
ы r^ Produet no. 1 2 3 4 5 
NE * Market potential 30 40 70 40 60 
in units 


Plant no. 3 cannot produce product по. 5. The variable cost 
‘per unit for the respective plant and. product combination is given 
helow: 
Product no. 1 2 3 4 5 
Plant no. 1 20-19: -14 21 hg 
for 20h, таз 9 16 
» TEN) 18 15 18 20 — 


t 


Based on above data, determine the optimum product to plant 
combitíation by using linear programming. 

[Bombay Dip. Opr. Manag. 1976] 

(Ans. 23=10, 2,5— 30, 23—60, 1,130, 2155-740, 134 = 20 : 

ja 2.040.) 


тїн — = 


j 
| 
1 
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21. А company has received a contract to supply gravel for 
three new construction projects located in towns A, B and C. 
Construction engineers have estimated the required amounts of gravel 
which will be needed at these construction projects. 


Project location Weekly requirement 
(truck loads) 
A 72 
B 102 
С 41 


The company has three gravel pits located in towns W, X and 
Y. The gravel required by the construction projects can be supplied 
by these three plants. The amount of gravel which can be supplied by 
each plant is as follows : 
Plant Ww X Y 
Amount available - 
(truck loads) 76 8? 77 


The company has computed the delivery cost from each plant 
to each project site. These costs in rupees are shown in the following” 
table : 4 


Table 3-128 a 
Cost per truck load. 
A B С 
Уу 4 8 8 
Plant X | 16 24 16 ; 
y 8 16 24 


Schedule the shipment from each plant to each project in such- 
а manner so as to minimize the total transportation cost within the . 
constraints imposed by plant capacities and project requirements. 
Find the minimum cost. Is the solution unique ? If it ig not, find 
alternative schedule with the same minimum cost. 
i [Madras B.E. 1977] 
(Ans. 235-76, ta —21, z4— 41, #зүг= 51, 7,4,—96 ; 
bes Zmin=Rs. 2,424.) 
5 epartment store wishes to purchase the £f i 
quantities of ladies dresses : WE is 
Dress type : A B E D 
Quantity: 150 100 75 250 } 


x 
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Tenders are submitted by three different manufacturers who 
undertake to supply not more than. the quantities below (all types of 
dresses combined) 

Manufacturer : Ww X w: 
Total quantity : 350 250 150 

The store estimates that its profit per dress will vary with the 
manufacturer ав shown іп the matrix below. How should orders be 
placed ? 

Table 3.129 
Dress 
A B C D 
W 2.75 -350 425 2.25 
Manufacturer X 300 3.25 4.50 1.75 


“ Y 950 3.50 475 2.00 
[Baroda Univ. B.E. 1975] 


. 23. Three warehouses are used to stock the same product. 
` Orders are received at these warehouses and shipped on weekly basis. 
Due to variations in shipping rates from warehouses to different 
customers, the problem .becomes which warehouse should supply 
which customer and what quantity during shipping period. The 
"warehouses, location of customers and shipping rates are given in 
* table 3.130. Find the solution to the problem. 


> Table 3.130 


" FroTo D, D, D, D, Supply 
* 


! b О 2 23,1. 21 165,18 30 


0, 12 às 6/029: BE 40 
61:38 5:298 лы 1951-92 53 


Requirement 22 55 25 41 
[Baroda Univ. B.E. 1974| 


24. A company has factories at A, B and C which supply 
warehouses at D, E, F and G. Monthly factory capacities are 160, 
150 anc 190 respectively. Unit transportation costs in rupees are 
as follows : 
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Table 3.131 
To Є 
Fem D EX С 
А t-49 48 38-21 
B 40 49 52 51 
C 39 58 40 43 


Determine the minimum distribution cost. 
[Gwalior B.E. Nov. 1975] 


25. (a) Describe the unit penalty method for solving a trans-- 
portation problem. 


(b) Solve the following transportation problem (cell 
entries represent unit costs) : 


Table 3.132 Required 
5 3 7 3 8 5 3 
5 6 12 5 7 11 4 
2 8 3 4 8 2 2 
9 6 10 5 10 9 8 
Available 3 3 6 2 1 2 


[Sambulpur May; 1977] 


26. А fertiliser company has three plants A, B and C which ~ 
supply to six major distribution centres 1, 2, 3, 4, 5 and 6. The 
tableau below gives the transportation costs per case, the plant annual 
capacities and predicted annual demands at different centres in terms 
of thousands of cases. The variable production costs per case are 
Ra. 8.50, Rs. 9.40 and Rs. 7.20 respectively at plants A, Band C. 
Determine the minimum cost  production-and-transportation ^ 
allocation. 

Table 3.133 
Transportation cost, Rs. per case 
Major distribution centres 


Annual produc- 
tion in thousands 
of cases 


A 2.50 3.50 5.50 4,50 1.50 4.00 2,200: 
Plant B 4.60 3.60 2.60 5.10 3.10 4.10 3,400 


C 5.30 4.30 4.80 2.30 3.30 2.80 1,800 


Annual demand 850 750 420 580 1,020 920 x 
in thousands of > 
савев 


о 


1 2 3 4 5 


j 
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Prove that if the variable production costs аге the same at 
every plant, one can obtain an optimal allocation by using transporta- 
tion costs only. 


[Gujarat Univ. B.E. (Mech.) 1976] 
27. Describe the transportation problem. Give method of 
finding an initial feasible solution. Explain what is meant by an 


optimality test. Give the method of improving over the initial solution 


` to reaeh the optimal feasible. 
[Bombay M. Com. 1975| 


28. Solve the transportation problem when cost coefficients, 
demands and supplies are given in the following table : 


Table 3.134 
D, D, D, D, Supply 


0, 1 2 —2 3 70 

о, 2 4 0 1 38 

0, 1 2 —2 an 52 
Demand 40 28 30 42 


[Kharagpur Dip. I.I T. 1975] 


*29. The unit cost of transportation from site ¢ to site j are given 
below. At site 7—1, 2, 3, stocks of 150, 200 and 170 units respec- 
tively are available. 300 units are to be sent to site 4 and the rest to 
site 5. Find the cheapest way of doing this. 


Table 3.135 


2 jing 16 6 
From 3 7 du E 12 — 13 
4 ана een т; 
5 Drap Жу: m cs 
zd [Dibrugarh М. Sc. (Stat.) 1974] 


E e 
nt: In accordance with the restrictions of supply and 
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з 


demand table 3.135 reduces to the following table : 


Table 3.136 
To 
4 
1 10 7 
From 2 16 6 
3 12 13 
310 220 


Table 3.136 can now be easily solved.] 


30. Consider the following unbalanced problem : 


Table 3.137 


SES fo 
N 
FromN 


1 


9 
2 


3 


Demand 


75 


w 


Supply 


10 


Since there is not enough supply, some of the demands at these 
destinations may not be satisfied. Suppose that there are penalty costs 
for every unsatisfied demand unit which are given by 5,3 and 2 for 
destinations 1, 2 and 3 respectively. Find the optimal solution. — 


[Roorkee М.Е. 1977] 


[Hint. The balanced transportation table with dummy source 


and associated penalty costs is shown below. 


$ 
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Table 3-138 
_ Supply 
a To 

SS 

M 1 2 3 
From N 3 

i 5 1 7 10 

2 6 4 6 80 

3 3 2 5 15 
Dummy | 5 3 2 |40 
Demand 75 20 50 


This table can now be solved by the usual Modi method.] 


31. A production control superintendent finds the following 


information on his desk : 


In departments A, B and C, the number of surplus pallets is 18, 
27 and 21 respectively. In departments G, H, I and J, the number of 
pallets required is 14, 12, 23 and 17 respectively. The time in minutes 
to move a pallet from one department to another is given below. 


Table 3-139 
SS 
by 
NOU GEH. ВИО 
OWN 
A ТӘРБИЕ: 91 
В ООО 7 79 
C 723 1з 12 16 


What is the optimal distribution plan to minimize the moving 


time? Z 


[| 


[Pb. Univ. Mech. Engg. Nov., 1977] 
(Ans. xz4g—14, тд =10, zgjy— 17, zcg —12 and zc; —9.) 
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32. The following table gives the cost of transporting material 
from supply points A, B, C and D to demand points E, F, H and J. 


Table 3-140 
N To 
N E F G H J 
FromN 
A 8 10. 12 17 15 
B 15 lg TS 11 9 
с 14 20 6 10 13 
D 13 19 7 6 19 


The present allocation is as follows : 
Ato E90,A to F 10, В to Е 150, C to F 10, C to G 50, C to 


J 120, D to H 210, D to J 70. 
(a) Check if this allocation is optimum. If not, find an optimum 


schedule. * 
(b) If in the above problem the transportation cost from A to 
G is reduced to 10, what wlil be the new optimum schedule ? 

[Bombay Dip. Ind. Manag. 1975] 


33. The following table shows all the necessary information on 
the available supply to each warehouse, the requirement of each 
market and the unit transportation cost from each warehouse to each 


market. 


Table 3:141 
Market 
I Hor XI aV. Supply 


Warehouse 
C| 4 6 7 5 | 8 
Requirement 7 +12 


The shipping clerk has worked out the following schedule from 


experience : 


# 
P ¥ 
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12 units from A to IT, 1 unit from A to III, 9 units from A to 
IV, 15 units from B to IIT, 7 units from C toI and 1 unit from 
C to IIT. 

(а) Check and see if the clerk has the optimal schedule. 

(6) Find the optimum schedule and minimum total shipping 
cost, 

(c) Ifthe clerk is approached by a carrier of route C to II who 
offers to reduce his rate in the hope of getting some business, by how 
much must the rate be reduced before the clerk should consider giving 
him an order ? 

[Madras B.E. 1977] 

34. А firm is having two plants Р, aud P,. The produets are 
supplied to three markets Му, М, and M;. 

For the four quarters of the coming year the production 
‘capacity of plants P,, Р, and the demand at Му, Ms, M, and M, are 
given in the table below. 


Table 3-142 
Production Capacity 

Quarter Plant P, Plant Р, 

1 ‚ 4 8 

2 5 9 

3 6 10 

4 7 11 

Demand at Market 

Quarter M, M, M, 

1 3 4 2 

2 3 2 6 

3 10 6 4 

4 10 6 4 


The cost of transporting unit product from plant P; to market, 
Mj is C;. The firm is to decide a policy of shipping products to tho 
market. so as to minimize the total cost: of transportation. 

Formulate a linear programming model so as to optimize the 
objective. Diseuss ifthe model can be solved by transportation 
technique of linear programming. 

[Pb. Univ. Prod. Engg. April, 1979] 

35. А company has factories at A, Band C which supply 
warehouses at D, E, F and G. Monthly factory capacities are 250, 
300 and 400 units respectively for regular production. If overtime 
production is utilised, factories A and B can produce 50 and 75 
additional units respectively at overtime incremental costs of Rs. 4 
and Rs. 5 respectively. The current wa rehouse requirements are 

200, 225, 275 and 300 units respectively, Unit transportatioh 
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costs in rupees from factories to warehouses are as follows : 
Table 3-143 
Xil qc mn 
NIU 
35 
MS DIAR o eae 
N 
_ Prom N 
A 11 13 17 14 
B 16 18 14 10 
v 
с 21 24 18-19 


ee а————— 


Determine the optimum distribution for this company to 


minimize costs. 
[Delhi M.B.A. 1977] 


t, table 3-144 is made which takes into account 


[Hint: Firs 
production costs. 


the overtime production and the corresponding 


Table 3:144 
D E F а Supply 
10 13 17 14 250 
A | | Ца 
15 17 21 18 
50 
16 18 14 10 300 
В |---|- ————|[—-—-— 
21 23 19 15 75 
21 24 13 10 
LU 400 
RENE I OR RM am 
Demand , 200 225 275 300 


In the above table, total supply = 1,075 units 
total demand = 1,000 units 


Therefore, we add a dummy warehouse with demand of 15 nits and 
cost. coefficients zero in each of its cells. Table 3:145 results. 
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Table 3-145 
D E: F G Dummy Supply 

cru ume m a 

B 15 17 21 18 0 
50 

16 18 14 10 0 300 

Ta usc da eua o — 
QoS 75 

21 24 13 10 0 

[e] 400 
Demand 200 225 275 300 75 


The initial feasible solution can now be obtained and can be 
optimized using Modi method.] 


4 


Assignment Model 


In Chapters 2 and 3 we discussed the simplex and transporta- 
tion techniques for solving linear programming problems. However, 
there are some special cases of linear programming problems whose 
solutions can be obtained by special techniques. They are easier to 
apply and greatly reduce the computational work required by sim- 
plex and transportation techniques. This chapter deals. with one such 
special case—the assignment problem which finds many applications 
in allocation and scheduling, for example, in assigning planes or crews 
to commercial airline flights, trucks or drivers to different routes, 
men to offices and space to departments. If there are more jobs to 
do than сап be done, же сап decide either which job to leave 
undone or what resources to add. We present here a few examples 
which will make the reader conversant with the various situations 
where assignment, models are most suitable. 

41. Examples on Applications of Assignment model 
EXAMPLE 4-1-1, (Assignment Problem) 
A machine tool company decides to make four subassemblies 


Table 41 
Contractors 
1 2 3 4 


re (Pen hea eas oe С; 


2:15.11 12 15 13 
Subassem- 


blies os 55 gaj 


3| 13 12 10 11 


4&| 15- | 17 | 14 | 16 \ 


16—0.R, 
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through four contractors. Each contractor is to receive only one 
subassembly. The cost of each subassembly is determined by the 
bids submitted by each contractor and is shown in table 4-1 in 
hundreds of rupees. 

Assign the different subassemblies to contractors so as to mini- 
mize the total cost. ` 


EXAMPLE 41-2 
(Assignment Problem—Non.Square Matrix) 


A company has one surplus truck in each of the cities A, B, C, 
D and E and one deficit truck in each of the cities 1, 2, 3, 4, 5 and 6. 
The distance between the cities in kilometres is shown in the matrix 
below (table 4-2). Find the assignment of trucks from cities in sur- 
plus to cities in deficit so that the total distance covered by vehicles 
js minimum. 


Table 4.2 


€ 11 10 3 8 5 9 
D| 6 14 10 13 13 12 
E| 8 12 11 7 13 10 


EXAMPLE 4-1-3 


Assignment Problem —Maximization Problem 


A company hasa team of four salesmen and there are four 
districts where the company wants to start its business. After 
taking into account the capabilities of salesmen and the nature of dis- 
tricts, he company estimates that the profit per day in rupees for 
each salesman in each district is as below, 
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Table 4.3 
District 
1 2 3 4 


A| 16 10 14 1 


Salesman © 


p| 13 | 12 |.14 | 15 


Find the assignment of salesmen to various districts which will yield 
maximum profit. 


EXAMPLE 4.1-4 
(Assignment Problem—Restrictions on Assignments) 
Four new machines Му, M;, Мз and M, are to be installed in a 
machine shop. There are five vacant places A, B, C, D and E avail- 
able. Because of limited space, machine M; cannot be placed at С 
and М, cannot be placed at A. (jj, the assignment cost of machine 7 


to place j in rupees is shown below. 


Table 4.4 


Find the optimal assignment schedule. 


1 
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EXAMPLE 4.1-5. (A Typical Assignment Problem) 


A trip from Chandigarh to Delhi takes six hours by bus. A 
typical time table of the bus service in both directions is given 
below. 


Table 4.5 
TIME-TABLE 


Chandigarh- Delhi 


Departure Service-line or Arrival at Delhi 
from Chandigarh route number 
0-600 a 12.00 
> 
07.30 b 13.30 
> 
11 30 c 17.30 
> 
19.00 а 01.00 
у > 
00.30 e 06.30 
> 
Table 46 
Delhi. Chandigarh 
Arrival at Service line or Departure 
Chandigarh route number from Delhi 
11.30 1 05.30 
4 
15.00 2 09.00 
<- 
21.00 3 15.00 
<= 
00.30 4 18.30 
^ 
06.00 5 00.00 
+ 


The cost of providing this service by the transport company depends 
upon the time spent by the bus crew (driver and conductor) away 
from their places in addition to service times. There are five crews. 
There is a constraint that every crew should be provided with more 
than 4/hours of rest before the return trip again and should not 
wait fot more than 24 hours for the return trip. The company has 
residential facilities for the crew at Chandigarh as well as at Delhi, 


bi 
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Key decision in this situation is which crew be assigned which 
line of service or which service line be connected with which other 
line so as to reduce the waiting time to the minimum. 


42. Matrix Terminology 

The matrix used in the assignment models consists of squares 
called ‘cells’, which when stacked form ‘columns’ vertically and ‘rows’ 
horizontally. 


Tables 47 
Tas! or Requirements 
1 2 3 


Agents 8 9 | ll 
or Means B 


Cc 10 


The cell located at the intersection of a row and a column is desig. 
nated by its row and column headings. Thus the cell located at the 
intersection of row A and column 2 in table 4.7 is called cell (A, 2). 
Unit cost, profit, time, etc. are placed in each cell. 


43. Definition of Assignment Model 

The assignment problem is a special type of allocation problem, 
In both cases the objective is to fulfil the targets by means of 
available resources which are available in specified amounts. But 
the operating conditions are different. While in the allocation prob- 
lem each target can be attained in one way only, in the assignment 
problem the individual targets can be attained in different ways. 

During our discussion of degeneracy we found that a 
transportation problem is degenerate if, while deriving a feasible 
solution, an allocation to any cell satisfies the column as well as row 
requirements simultaneously. We also know that in the assignment 
problem, each resource can be assigned to only one job and each job 
requires only one resource. Hence the assignment problem is a 
completely degenerate form of the transportation problem. У, 


The assignment problem may be defined as follows : 
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Given n facilities and э jobs, and given the effectiveness of 
each facility for each job, the problem is to assign each facility to 
one and only one job so that the given measure of effectiveness is 
optimized, 

The assignment problem stated above can be translated into 
problems in many decision fields. As an example, consider the 
following situation : 

The municipal committee of a city has a fleet of ж tractors 
located at different places in a city. There are also n trailers lying 
at different places in the same city and it is desired to pick up and 
haul the trailers to the centralised depot. The problem is to 
assign each of the » tractors to corresponding trailers in such a way 
that a given measure of effectiveness (e.g., total cost involved, or the 
total distance travelled or the total time of travel for tractors) is 
optimized, 

Such a problem can be represented by nxn or n? matrix which 
constitutes » ! possible ways of making assignments, One natural 
method of finding the optimal solution is to enumerate all the n ! 
possible ways, evaluate their total cost (measure of effectiveness) and 
select the assignment with minimum cost. It can be easily seen 
that this basic method becomes extremely laborious even for small 
or moderate values of n. For example, when n=10, a common 
situation, the number of possible arrangements is n !=10 !— 
3, 623, 800, Evaluations of so large a number of arrangements will 
take a prohibitively large time, This proves the need of an easy 
computational technique for solving the assignment problem. 

44. Comparison with Transportation Model 
Assignment model may be regarded as a special case of 


Table 4.8 
Jobs Supply 
H 2 s n а 
тебу] о, | | Сы 1 
2 | M | Cs | 4 | Os |. 1 
F acilities ^ | | | ; 


y m | Cm | Cu 


Demand 6; 1 1 a 


————————— 


Assignment Model 247 


transporation model. Here, the facilities represent the ‘sources’ 
while the jobs represent the ‘destinations’. The supply available 


at each source is 1 i.e, а, =1 for all i. Similarly, the demand ' 


required at each destination is 1 i.e., b,—1, for all j. The cost of 
‘transporting’ (assigning) facility i to job j is Oj. The resulting 
transportation model can be represented as in table 4-8. 


45. Mathematical Representation of Assignment Model 
Mathematically, assignment model can be expressed as follows : 
Let 
: { 0, if the ith facility is not assigned to jth job. 
у= 2 б Е ФОРТ, A 
1, if the ith facility is assigned to jth job. 


Then, the model is given by 


RN n n n n 
Minimize Z=% Z Cy vy] = Z Су vj ү 
j=l i=l i=l j=l 


n 
subject to constraints Z agol, tel, 2,-3..., 2, 

j=1 

n 

X zj-1j212,3,..m", 

iml 

and zjj—0 or 1. 
This last condition may also be expressed a3 
Zij = tij. 

We see that if the last condition is replaced by zi; 20, we 
have a transportation model with all requirements and available 
resources equal to 1. 

However, transportation technique cannot be used. to solve 
this model because of degeneracy. Whenever we make an assign- 
ment, we automatically satisfy row and column requirements 
simultaneously (rim requirements being equal to 1), resulting in 
degeneracy. This special structure of assignment model allows a more 
convenient method of solution. 


Thertechnique used for solving assignment model makes use 
of two theorems, 


Theorem I 

It states, “Їп an assignment problem, if we add or subtract 
a constant to every element of a row (or column) in the cost matrix, 
then an assignment which minimizes the total cost on ont matrix 
also minimizes the total cost on the other matrix’’. 
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Thus if constants и; and v; are subtracted from the ith row aud 
jth column respectively, then the new cost elements will become 


€';j = Cy — ui— v; 


and the new Mo funetion will be 


=2 У Cj хжу= = 2 (Ci—u; —у)ачу 4 
i j 
=5 У Cy - щ E xg-—Xàwv Zay 
v1 j j 
Since, from the constraints of the model 
X аң; = ®злу:=1, 
i j 


6 Z= У Cy 29-2 uj—Zv; 
$5. i j 


or Z'=Z— Constant., 


This shows that the minimization of the new objective function 
Z' yields the same solution as the minimization of original objective 
function 2. 


Theorem ЇЇ. 


It states “If all Ci; >0 and we can find a set Xjj—z;; such 
that E E Cy z;;—0, 

tj 
then this solution is optimal”. 


The above two theorems indicate that if one can create a new 
C';, matrix with zero entries, and if these zero elements, or a subset 
thereof, constitute a feasible solution, then this feasible solution is 
the optimal solution. 


Thus the method of solution consists of adding and subtracting 
constants from rows and columns until sufficient number of C's 
become zero to yield a solution with a value of zero. The actual 
procedure for solving assignment, models will be described by taking E 
up a few industrial situations. he 


46. Formulation and Solution of Assignment Models 


In thissection we shall consider a few examples which will 
make clear the techniques of formulation and solution of assignment 
models. 


EXAMPLE 461 
ГА 
Solve example 4-1-1 
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FORMULATION OF MODEL 
Step I 
Key decision is what to whom i.e., which subassembly be 
assigned to which contractor or what are the *n', optimum assign- 
ments on 1-1 basis, 


Step П 


Feasible alternatives are n! possible arrangements for nxn 
assignment situation. In the given situation there are 4 ! different 
arrangements. 


Step III 


Objective is to minimize the total cost involved, 


n n 
le, minimize Z22 2 Oy zy. 
$1 jot 


In the given situation the objective is 


4 4 
minimize Z=% У C; 213. 
Ds БЕ) 


Step IV 

Constraints : (a) constraints on subassemblies are 
Vu js b 2134-2141, 
yy tta аз + = 1 
Cyt Taa + 33 H- 734 = l, 
Wap d Tao Htt tyl. 

(P) Constraints.on contractors are 
Vy t tai Xy Haro], 
Ligt Vis + X39 1 22=1, 
21325242739 4-243 1, 
yy + oq E Vy, 241. 

Comparing this model to the transportation model, we find 


that a;=1 and b;—1. Thus assignmental model can be represente d 
as in table 4-9. 


Therefore, assignment model is a special case of transportation 
model in which 


(i) all right-hand-side constants in the constraints CN ie 


i.e., a;— 1, 5;j—1. 
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Table 4-9 


Contractors (facilities, agents or means) 


1 2 3 4 Supply 


а 


Subassemblies 1 | 15 17 1 


or requirements) 


Gots. taske 2| 11 | 1 | 15 | j|! 
Sept 
I 


аа тау 39] aloes 

bn кышы) 
ает | 16 
Demand b; 1 1 1 1 


(i$) all coefficients of z;, constraints are unity. 
(iii) m=n. 


SOLUTION OF THE MODEL 


We shall apply Flood’s technique for solving assignment 
problems since it results in substantial saving in time over the other 
techniques. Technique involves rapidly reducing the original matrix 
and finding a set of n independent zeros, one in each row and column, 
which gives an optimal solution. This technique also known as Hun- 
garian Method or Reduced Matrix Method consists of the following 
steps : 


Step I 
Prepare a Square Matrix: Since the situation involves a 
square matrix, this step is not necessary. 


Step П 
` Reduce the Matrix : This involves the following substeps : 

Substep 1: In the effectiveness matrix, subtract the minimum 
element of each row from all the elements of the row. See if there 
is at least one zero in each row and in each column. fit is so, stop 
here. JZ not, proceed to substep 2. = 

Substep 2: Now subtract the minimum element of each column 
from all the elements of the column. _ 
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Assignment Model 
In the given situation, the minimum element in first row is 13. 
So, we subtract 13 from all the elements of the first row. Similarly 
NU subtract 11, 10 and 14 from all the elements of row 2,3 and 4 
respectively. This gives at least one zero in each row as shown in 


table 4.10. 


Table 4:10 
Contractors 
Subassemblies 2 | 0 1 | 4 
nas |p aie ee 
0 | 1 4 | 2 


T 


Since column 4 contains no zero entry, we go to substep 2 giving 
the following matrix : 
Table 411 


0 |+ 1 
Pre ede. РАЛАР У. 
s je fo 0 


Step III 


Check if Optimal Assignment can be made in the 
Current Solution or not 

Basis for making this check is that ifthe minimum number of 
lines crossing all zeros is less than л (in our example n=4), then an 
optimal assignment cannot be made in the current solution, ‘If it is 
equal to n (—4), then optimal assignnient can be made in the current 
solution. 3 
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Approach for obtaining minimum number of lines crossing all 
zeros consists of the following substeps : 

Substep 1 : Examine rows successively until a row with exactly 
one unmarked zero is found. Mark ([]) this zero, indicating that 
an assignment will be made there. Mark (х) all other zeros in the 
same column showing that they cannot be used for making other 
assignments. Proceed in this manner until all rows have been exa- 
mined. 

In the given situation, row 1 has a single unmarked zero in 
column 2. Make an assignment as shown. Row 2 has a single 
unmarked zero in column 1, make an assignment. Row 4 has a single 
unmarked zero in column 3, make an assignment and delete 
the 2nd zero in column З Now, row 3 has a single zero in column 
4, make an assignment here. This is shown in the matrix below. 

Table 4.12 


Substep 2: Next examine columns for single unmarked zeros, 
marking them (C) and also marking (x) ary other zeros in their 
TOWS. 

In case there is no row or column containing single unmarked 
zero (there are more than one unmarked zeros), mark ([]) one of 
the unmarked zeros arbitrarily and mark (x) allother zeros in its 
row and column. Repeat the process till no unmarked zero is left in 
the cost matrix. : : 

Substep. 3: Repeat substeps 1 and 2 successively till one of 
the two things occurs : 


(а) there may be no row and no column without assignment 
i.e., there is one assignment in each row and in each column. In 


such a case the optimal assignment can be made in the current solu- 
tion i.e , the current feasible solution is an optimal solution. The 
minimvfn number of lines crossing all zeros will be equal to d 

(b) there my be some row and/or column without assignment. 
Hanna optimal assignment cannot be made in the current solution. 


| 
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The minimum number of lines crossing all zeros have to be obtained 
in this case. 

In the present example, substeps 2 and 3 are not necessary 
since there is no column left unmarked. Since there is one assignment. 
in each row and in each column, the optimal assignment can be made 
in the current solution. Thus minimum total cost is 

=Rs. (13x14-11 x 1 11 x 12-14 x 1) 100 
=Rs. 4900. 
And the optimal assignments policy is 
Subassembly 1—contractor 2, 


» Ce МЕ 1, 
» $—' 0 S 14, 
» 4— „ 3. 


EXAMPLE 4-6-2. 

Four different jobs can be done on four different machines, 
The set up and take down time costs are assumed to be prohibitively 
high for change overs, The matrix below gives the cost in rupees of 
producing job i on machine j. 


Table 4.13 

xci 
oct Arm M MT 
SS NE 7 | 11 | 6 
A|s пни E 5 | 9 | 6 

Job 

eder СУ ^ pesetas 7 | 10 а Ы т 
Оя | в | 3 


How should the jobs be assigned to the various machines so 
that the total cost is minimized ? 
Solution: FORMULATION OF THE MODEL 
Step I 

Key decision із to find what job be assigned to which machine 
i.e., what are the ‘n’ optimum assignments on 1-1 basis. 
Step II ? 

Feasible alternatives are 4 ! possible arrangements for ihe given 
4 x 4 assignment situation, 
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Step III 
Objective is to e ue total cost involved, 
ie. minimize Z= b E Су. 243 
t=) j=1 
StepIV Constraints are 
(a) due to jobs : tutte Tis 4-214 — 1, 


231 - o H- 23 T- 294— 
Zart sg - as c 34 1 
gi T- 24s T4344 1. 
(b) due to machines: Zy--Zg -- 234 al. 
233-22 - sg T 243 — 1 
213 + 223 T- аз 4-245, 
Lutta 242и 7 1. 


Also z;j—0 or 1. 
Thus the problem 1 is to optimize (minimize) the above objective 


funetion Z subject to the above constraints. 
SOLUTION OF THE MODEL 


Hungarian method or Reduced. matriz. method will be used to 
solve the above model. This method consists of the following steps : 
Step I 
Prepare a Square Matrix : 
square matrix, this step is not necessary. 


Since the situation involves & 


Step II 
Reduce the Matrix: This involves the following substeps : 
Table 4.14 Table 4.15 
M М, М; M, М, М, М, М, 
Jj nur nfo |? : | 
pee x pep 
| First feasible 
с ie solution 
о | аа 2, | о |3 Е 3 
rine] EEE 
Ir E челе 


Matrix after substep 1 
(contains no zero in 


column 3) Matrix after substep 2 
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Substep 1 : ` In the effectiveness matrix, subtract the minimum 
element of each row from all the elements of the row. See if there 
is at least one zero in each row and in each column. If it is so, stop 
here. If not, proceed to substep 2. 

Substep 2: Now subtract the minimum element of each column 
from all the elements of the column. 

Following these two substeps we get table 4-14 which further 
leads to table 4-15. 

Step III 

Check if Optimal Assignment can be made in the 
Current Solution or not. 

Basis for making this check is that if the minimum number of - 
lines crossing all zeros is less than .n(n=4 here), then an optimal 
assignment cannot be made in the current solution. If it is equal to 
n(=4), then optimal assignment сап be made in the current solution. 

Approach for obtaining minimum number of lines crossing all 
zeros consists of the following substeps : 

Substep 1: Examine rows sucessively until a row with exactly 
one unmarked zero is found. Mark ((-)) this zero, indicating that an 
assignment will be made there. Mark (x) all other zeros in the same 


column showing that they cannot be used for making other assign- 
ments. Proceed in this manner until all rows have been examined. 


Table 4:16 


Substep 2: Next examine columns for single unmarked zeros, 
marking them ([]) and also marking (x) any other zeros in their 
Y 
rows. 
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Substep 3: Repeat substeps 1 and 2 successively till one of the 

two things occurs : 

(a) there may be no row and no column without assignment. 
In sucha case optimal assignment can be made in the 
current solution. 

(b) there may be some row/or column without assignment. 
Optimal assignment cannot be made in the current solution 
in such case and minimum number of lines crossing all zeros 
have to be determined. 


In the present example, after following substeps 1 and 2 we find 
that their repetition is unnecessary and also row 3 and column 3 are 
without any assignments (table 4-16). Hence we proceed as follows 
to find the minimum number of lines crossing all zeros : 


Table 4:17 


‘Substep 4: Mark (4) the rows for which assignment has not 
been made. In our problem it is the third row. 

Substep 5 : Mark (4) columns (not already marked) which have 
zeros in marked rows. Thus column 1 is marked (y).  - 

Substep 6: Mark (у) rows (not already marked) which have 
assignments in marked columns. Thus row 1 is marked (y). 

Substep 7: Repeat steps 5 and 6 until no more marking is pos- 
sible. In the present case this repetition is not necessary. 

Substep 8: Draw lines through all unmarked rows and through 
all marked columns. This gives the minimum number of lines crossing 
all zeros. If the procedure is correct, there will be as many lines as 
the number of assignments. In this example, number of such lines is 


c as ine d Rift Rare 


ee cs S Dn 


ме ne 
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3 which is less than n(n—4 here). Hence. optimal assignment is not 
possible in the current solution. 
Step IV. 

Iterate Towards Optimality 

Examine the elements that do not have a line through them. 
Select the smallest of these elements and subtract it from all the 
elements that do not have a line through them. Add this smallest 
element to every element that lies at the intersection of two lines. 
Leave the remaining elements of the matrix unchanged. Proceeding 
in this manner we get the following matrix : 


Table 4:18 
M, M; M, 
Ji 1 1 0 
Je 0 0 1 Second 
feasible 
solution 
J 2 1 2 
we 
Ji 1 1 0 


Step V. 


Check if Optimal Assignment can be made in the 
Current Feasible Solution or not 
Repeating step III i.e., substeps 1 through 8 we get table 4:19. 
Table 4-19 


M, M, M, M, 


17. 0,8. 
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Since the minimum number of lines passing through all zeros is 
3 (<4), optimal assignment cannot be made in the current solution. 


Step VI. 


Iterate Towards Optimality 
Table 4:20 


Third feasible 
solution 


Step VII. 

Check if Optimal Assignment can be made in the 

Current Feasible Solution or not. 

Repeat step Ш i.e., sub-steps 1 through 8 therein. Since there 
isno row with exactly one unmarked zero, we start considering 
the columns directly. 

Make assignment in cell (J;, M;) and delete remaining zeros in 
row 1 and column 1. Máke assignmént in cell (J5,m3) and delete the 
other zeros in row 2 and column 2. Make assignment in cell (Ja, M5) 
and delete other zero in row 3 and column 3. Make assignment in 
cell (J4, M;). 

As there is assignment in each row and in each column, optimal 
assignment can be made in the current solution. Hence optimal 
assignment policy is 

Job J, should be assigned to Machine M;, 


Je s » » » » Ms, 
Tg. Si 57а POSU Tte M; 
M, 


DEL » Jud 
and optimum cost =Rs..(5+5+ 1043) = Rs. 23. 
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47. Variations of the Assignment Problem 

We shall now consider three variations of the assignment 
problem. 
471. Non-Square (m x n) Matrix 

Sometimes the assignment problem is presented in the form of 
a matrix which is not square. This non-square matrix should be 
modified to a square matrix by adding suitable dumbhies. Fictitious 
facilities or jobs (dummies) may be added to the matrix depending 
upon whether m<n or m>n respectively. Let us make it clear by 
considering an example. ) 


EXAMPLE 4.7-1. 
Solve example 4.1-2. 


Solution. Hungarian method or reduced-matrix method will 
be used to obtain optimal assignment, This method | consists of the 
following steps : F 
Step I. 

Prepare a Square Matrix : As the situation involves & non- 
square matrix, it has to be modified toa square matrix by adding 
dummies. Adda dummy city with surplus vehicle. Since there is 


no distance associated with it, the corresponding cell values are made 
all zeros. 


Table 4.21 
Cities in deficit 
1 2 3 4 5 6 
стын eee 


A 12 | 10 15 22 18 8 
| 
| 18 25 15 16 12 


Cities С 11 10 3 8 5 9 
with sur- 
plus 


D 6 14 10 13 13 12 


Dummy . 0 0 0 0 0 0 
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Step П. 


Meat vro the Matrix: Proceeding as in example 4.6-2, we get 1 
Table 4.22 b 
3 4 5 6 E 
A 10 0 | Matrix after 
sub-step 1. 
B 6 2 | (contains 
zero in each 
row and in 
e 2 6 | each column) 
D 7 6 | (Initial) 
feasible 
solution) 
E 6 3 
Dummy 0 0 
Берш — di 
Check if Optimal Assignment can be made in the д 


Current Solution or not x 

Proceeding as in Example 4.6-2, the minimum number of lines 
crossing all zeros are given by table 4.23. 
Table 4.23 


1 2 3 4 5 6 


t bA к poe L де 
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As the minimum number of lines crossing all zeros is 4 (<6), 
optimal assignment cannot be made in the current feasible solution. 
Step IV. Iterate Towards Optimal Solution 

Proceeding as in example 4.6-2, we get table 4.24 

Table 4-24 
1 2 3 4 5 6 


A 6 2 7 14 10 0 


B 0 6 13 3 4 0 


> PENN s E ea AE Л ү, 


ibli 
Dummy 2 0 0 0 хи 


Step V. Check if Optimal Assignment сап be made in the 
Currcnt Feasible Solution or not 
Table 4-25 


П 2 3 4 5 
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) As the minimum number of lines crossing all zeros is 5 (<6), 
optimal assignment cannot be made in the current solution. 


Step VI. Iterate Towards Optical Solution 


Table 4.26 
1 2 3 4 5 6 
| 
A| в 0 5 ; 2! 8 0 
A on | 
в | 0 | 4 Е | 1 2 | 0 
с |12 7 0 5 | 2 8 
1 
Dy 20 4 0 3 3 4 
i a TENE 23860029 
E| 6 | 5 | 4 | 0 (ee Third 
| feasible 
! solution 
Dummy | 4 0 | 0 0 | 0 
| 


Step VIL Ceeck if Optimal Assignment can be made in the 
Current Feasible Solution or not 


Table 427 
1 2 3 4 5 6 


- ТУРЫ үстүнү? 
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Since there is по row and no column without assignment, the third 
feasible solution isthe optimal solution. The optimal assignment , 


pattern is 
City A should supply the vehicle to city 2, 
mb » » » » » » б, 
SON s ^ m EEG 
oD т 2j 7 d ous pda 
vH E » y mo teed and 


minimum distance travelled — (10 +124+3-+6+7) km —38 kin. 
4.7.2. Maximization Problem 


Sometimes the assignment problem may deal with maximization 
of an objective function. For example, the problem may be to assign 
persons to jobs in such a way that the expected profit is maximized. 
The maximization problem has to be reduced to minimization 
problem before Hungarian method may be applied. It is done by 
subtracting from the highest element, all the elements of the matrix. 
Let us consider a maximization problem and see how it can be solved. 


EXAMPLE 4.7.2. 


Solve Example 4.1-3. 


Solution. As the given problem is of maximization type, it 
has to be reduced to minimization type. before Solving it by 
Hungarian method. This is achieved by subtracting all the elements 
of the matrix from the highest element in it. 


The given problem is to maximize the profit which is given by 
the matrix 
Table 428 
District 


1 2 3 4 


Salesman 


13 12 
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The highest element is 16. Subtracting all the elements from 16, the 
problem reduces to i 


minimize the profit given by the matrix 4.29. 


Table 4.29 

ica 3 4 
ajo fe fe fe 
ahaa фа 
oja fa fe [ 
> E gaa 


Hungarian method can now be applied which consists of the following 
steps : 
Step I 

Prepare a Square Matrix: This step is not required here. 
Step II 

Reduce the Matrix : Pruceeding as in example 4.6-2, we get 


table 4 30. 
: Table 4.30 
Ў 1 2 3 4 
Alo | 6 | 2 | 5 Matriz after 
| =: __| substep 1 

ві! | Ф 0 0 | Initial feasible 
ee solution 

c| 0 | 0 | 2 | 3 


Step III. Check if Optimal Assignment can be made in the 
Current Feasible Solution or not 
Proceeding as in example 4.6-2 we get 
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Table 4-31 . 
Е 1 2 3 4 
A 
B 
с 
р 


As there is one assignment іл each row and in each column, optimal 
assignment can be made in the eurrent feasible solution. Assignment 
policy shall be f 


salesman A should be assigned district i 
» Bg » n » 3, 
» © " » » 2, 
m DI u т H 4. 


Maximum profit per day = Rs. (16-15. 15-- 15) = Ев. 6l. 
4.7-3.. Restrictions on Assignments 

So far, we have considered examples in which all Cj;'s were 
finite elements. Sometimes, technical, space, legal or other restrictions 
do not permit the assignment of a particular facility to a particular 
job. This difficulty can be overcome by assigning a very high cost 
(infinite cost) to the corresponding cell. The activity will be auto. 
matically excluded from the optimal solution. 


EXAMPLE 4.7.3 


Solve example 4.1.4. 
Solution : Step I. Prepare a Square Matrix 


As the given matrix is non-square, we add a dummy machine 
and associate zero cost with the corresponding cells. As machine M 
cannot be placed at C and М, cannot be placed at A, we assi "e 
infinite cost (oo ) in cells (My, C) and (Mg, A), resulting in the following 
matrix. 


A 
/ 
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Table 4:32 / 

А B G DIE: 

Mi a | 6 тоо 

M, 7 | 4 со | 5 4 

| 
М, oo | 6 9 | 6 2 
" 9 | 3r p | 2 3 
Dummy 1 75 


machine 


Step II. Reduce the Matrix 


Proceeding as ir example 4-6-2 the following matrix results : 


Table 4.33 
A B [6] D E 
M, 0 2 | 6 1 | 2 Matriz after 
substep 1 
M; 3 | 0 | оо | 1 | 0 
Mex edet | ы Л | Саен 
му ет | 5 |0 | 1 
Dummy 0 0 | 0 Ü | 9 


Step Ш. Check if Optimal Assignment сап be made іп the 
Current Feasible Solution or not 


Proceeding as in example 4-6-2 we get table 4-34. 
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Table 4:34 


As there is no row апа no column without assignment, optimal 
assignment can be made in the initial feasible solution. The optimal 
assignment of various machines is as follows : 


Machine M, to place A, 


» М„„ » В, 
, M» » С, 
» Mos » D, 


and place C will remain vacant. 


Total assignment cost.— Rs. (4 4-4--2 +7) = Re. 17. 


EXAMPLE 4:7-4. 


Solve example 4-1.5. 


Solution, As service time is constant, it does not affect the 
key decision. If all the crew is asked to reside at Chandigarh (so 
that they start from and come back to Chandigarh with minimum 
halt time at Delhi), then waiting time at Delhi for different service 
line connections will be given by table 4:35. 
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А 
fi 
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1 
а | 17.5 
"m 
2m 
d| 45 
(m 


Similarly, if crew 


Table 4-35 / 
2 ЗВ j 
12 ) 
10:5 
es 
23 
25 | вв | ta | i75 


is assumed to reside at Delhi (so that they 


start from and come back to Delhi with halt for minimum time at 


- Chandigarh) then waiting time for different service line conneo:;ions is 


Table 4:36 
1 2 3 4 5 j 
а | 18:5 | 15 9 55 0 
„| 2 es fios | т | 15 
„| о (ms [sas | n. | в». 
£s a ape dr 
е ae 9-5 3-5 аа 


As the crew can be asked to reside at Chandigarh or Delhi, minimum 
waiting time from the above matrices can be obtained for the diffe- 
rent route connections by choosing minimum value out of the two 
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waiting times, provided the value is more than 4 hours (minimum 
desired rest) These values of waiting times are shown below in 
table 4-37- 


Tabe 4:37 
1 2 3 4 Б. 
а 17:5 15 9 5-5 12 
b 16 16:5 Г 10:5 5 10:5 
с 12 15:5 14-5 11 5:5 
а 45 8 meee 17-5 13 
e 43 9:5 8-5 12 17.5 


be E E 
Hungarian method can now be employed for finding the optimal 
route connections which give minimum overall waiting time and 
hence the minimum cost of bus service operations. It consists of the 
following steps : 
Step І. Prepare a Square Matrix 
This step is not necessary here. 
Step Il. 
Reduce the Matrix: Proceeding as in example 4.6-2, we get 


table 4:38. 
Table 4:38 


1 2 3 4 5 


a| 12 9.5 3:5 0 65 


У Matriz after 
b| 11 | 115 | 55 о | 55 | substep 1 


| 
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After substep 2 we get the following matrix : 


Table 4:39 
1 2 3 4 5 
| 1 
a 11 8-5 35 0 6:5 
Initial 
6] 12 10:5 | 55 0 55 | feasible 
solution 
c| 65 9 9 5:5 0 


Step HI. Check if Optimal Assignment can be made in the 
Current Feasible Solution or not 


Proceeding as in example 4.6.2, we get 


"Table 4-40 


As the minimum number of lines crossing all zeros is 4 i.e., less than 
5, optimal assignment cannot be made in the current feasible solutione 
] 
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StepIV. Iterate towards Optimal Solution 


Proceding as in example 4.6-2, we get table 4-41. 


Table 4:41 
1 2 3 4 5 
a 85 5 0 0 3 
oin Second 

b T5 7 2 0 2 | feasible 
solution 

с 6:5 9 9 9 0 

а 0 2-5 9:5 | 16:5 8:5 

е 4:5 0 0 7 9 


Step V. Check if Optimal Assignment can be made in the 
Current Feasible Solution or not 


Table 4-42 


As there is no row or column without assignment, optimal assignm 
is possible in the current solution, ent 


2. We get the following information : 


272 Operations Research : An Introduction 


Table 4.43 
Crew Residence at Service number Waiting time 
(hours) 
1 Chandigarh 41 45 
2 Delhi 2e 95 
3 Delhi t 3a 9-0 
4 Chandigarh b4 5:0 
5 Delhi 5c 55 


Total minimum waiting time —(4-5-I-9 54-9 4-5 4-55) hours 
—33-5 hours —33 hrs., 30 minutes. 
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Exercises 
Section 46 
1. (a) Show that assignment model is a special case of trans- 
portation model. [Pb. Univ. Mech. Engg. April, 1977] 


(b) Consider the problem of assiging five operators to five 
machines. The assignment costs are given below. 
Table 4:44 
Operators 
I Zt III. Iv V 


Machines С 
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Assign the jobs to different machines so that total cost is mini- 
mized. [Pb. Univ. Mech. Engg. April, 1976] 


2. (a) If in an assignment problem we add a constant to 
every element of a row (or column) in the effectiveness matrix, prove 
that an assignment that minimizes the total effectiveness in one 
matrix also minimizes the total effectiveness in the other matrix. 

[Sambalpur Univ. May, 1977] 

(b) A national car-rental servicé has a surplus of one car in 
each of the cities 1, 2, 3, 4, 5, 6 and a deficit of one car in each of the 
cities 7, 8, 9, 10, 11, 12. The distances in miles between cities with a 
surplus and vities with a deficit are displayed in matrix 4:45, How 
should the cars be despatched so as to minimize the total milage 
travelled ? 


Table 4:45 
To 
Г 8 9 10 11 12 


г 
t2 
t$ 
bo 
2 
A 
2 
e 
e 
© 
= 
e 
© 


Prom 3 27 39 60 51 32 32 


5 |. 29 40 39 26 30 33 


6| 82 40 40 60 51 30 


[Sambalpur Univ. May, 1977] 
(Ans. 1—11, 2—8, 3—7, 4—9, 5—10, 6—12; Znin= 185) 

3. (a) Distinguish between transportation model and assign- 
ment model. 

(b) Four different jobs are to be done on four different 
"machines, The setup and production times are prohibitively high for 
change over, The matrix below indicates the cost of producing job i 
on machine j in rupees. 

18—0.R. 


Em 
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Table 446 
Machines 
1 2 3 4 
і ОЕ ee 
T 5 7 11 6 
Jobs 2 8 5 9 6 
3 4 7 10 T7 
4 10 4 8 3 


t machines so that the total cost is 


Assign jobs to differen 
[Pb. Univ. Mech. Engg. Nov., 1977] 


minimized. 
4. Six machines Му, Mz, Му, M,, M; and M, are to be located in 
six places Ру, Ps, Ps, Pa Ps and P,. Cy, the cost of locating machine 


M; at place P, is given in the matrix below. 


Table 4.47 


м, | 18 | 19 | 28 | 17 | 60 | 70 


M,| 9 | 10 | 290 | 30 | 40 | 55 
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Formulate an L.P. model to determine an optimal assignment. 
Write the objective function and the constraintsin detail. Define 
any symbol used. Findan optimal layout by assignment technique 
of linear programming. [Pb. Univ. Prod. Engg. April, 1977) 


5. (з) Discuss assignment model. Indicate a method of solving 
an assignment problem. [Pb. Univ. Mech. Engg. April, 1978) 


(b) A national bus service hasa surplus of one bus in each of 
the cities 1, 2, 3, 4, 5, and 6 and a deficit of one bus in each of the 
cities 7, 8, 9, 10, 11 and 12. The distances in miles between cities 
with a surplus and cities with a deficit bus are displayed in table 
4.48. How should the buses be despatched to minimize the total 

' milage travelled ? 


Table 4.48 
To 


[Ans. 1—11, 2—8, 3—7, 4—9, 8—10, 6—12 ; Zmin=119) 


6. Five new machines are to belocated ina machine shop. 
There are five possible locations in which the machines can be located. 
Суу, the cost of placing machine i in place j is given in the table 
below. 
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Table 4.49 
Place 


1 
1 15 


2 1 


2 
10 25 25 10 
8 


4| 14 10 


25 
25 


Machine 3 8 9 17 20 10 
5| 10 8 


Itis required to place the machines at suitable places so as to 
minimize the total cost. 
(i) Formulate an L.P. model to find an optimal assignment. 
(ii) Solve the problem by assignment technique of L.P. 
[Pb. Univ. Prod. Engg. April, 1979] 


7. Find the optimal assignment for the assignment problem 
with the following cost matrix : 


Table 4.50 
T5 SEES IT LY; 
Pits ae agg 


c|6e]|4 | 7 


25.17.11. .6 


(Ans. А11, 817,01, 0-1% Zmin= 16 
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8. А project consists of four major. jobs for which four con- 
tractors have submitted tenders. The tender amounts quoted in lakhs 
of rupees are given in the matrix below. Find the assignment which 
minimizes the total cost of the project. Each contractor has to be 
assigned at least one job. 


Table 4.51 
Job 


10 24 30 15 


Contractor 16 22 28 12 


Ф wd = 
2 
to 
to 
о 
өз 
Г) 
- 
e 


[1.8.1. Dip. 1976] 
(Ans. 1—b, 2—c, 3—d, 4—a ; Zgin 1l) 
9. Solve the following assignment problem : 


Table 4.52 


[Delhi B. Sc. (Math.) 1977] 
(Ans, 1—I,2—IV, 3—V, 4—III, 5—Il ; Znin=60) 


10. А team of 5 horses and 5 riders has entered a jumping 
show contest. The number of penalty points to be expected when 
each rider rides any horse is shown below. 
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Table 4.53 
Rider 


Horse 


How should the horses be allotted to the riders so as to 
minimize the expected loss of the team ? 
3 [Delhi M. Sc. (Stat.) 1973) 
(Ans. H,— Rs, H9 —R,, H,—R,, H,--R;, H,—R, ; Zmn=8) 
11. Find the minimum cost solution for the 5 x5 assignment 
problem whose cost coefficients are as given below, 


Table 4.54 


TE 
ee pv 


—5 


_——————————_ 


[Roorkee М.Е. (Mech.) 1977] | 
(4ns, 1—3, 2—2, 3—5, 4—1, 5—4; Zn 528) y 
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Section 4.7-1 
12. A company has four machines on which to do three jobs. 
Each job can be assigned to one’ and only one machine. The cost of 
each job on each machine is given in the following table : 
Table 4.55 
Machine 


What are the job assignments which will minimize the cost ? 
[Madras В.Е. 1977] 
(Ans. A—W, B—X, C—Y : Z,;,—50.) 
13. Assign four trucks 1, 2, Запа 4 to vacant spaces, 7, 8, 9, 
10, 11 and 12 so that the distance travelled is minimized. The 
matrix below shows the distance. 


Table 4.56 


(Ans. 7-3, 8—2, 9—1, 124 wi, 12) 
„= 
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Section 47.2. 

14, A department has four subordinates and four tasks to be 
performed. The subordinates differ in efficiency and tasks differ in 
their intrinsic difficulty. The estimates of the profit in rupees each 
man would earn is given in the effectiveness matrix,- How should the 


tasks be allocated, one to each man, soas to maximize the total 
earnings ? 


Table 457 
Task 
5 6 T 8 
1 5 40 | 2 | 5 
Subordinate 2 25 35 30 25 
1 


4 15 5 30 


15. A company has five jobs to be done, The following matrix 
shows. the return in rupees of assigning ith machine ($21, 2,..., 5) to 
the jth job (j=1, 2,..., 5). Assign the five jobs to the five machines 
80 as to maximize the total expected profit, 

Table 4.58 


Job 


t2 


Machine 5 


sit fe |e 


г | в 


[Bombay B.Sc. Stat.) 1974, 
(Ans. 1—3, 2—5, 3—4, 4—2, 5—1, Zmaz= 50) 
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16. The owner of a small machine shop has four machinists 
available to assign to jobs for the day. Five jobs are offered with the 
expected profit in rupees for each machinist on each job being as 
follows. Find the assignment of machinists to jobs that will result in 
a maximum profit. Which job should be declined ? 


Table 4:59 


2 | 7-10 | 840 6-10 7-30 | 5-90 
Machinist 

3 | 8-70 Е | 11-10 7-10 [s10 

4 | 4-80 | 6-40 8:70 7:70 | 8:00 


(Delhi M.B.A. 1976) 


17. The owner of a smallmachine shop has four machinists 
available to assign to jobs for the day. Five jobs are offered with 
expected profit for each machinist on each job as follows : 


Table 4-60 
Job 
A B C D' E 
| 
1| 62 | 78 | 50 He 82 
Ente темя ic ue o hosti Bosse 
o n | se| з | s 
Machinist к ———— 
3| 387 | 92 mo | 81 
UU ШЕМА ACRES ae Set s 
4| 48 64 Zr 
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Find by using the assignment method, the assignment of 
machinists to jobs that will result in maximum profit. Which job 


should be declined ? [Madras B.E. Mech. 1977] 
Section 4-7.3. : 
18. Consider the problem of assigning five operators to five 
machines. The assignment costs are given in table 4 61. 
Table 4-61 
Machine 
M M, M, M M, 
Al 7 7 es 8 
B| 9 | 6 4 5 6 
I us Oti. Pop "lobis / 
= 5 


Operator C| n 5 | 7 | 


D| 9 4 


E| 8 AE 


Operator A cannot be assigned to machine M, and operator C 
cannot be assigned to machine M, Find the optimum assignment 
schedule, 

19. Consider 
machines. The assign 


the problem of assigning 5 operators to 5 
ment costs are given below, 


Table 4-62 f 
Machine | 
J 2 3 4 5 
E| 8 зв | Eres 
2! 4 2 3 | 4 y 
Operator ——— UE 
Salo ce NS | = | p 
4 7 2 6 " | 2 
Low es Gs 5 7 9 1 | ; 


Assignment Model 283 


Operator 1 cannot be assigned to machine 3 and operator 3 
cannot be assigned to machine 4, Find the optimal’ assignment 
schedule, [Pb. Univ. Mech. Engg. April, 1977] 

20. An airline that operates seven days a week has time-table 
as shown below. Crews must have a minimum layover of 5 hours 
between flights. Obtain the pairing of flights that minimizes layover 
time away from home. For any given pairing, the crew will be based 
at the city that results in smaller layover. 


Table 4-63 


Delhi — Jaipur Jaipur — Delhi 
Flight No. Depart Arrive Flight No. Depart Arrive 


1 7:00 A.M. 8-00 A.M. 101 800 A.M. 915 A.M. 
2 8-00 A.M. 9:00 A.M. 102 8-30 A.M. 945 A.M. 
3 1:30 Р.М. 2:30 P.M. 103 12:00 Noon 1-15 P.M. 
4 6.30 Р.М. 7:30 P.M. 104 5-30 P.M. 6-45 P.M. 


For each pair also mention the town where the crew should be 

based. [Agra M. Stat. 1974] 

(Ans. 3—101, 4—102, 1—108, 2.—104; Zmin= 52-5 hrs.) 

21. Ar air line that operates between Delhi (A) and Chandigarh 

(B) has the time-table as shown in table 4-64. Crews must have a 

minimum layover of 5 hours between flights. Obtain the pairing of 

flights that minimizes layover time away from home. Note that crews 

flying from A to B can be based either at A or at B. For any given 

pairing they will be based at the city that results in the smaller lay- 
over, 


Table 464 
Delhi — Chandigarh 


Flight number Departure Arrival 
1 6-00 A.M. 7:00 A.M. 
2 7-30 A.M. 8-30 A.M. 
3 10:30 A.M. 11:30 A.M. 
4 2:00 P.M 3-00 P.M. 
5 6-00 P.M. 7-00 P.M. 
6 11:30 P.M. 0-30 A.M. 
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' "Chandigarh — Delhi 


Flight number Departure Arrival 
101 8:00 A.M. 9 15 A.M. 
102 9 00 A.M. 10-15 A.M. 
103 11:30 A.M. 0:45 P.M. 
104 3-00 P.M. 4-15 P.M. 
105 7:30 P.M. 8:45 P.M. 
106 10-00 P. M. 11-15 P.M. 


22. A company has four territories open’ and four salesmen 
available for assignment. The territories are not equally rich in their 
sales potential ; it is estimated that a typical salesman operating in 
each territory would bring in the following annual sales : 


> Table 4.65 
Territory Annual sales (Rs.) 
I 60,000 
п 50,000 
III 40,000 
IV 30,000 


The four salesmen are also considered to differ in ability ; it is 
estimated that working under the same conditions, their yearly sales 
will be proportionately as follows : 


Table 4.66 
Salesman. Proportion 
im. 
B 5 
RW PR cu: 

| 
D | 4 


If the criterion is maximum expected total sales, the intutive 
answer is to assign the best salesman to the richest territory, the next 
best salesman to the second richest, and so on. Verify this answer 
by the assignment technique. [Meerut M. Sc. (Stat.) 1971] 
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23. (a) State mathematical model of assignment problem. 


(b) The personnel manager of a medium size company decides 
to recruit two employees D and Ё ina particular section of the 
origanisation. The section has five fairly defined tasks 1, 2, 3, 4 and 
5; and three employees A, В апа С are already employed in the 
section. Looking to the rather specialised nature of task 3 and the 
special qualifications of the recruit D for task 3, the mÉnager decides 
to assign task 3 to employee D and then assign the remaining tasks 
to remaining employees во as to maximize the total effectiveness. 
The index of effectiveness of each employee for different tasks is as 
under. 


Table 4.67 
Task 
1 2 3 4 
A| 25 | 5b | 60 45 30 
B| 45 65 | 55 35 


Е рне o | s |w 


Assign the tasks for maximizing total effectiveness. Critically 
examine whether the decision ofthe manager to assign task 3 to 
employee D was correct, [Gujarat Univ. B.E. April, 1976] 


3 


Sequencing models and Related 
Problems 


This chapter deals with the situations in which the effectiveness 

measure (time, cost, distance, eto.) is a function of the order or sequ- 

‚ ence of performing a series of jobs (tasks). The selection of the appro- 

priate order in which waiting customers may be served is called 
sequencing. Sequencing problems can be classified in two groups : 


1. In the first group, there are n jobs to be performed, where 
each job requires processing on some or all of m different machines. 
The order in which these machines are to be used for processing each 

- job as well as the expected or actual processing time of each job on 
each of the machines is known, We can also measure the effectiveness 
for any given sequence of jobs at each of the machines and we wish 
to select from the (n !)m theoretically feasible alternatives, the one 
which is both technologically feasible and optimizes the effectiveness 
measure (e.g., minimizes tho total elapsed time from the start of the 
first job to the completion of the last job as well as idle time of 
machines), A technologically feasible ‘sequence is one which satisfies 
the constraints (if any) on the order in which each job must be 
performed through the m machines. The technology of manufacturing 
Processes renders many sequences technologically infeasible. For 
example, a part must be degreased before it is painted ; similarly, 

- a hole must be drilled before it is threaded. à 

Although, theoretically, it is always possible to select the best 
sequence by testing each one ; in practice, it is impossible because of 
the large number of computations involved. For example, if there 
are 4jobs to be processed at each of the 5 machines (ien n=4 
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and 72.5), the total number of theoretically possible differcut 
sequences will be (4 !)5—7,962, 624. Of course, as already said, 
some of them may not be feasible because the required operations 
must be performed in a specified order. Obviously, any technique 
which helps us arrive at an optimal (or at least approximately so) 
sequence without trying all or most of the possibilities will be 
quite valuable. 

2. Тһе second group of problems deals with job shops having 
a number of machines and a lis& of tasks to be performed. Each 
time a task is completed by a machine, the next task to be started on 
it has got to be decided. Thus the list of tasks will change as fresh 
orders are received. 

Unfortunately, both types of problems are intrinsically difficult. 
While solutions are possible for some simple cases of the first type, 
only some empirical rules have beon developed for the second type. 
till now. 

A few situations where sequencing models have been success- 
fully applied are given in the next section. 

51. Examples on the Applications of Sequencing Models 


EXAMPLE 5.1-1. (Processing n jobs through two machines) : 


A machine operator has to perform two operations, tutning and: 
threading, on a number of different jobs. The time required to 
perform these operations (in minutes) for each job is known. 
Determine the order in which the jobs should be processed in order to 
minimize the total time required to turnout all the jobs. 


Table 5:1. 
Job Time for turning Time for threading 
(minutes) (minutes) 
1 3 8 
2 12 10 
3 5 9 
4 2 6 
5 9 3 
6 11 1 


Example 5.1-2: (Processing n jobs through three machines) : 

If an additional operation of knurling is also included, what 
should be the order of processing the jobs so as to minimize the tota 
time required to turn out all the jobs ? Table 5-2 represents the 
given data. 
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Table 52. 


Job Time for Time for Time for 
turning threading knurling 
(minutes) (minutes) (minutes) 

1 8 13 

2 12 6 14 

3 5 4 9 

4 2 6 12 

5 9 3 8 

6 11 1 13 


EXAMPLE S513 (Processing two jobs through m machines) : 
Using graphical method, caleulate the minimum time needed 
to process job 1 and 2 on five machines, A, B, C, D and E ie. for 
each machine find the job which should be done first. Also calculate 
the total time needed tg complete both jobs. 
Ф 


! Table 5.3 
Job 1 Sequence А B С D E 
Time 1 2 3 5 1 
(Ars.) 
Job 2 Sequence [9] А р Е В 
Time (hrs.) 3 4 2 1 5 


52. Sequencing Probiems 

In sequencing problems, there are two or more customers to be 
Served (or jobs to be done) and one or more facilities (machines) 
available for this purpose. We want to know when each job is to begin 
and what its due date is. We also want to know which facilities 
are required to do each job, in which order these facilities are requir- 
ed and how long each operation is to take. 

Sequencing probleni$ have been most commonly encountered 
in production shops where different produets are to be processed 
over various combinations of machines. 

However, sequencing problems can arise even where only óne 
service facility is involved, for example, a number of programs 
waiting to get on a coraputer or a number of patients waiting for a 
doctor. 

The following simplifying assumptions are usually made while 
dealing. with sequencing problems : 

(3) only one operation is carried out on a machine at а 
particular time. 

(ii) each operation, once started, must be completed. 

(їй) an operation must be completed before its succeeding 

operation can start. Ё 
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(iv) only one machine of each type is available. 
(v) а job is processed as soon as possible, but ine in the 
order specified. 

(vi) processing times are independent of order of eem 

the operations. 

(vii) the transportation time $.e., the time required to trans. 

port jobs from one machine to another is negligible, 
(viii) jobs are completely known and are ready for processing 
when the period undef consideration starts. 
53. Processing each of n Jobs through m Machines 

Let there be n jobs (1, 2, 3,...,2), each of which has to be 
processed, one at a time, on each of m machines (A, B, C,.:..) The 
order of processing each job through the machines is given (for 
example, job 1 is processed on machines A, C, B, in this order). Also, 
the time required for processing each job on each machine is given. 
The problem is to find among (n !)" possible sequences, that techno- 
logically feasible sequence for processing the jobs which gives the 
minimum. total elapsed time for all the jobs. 

Symbolically, 

Let A;=time required for job i on machine A, 

B,=time required for job i on machine В, etc,; and 
T=total elapsed time for jobs 1, 2,..,» i,e., time from 
start of the first job to completion of the last job. 

The problem is to determine a sequence (i, ty,..0%,) Where 
(0, tg) «++ ty) ів а permutation of integers (l, 2,..., n). which wiil 
minimize T, 

Analytic methods have been developed for solving only four 
simple cases : 

(1) т jobs and two machines A and В; all jobs processed in 
the order AB ; other limitations described in section 5:4, 

(2) n jobs and three machines A, B and C ; all jobs processed 
in the order ABO, other limitations described in section 5.5. 

(3) two jobs and m machines; each job to be processed 
through the machines in a prescribed order, not necessarily the same 
for both jobs. 

(4) n jobs and m machines A, B, C,.... К ; all jobs processed in 
the order ABC...K, other limitations described in section 5-7. 

5-4. Processing n Jobs through two Machines 
This sequencing problem is completely described as follows : 
19-0.P. 
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(i) only two machines are involved, A and B, 
(ii) each job is processed in the order AB, and 
(iii) the actual or expected processing times Ау, А,,..., An; 
By, Ba...» B, are known and represented by a table of 
the type shown below. 
Table 5.4 


Machine times for n jobs and two machines 


Jobs i A B 
1 А, В, 
2 А, B, 
3 As B; 
i р 
i A; В; 
n An B, 


The problem is to determine the sequence (order) of jobs which: 
minimizes T, the total elapsed time from the start of first job to the 
completion of last job. 

It can be shown that the shortest elapsed time occurs when all 
jobs are processed on the two machines in the same order. The solu- 
tion procedure given below (without proof) is due to S.M. Johnson 
and В. Bellman. 1t consists of the following steps : 


Step 1: Examine the columns for processing times on 
machines A and B and find the smallest value [Min (A;, B;)]. 


Step 2: If this value falls in column A, schedule this job first 
оп machine A. [If this value falls in column B, schedule this job 
last on machine A (because of the given order AB). If there 
are equal minimal values (there is tie) опе in each column, 
schedule the one in the first column first on machine A; and the 
one in the second column, last on machine A. If both equal values 
are in the first column (A), select the one with lowest entry in column 
В first. Ifthe eqhal values are in the second column (B), select 
the one with the lowest entry in column A first. 

Step а: Cross out the job assigned and continue the process 
(repeat steps 1 and 2), placing the jobs next to first or next to last 
till all the jobs are ordered. The resulting sequence will minimize T. 
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Some important assumptions made while following the above 
‘solution procedure are 

(i) it is assumed that the order of completion of jobs has no 
significance ie., no product is required more urgently than the 
other, 

(ii) it is assumed that in-process storage space is available 
and that the cost of in-process inventory is either same for each 
job or is too small to be considered. This assumption, however, is 
correct only for processes involving short duration. For longer 
processes, inventory cost must be considered, 

EXAMPLE 54.1: Solve example 5:1-1. 
Solution: Table 5:1 is again presented below as table 5:5. 


Table 5:5 
Job Turning time Threading time 
(minutes) (minutes) 
Seen ee SS a ee en LODS. US 
1 3 8 
2 12 10 
3 5 9 
4 2 6 
b 9 3 
6 11 1 


The solution procedure is described below. 

By examining the columns, we find the smallest value. It 
is threading time of l minute for job 6 in second column. Thus 
we schedule job 6 last'as shown below 

Кроу ша а fid aga а LL 
E 


The reduced set of procëssing times becomes 


Job Turning time Threading time 
(minutes) (minutes) 

1 3 8 

2 12 10 

3 5 9 

4 2 6 

5 9 3 


The smallest value is turning time of 2 minutes for job 4 in 
Thus we schedule job 4 first as shown below. 


m MEA esr ВО 


first column. 


Operations Research : An Introduction j 


292 
- Тһе reduced set of processing times becomes / 
Job Turning time Threading time | 
(minutes) (minutes) 
1 3 8 
2 12 10 
3 5 9 
9 3 


5 
There are two equal minimal values ; turning time of 3 minutes for 


job 1 in first column and threading time of 3 minutes for job 5 in 
second column. According to the rules, job 1 is scheduled next to 
job 4 and job 5 next to job 6 as shown below. 


И | ESEN 


The reduced set of processing times becomes 


Job Turning time T'hreading time 
(minutes) (minutes) 

2 12 10 

3 5 9 


„ш —————————— 
The smallest value is turning time of 5 minutes for job 3 in first 
column, Therefore, we schedule job 3, next to job 1 and we get the 
optimal Sequence a8 

i bg $45 еб] 
Now we can calculate the elapsed time corresponding to the optimal 
sequence, using the individual processing times given in the problem. 

_ The details are shown in table 5:6. 


Table 5:6 
Job Turning operation Threading operation 
Time in Time out Time in Time out 
Ta Le EO ot CER as T vie LUAM 
1 2 5 8 16 
3 5 10 16 25 
2 10 22 25 35 
5 22 31 35 38 
6 31 42 42 43 


DU ш LL E 
Thus the minimum elapsed time is 43 minutes. Idle time for 


turning operation (m/c) is 1 minute (from 42nd minute to 43rd 
minute) and for threading operation (m/c) js 244—6 minutes 
(from 0—2 and 38—42 minutes). 
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ЕХАМРІЕ 5.4-2 


There are seven jobs, each of which has to go through the 
machines A and B inthe order AB. Processing times in hours are 
given as 


Job : 1 2 WX UU 5 6 

Machine A : 3 12 1551556 10 п 9 

Machine В : 8 10 10 6 12 pie wa 

Determine a sequence of these jobs that will minimize the total 
:elapsed time Т. [Meerut M.Sc. (Math.) 1978] 

Solution. 

By examining the processing times we find the smallest value. 


It is 1 hour for job 6 on machine B. Thus we schedule job 6 last as 
‘shown below. 


СЕЕ 


The reduced set of processing times becomes 
Job: 1 2 3 4 5 7 


Machine A; 3 12 15 6 10 9 
Machine B : 8 10 10 6 12 3 


There are two equal minimal values ; processing time of 3 hours 
for job 1 on machine A and processing time of 3 hours for job 7 on 
machine B. According to rules, job 1 is scheduled first and job 7 next 
to job 6 as shown below. 


e i qe —— 
| 

: E 

The reduced set of processing times becomes 

Job: 2 3 4 5 

Machine A: 12 15 6 10 

Machine В : 10 10 6 12 


Again there are two equa] minimal values; processing time of 
6 hours for job 4 on machine A'as well as on machine B. We may 
choose arbitrarily to process (schedule) job 4 next to job 1 or next to 
job 7. Let us schedule this job next to job 1 as shown below. 


6 


[am deis: 


vs 
294 Operations Research : An Introduction 
The reduced set of processing times becomes’ 
Job: 2e. 8 5 
Machine А : 12 15 10 
Machine B : 10 10 12 
There are three equal minimal values: processing time of 10 
hours for job 5 on machine A and for jobs2 and 3 on machine B. 
According to rules, job 5 is scheduled next to job 4 and job 2 next 


to job 7. The remaining job 3is entered in the remaining cell i.e., 
next to job 2. Тһе optimal sequence is shown below. 


[еа [а [е 


Now we can calculate the elapsed time corresponding to the 
optimal sequence, using the individual processing times given in the 
problem, The details are shown below in table 5.7. 


Table 5.7 
Machine A Machine B Idle 
Job ———— time for 
Time in | Time out | Time in | Time out qd 
Е 0 3 3 11 3 
* 3 9 n 17 0 
5 9 19 19 31 2 
3 19 | 34 34 44 3 
2 34 46 46 56 2 
7 46 55 56 59 0 
6 55 66 66 67 7 


Thusthe minimum elapsed time is 67 hours. Idle time for 
machine A is 1 hour (66th-67th hour) and for machine B is 17 hours. 


E 
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5.5. Processing » Jobs through three Machines 

"This sequencing problem is completely described as follows : 

(i) only three machines A, B and C are involved, 

(ii) each job is processed in the prescribed order ABC, 

(iii) no passing of jobs is permitted (i.e., the same order over 
each machine is maintained), and 

(iv) the actual or expected processing times Á, Aa... Ani В, 
By,..., B, and Оу, C2,..., C, are known and represented by a table of 
the type shown below. 


Table 5:8 
Machine times for n jobs and three machines 

Job A B с 
1 А; В; €, 
2 A, B, €, 
3 A; B; Cs 
i А, Bi [2^ 
n An By Cy 


The problem, again, is to find the optimum sequence of jobs which 
minimizes T. 

No general solution is available at present for such a case. 
However, the method of section 5-4 can be extended to cover the 
special cases where either one or both of the following conditions hold 
good (if neither of the conditions holds good, the method fails) : 

(1) the minimum time on machine A is > maximum time on 
machine B, and 
(2) the minimum time on machine C is > maximum time on 

machine B. 

The method, deseribed here without proof, js to replace the 
problem by an equivalent problem involving n jobs and two machines. 
These two (fictitious) machines are denoted by G and H and their 
corresponding processing times are given by 

G;— A; Bi, 

Hi—B; Ci. 4 
If this new problem with the prescribed order GH is solved by the 
method of section 5-4, the resulting optimal sequence will also be 


optimal for the original problem. 


f. 


й 
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EXAMPLE 5-5-1. 
; Solve example 5.1-2, 
Solution. 
Table 5-2 is again presented below as table 5-9. 
Table 59 
Job Time for turning T'ime for threading Time for 
(minutes) (minutes) knurling 
(minutes) 
1 3 8 13 
2 12 6 14 
3 5 4 9 
4 2 6 12 
5 9 3 8 
6 п 1] 13 


Here, min 4,—2, max B;=8, and min C;=8. Since min C; «max Bi, 
we can solve this example by the procedure described in section 5:5. 
The equivalent problem involving 6 jobs and two fictitious 
operations G and H becomes 
Processing times for 6 jobs and two fictitious operations 


Lon Lr DS A SERRE Ss USUS IE er GIGS ROCK td НЕР ЖАННА АНЫШ РЕНИШ 
Job G,=Turning + Threading H;=Threading+ Knurling 


(minutes) (minutes) 
SSS TREES Y PS Ss ene Y PORTE Say 
2 18 20 
3 9 13 
4 8 18 
5 12 11 x 
6 12 14 


n—— YY———À——— P 
| Examining the columns Gi and Hj, we find that the smallest value 
is 8 under operation G; in row 4. Thus we schedule job 4 first as 


shown below. 
D ts 


L| 


The reduced set of processing times becomes 


Job Gi Н; 
1 1i 21 
2 18 20 
3 9 13 
5 12 п 
6 12 14 
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The next smallest value is 9 under column G; for job 3. Hence we 
schedule job 3 as shown below. 


4 


ЈЕ 


| __—— 
"The reduced set of processing times becomes 


Job Gi Hi 
1 11 21 
2 18 20 
5 12 11 
6 12 14 


There are two equal minimal values, processing time of 11 minutes 
under column G; for job 1 and processing time of 11 minutes under 
column H; for job 5. According to the rules, job 1 is scheduled next 
to job 3 and job 5 is scheduled last as shown below. 


EAE ES 


tt 
The reduced set of processing times becomes 


Job Gi H; 
2 18 20 
6 12 14 


"The smallest value is 12 under column G; for job 6. Hence we schedule 
job 6 next to job 1 and the optimal sequence becomes 


4 3 1 6 2 5 


Now we may calculate the elapsed time corresponding to the 
optimal sequence, using the individual processing times given in the 
problem. The details are shown in table 5-10. 


Table 5.10 


SS ay Te ae a EE Se ee 
Job Turning operation Threading operation Knurling operation 
Timein Timeout Timein Time out Timein Timeout 


4 0 2 2 2 8 - 
3 2 7 8 12 20 а 
1 7 10 12 20 29 42 
6 10 21 21 22 42 Бб 
2 21 33 33 39 55 69 
5 33 42 42 45 69 7 
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Thus the minimum elapsed time is 77 minutes, Idle time for turning 
operation is 77—42—35 minutes, for threading operation is 
2-E14-114-134-(77 —45)—17 +32=49 minutes and for knurling 
operation is 8 minutes. 
EXAMPLE 5-5-2 

"There are five jobs, each of which is to be processed through 
three machines A, B, and С inthe order ABC. Processing times in 
hours are 


Table 5-11 
Job A B C 
1 3 4 7 
2 8 5 9 
3 7 1 5 
4 5 2 6 
5 4 3 10 


Determine the optimum sequence for the five jobs and the minimum 
elapsed time. 

Solution. 

Here, min 4;—3, max B;=5, and min C,—5. Since min 
С;= тах Bi, we can solve this example by the procedure described in 
section 5:5. 

The equivalent problem involving 5 jobs and two fictitious 
machines G and H becomes 

Machine times for five jobs and two machines 


Job G H 
(@:= Ai4- Bj) (Hi=B;+.0,) 
рн — — up EL 
2 13 14 ^ 
: : 
Б 8 


7 13 
Examining the columns 6; and Hi, we find that the smallest value of 


machining time is 7 (hrs.) under column G; for jobs 1, 4 and 5, Since 
аЛ {һе values are in the same column Gi, we schedule job 4 first 
since it has lowest entry 8 in column Hi, job 1 nextas it has next 
higher entry 11 in column H; and job 5 next to job 1 since it has still 
higher entry 13 in column H;. This is shown below. 


ELS Iu 


The reduced set of machining times becomes 
Job Gi H 
2 13 14 
3 8 6 


4 


COE лч = 
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"The smallest. value is 6 (hrs) in column H; for job 3. Thus we 


schedule job 3 lasc and the optimum sequence becomes 


2 des 


4 1 5 


Obviously, the other optimal solutions, because of ties will be 


2 


4 | 5 | s 


to 
wo 


1 5 4 | 


nnm 


and 


ваа 3 


The minimum elapsed time сап now be calculated corresponding to 
the first optimal sequence using the individual machining times given 
in the problem. The details are shown in table 5.12. 


Table 5:12 
Job Machine A Machine B Machine Q 
Time in Time out Timein Time out Time in Time out 
4 0 5 5 7 7 13 
1 5 8 8 12 13 20 
5 8 12 12 15 20 30 
2 12 20 20 25 30 39 
3 20 27 27 28 39 44 


Thus minimum elapsed time is 44 hours, idle time for machine A is 
44--27—17 hours, for machine B is 54-1+5-+-24(44—28)—29 hours 
and for machine C is 7 hours. А 
5.6. Processing two Jobs through т Machines 

Let us consider the following situation : 

(a) there are т machines, denoted by A, B, O, ..., К, - 

(b) only two jobs are to be performed : job 1 and job 2, 
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/ 

(c) the technological ordering of each of the two jobs through m 

machines is known. This ordering may not be the same fór 
both jobs. Alternative ordering is not permissible for either 
job. 

(d) the actual or expected processing times 41, By, 04,...,K;, 

А», Bz, Cy, ..., К, are known, and 

(e) each machine can work only one job at a time and storage 

space for in-process inventory is available. 

The problem is to minimize the total elapsed time T i.e., to 
minimize thetime from the start of first job to the completion of 
last job. 

Я Such a problem can be solved by graphie method which is simple 
and provides good (though not necessarily optimal) results, This 
method will be explained with the help of an example. 

EXAMPLE 5-6-1, 

Bolve example 5-1.3, 

Solution. 

Table 5-3 is reproduced as table 5:13 below. 


Table 5-13 
Job 1 Sequence A E 


B7410 D 
Time (hrs.) 1 2 3 5 1 
Job 2 Sequence Cc A D E B 
Time (hrs.) 3 4 2 1 5 


The graphie procedure is described with the help of following 
Steps : 
Step 1 
Draw two axes at right angles to each other. Represent pro- 
cessing time on job 1 along horizontal axis and processing time on job 
2 along vertical axis. 
Step 2 
Layout the machine times for the two jobs on corresponding 
axes in the given technological order. This is shown in figure 5-1. 
Step 3 
Machine 4 requires 1 hour for job 1 and 4 hours for job2. A 
rectangle LMNP is, thus, constructed for machine 4, Similar 
rectangles are constructed for machines B, C, D and E as shown, 
Step 4 
Make a program by starting from origin (0) and moving through 
the various stages of completion (points) till the point marked ‘finish’ 
is reached. Choose path consisting only of horizontal, vertical and 
45° lines. A horizontal line represents work on job 1 while job 2 
remains idle; a vertical line represents workon job 2 while job 1 
‘remains idle and a 45° line to the base represents simultaneous work 


on both jobs. 


Di amm 
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Step 5 
Find the optimal path (program). An optimal path is one that 
minimizes idle time for job 1 (horizontal movement). Likewise, an 


{2345 67 89 10 f 12°13 14 


sd ef bale Trl УЕ cc pe redes 


JOB d er 9 


Fig. 51. Graphic solution of 2 job and 
5 machine problem. 
optimal path is one that minimizes idle time for job 2 (vertical 
movement). Obviously, the optimal path is one which coincides with 
45° line to the maximum extent. 

Further, both jobs cannot be processed simultaneously on one 
machine. Graphically, this means that diagonal movement through 
the blocked out areas is not allowed. 

‘A good path, accordingly, is chosen by eye and drawn on the 
graph. 

Step 6 

Find the elapsed time. It is obtained by adding the idle time 
for either job to the processing time for that job. The idle time for 
the chosen path is found to be 3 hours for job 1. 

{ Total elapsed time =1243(=15-+0)=15 hours. 

5.7. Processing n Jobs through m Machines 


This sequencing probleni is described as follows : 


(i) there are jobs to be performed, denoted by 1, ә 


1:35 ЕТИ 5 


РА 
- 
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(ti) there are m machines, denoted by A, B, C, ..., К. 


(tit) each job is to be processed in the prescribed order 
ABC ... K. 


(tv) no passing of jobs is permitted (?.е., same order over each 
machine is maintained). 


(0) the actual ог expected processing times A, Ag, ...., Ap, 
ББ ВЕ Oi Onset: Сака. K, are known 
and represented by a table of the type shown below, 


Table 5.14 
Machine times for n jobs and m machines 
Job A B C POAR 
1 A B, Oy ARS 
2 Ay B, Oy. ОКЕ; 
3 As В, C, К, 
i A BARON A Tk, 
n an Bac ОАК, 


The problem, as before, is to find the optimum Sequence of jobs 
which minimizes T. 

+ No general solution is available at present for such a case. 
However, the method of section 5.5 can be applied (extended) to 
Cover the special cases where either one or both of the following 
conditions hold gold (if neither of the conditions hold good, the 
method fails) : 

(0 the minimum time on machine A is 2 maximum time on 
machines B, C, „ө K—I, 

(vi) the minimum time on machine К is 2 maximum time on 
machines B, C, ..., K—1, 


The method is to replace the m machine problem by an 
equivalent two machine problem. These two (fictitious) machines are 
denoted by a and b and their corresponding processing times are 
given by 

0;— Àj J- Bi4- ...... T(K— 1) 
b; Bi C; ...... +(K—1);+K;. 

Tf this new problem with the prescribed order ab is solved by 
the method of section 5.5, the resulting optimal sequence will also be 
optimal for the original problem. 


" ч C ee eee 
ee 


ul 
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Further, if 
Bj4-Ci4-... - (K—1);— 5, 
where kis a fixed positive constant for all jobs (i—1, 2, 3,..., n), 
thenthe given problem can be solved simply as n job two machine 
problem (where the two machines are А and К in the order AK) ав 
per the method of section 5.4. 


EXAMPLE 57.1 
Four jobs 1, 2, Запа 4 are to be processed on each of the five 
machines A, B, C, Dand E in the order ABCDE. Find the total 


minimum elapsed time if no passing of jobs is permitted. 


Table 5.15 


Solution. : 

Here, min А;=5, шіп E;—6 and max (Bi Ci, р;)=6, 5, 6 
respectively. Since min E;=max (B; Dj we can solve this 
problem by the procedure described in section 5*7. 

The equivalent problem involving 4 jobs and 2 fictitious 
machines a and 6 becomes 


‚йы ир ане Spe ee UNE 
Job Machine a Machine b 
1 17 19 
2 21 25 
3 20 23 
4 16 14 
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Examining the columns we find that the optimal sequence ів 


1 3 


2 


4 


Now we may caleulate the total elapsed . time corresponding to 
the optimal sequence, using the individual processing times given in 
the original problem. The details are shown in table 5.16. 


Table 5-16 
Job A B [^] D E 
1 0—7 7—12 | 12—14 | 14—17 | 17—26 
3 7—12 | 12-16 | 16—21 | 21—27 | 27—35 
2 |12—18 | 18—24 | 24—28 | 28—33 | 35—45 
4 |18—26 | 26—29 | 29—32 | 33—35 | 45—51 


Thus the minimum elapsed time is 51 time units. Machines 
A, B, С, D and E remain idle for 25, 33, 37, 35 and 18 time units 


respectively. 
EXAMPLE 57.2 


Four jobs 1,2, 3 and 4 are to be processed on each of the four - 
machines A, B, C and D in the order ABCD, The processing times 
in minutes are given in table 5:16. Find, for no passing, the 


minimum elasped time, 


Table 5:17 
M O n 


1 58 14 
rum 
ПЕТЕ 
PEE 
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Pm 
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ы Solution. 

Here, min A;=28, min D;-32 and max (B, C:)=16, 18 
respectively. Since min (Aj, D;)»max (B; Сү), we can solve this 
problem by the procedure described in section 5-7. The problem can 
be converted into a four job and two machine problem. 

Further, since B,--C, — B, -C, - Bs+C;=B,+C,=28, a fixed 
positive constant, the given problem reduces to that of finding the 
optimal sequence for4 jobsand 2 machines A .and D in the order 
AD. Machines B and C do not have any effect on the optimality of 
the sequence. 


Examining columns A and D only, the optimal sequence is 


given by 
| гы e | 4 


Now we may calculate the total elapsed time corresponding to 
the optimal sequence, using the individual processing times given in 
the original problem. The details are shown in table 5.17 a. 


Table 517a 


Job A B с D 


3 0—28 | 28—40 40 - 56 56 —100 
2 |28—88| 58—68 68—86 | 100—132 
1 |58—116| 116—130 | 130—144 | 144—192 
4 |116—180| 180—196 | 196—208 | 208—250 


[SHE une XOT US Роа 

Thus the minimum elapsed time is 4 hrs. 10 min. Machines A, 
B, € and D remain idle for 70, 198, 190 and 84 minutes respectively. 
5.8. Approaches to More Complex Sequencing Problems 

So far, in this chapter we have considered only relatively 
simple problems. However, sequencing problems may be complicated 
by & number of conditions, Such as 

1. Overlap: Thiscan happen when a job consists of making 
a number of similar items. A few first items coming out of one 
operation тау. 20 in for second operation before remaining items in 
the lot could go in-for. the first operation, 
20 —O.R. 


* 
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2. Transportation time: It may take a considerable amount 
of time to transport the items from опе facility to another. The 
facilities may even be in different plants. 


3. Rework: This may happen if one of the operations in 
sequence is an inspection operation. The defective items may have 
to be sent back to a previous operation for reworking, causing either 
a delay or splitting the jobs into two lots, 


4, Expediting: Because of urgent demand, a particular job 
may have to be moved out of sequence and speeded up. 

5. Machine breakdown. A machine may breakdown or opera- 
tor may be absent or injured at work. 


6. Material shortages : The material required for performing 
& particular operation may run out. 


7. Variable processing time: The time required to perform 
4 certain operation may vary from shift to shift as it frequently 
happens in multi-shift operations, 


Tn addition, alternative routes for the jobs on different machines 
may be permitted where more than one machine of a given type 
exists. Moreover, machine times and/or costs may be of probabilistic 
nature. At present, each of these complex situations have to be 
treated individually and a tailor-made solution found. 


"There are two approaches for these complex situations, One 
approach is to split the problem into simpler sub.problems, each of 
which can, then, be handled by a particular technique. This 
approach, however, is open to all the shortcomings of treating a 
system in parts i.e, of suboptimization, This may lead to lower value 
of overall system effectiveness. As a rule, whenever suboptimization 
is unavoidable, because of inadequacy of available techniques, the 
operation researcher must keep his eye on the total system. 


The second approach for complex sequencing problems is the 
use of Monte Carlo Technique. This technique makes use of the 
probability distribution of the characteristics of the system such as 
processing time on each machine, availability of the machines, 
alternative routes for the jobs, more than one machine of the same 
type, variations in working pace of operators in different shifts, 
ete. 


At present, solutions to such complex sequencing problems are 
sought through simulation, The amount of computation required by 
simulation may be quite large. Hence, efforts have been made to 
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reduce the number of sequencings to be tested and also the number 
of trials required to testweach sequence. High speed electronic 
computers have been used to facilitate simulation for complex 
sequencing problems. The solution of these complex problems by 
simulation has already begun. Further developments are expected 
in near future. 

59. Routing Problems in Networks (Problems Related to 

Sequencing) 


Routing problems in networks are the problems which are 
related to sequencing problems and have been receiving increased 
attention,. Network problems occur quite often in transportation 
and communication processes. A typical network problem consists 
of finding a route from city 1 (origin) to city 2 (destination) having 
alternative paths at various stages of the journey. The cost of the 
journey — which may be measured by the time, money or distance— 
depends upon the route chosen and the problem is to find the route 
involving minimum cost, Theoretically, the solution lies in finding 
the cost associated with all the possible routes and selecting the 
best one. In practice, however, the number of these possibilities is 
too large to be tried one by one, For example, with 6 alternative 
paths the number of possibilities is 120 ; with 9 paths it increases 
to 40,320 while for 21 paths it becomes 2-4329 х 10°. Thus it is 
necessary to find a more efficient way of determining the ‘best’ 
value, 

There are many problems (other than routing) associated 
with networks. But we shall, here, deal with only two types of 
routing problems : 

]. The travelling salesman problem. 

2 Minimal path problem. 


5.10. The Travelling salesman Problem (Shortest. Cyclic 
route Models) 


There are a number of cities a salesman must visit. The 
distance (or time or cost) between every pair of cities is known. 
He starts from his home city, passes through each city once and 
only once and returns to his home city. The problem is to find the 
routes shortest in distance (or time or coat). 


If the distance (or time or cost) between every pair of cities is 
independent of the direction of travel, the problem is said to be 
asymmetrical, if for one or more ретге of cities the distance (or time 
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or cost) varies with the direction, the problem is called asymmetrical. 
For example, it takes more time to #0 up a hill between two 
stations than come down the hill between them; similarly, a flight 
may take more time against the wind direction compared to that 
in the direction of wind. 


Tf the salesman is to visit only two cities there is, of course, no 
choice. Ifthe number of cities is three (A, Band C), of which the 
starting base is A, there are two possible routes A+B+C and 
A-+C-+B. For four cities, there are 6 possible routes : 


A+B5C04D, A+B+D-+C, A«03B2D, A+C+D5B, 
A+D BC and A»+»D+C+B, 


For eleven cities there are more than 3} million possible routes ; 
in general, for n cities there are (n—1)! possible routes, It may 
be noted that since the salesman has to visit all the n cities. the 
shortest route will be independent of the selection of the starting 
city. 


ч Obvioualy, the problem is to find the best route without trying 
each one, Unfortunately, there is no analytical method which can 
be used satisfactorily, However, a few computational techniques 
for solving the problem have been suggested. 

Buch types of problems arise in the following areas o' 
management : 

1. Postal deliveries 

2, Inspection 

3, School Bus routing 

4. Television relays 

5. Assembly lines, etc. 


Consider, for example, the problem faced by a multiple product 
manufacturing firm. The firm manufactures a number of different 
products. The cost of setting up a line for a particular product 
depends upon the previous product made. The problem is to deter- 
mine the sequence of products that will minimize tho total setup 
cost, 


The travelling salesman problem (such as described above) 
appears to be related to sequencing problem but actually it is more 
similar to assignment problem with the difference that there is an 
additional.constraint, Mathematically the problem may be stated as 
follows : 
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Given Су as the cost of going from city i to city j and zy=1, 
for going directly frem i to j and zero otherwise, minimize 2; Ху Cy 
зу subject to the additional constraint that ауу is to be so chosen that 
no city is visited twice before the tour of all the cities ts completed. 

In particular, going from i directly to # is not permitted, which 
means Cy=00' It should be noted that there must be only one 
2,71 for each value of i and for each value ofj. 

The equivalent production problem is: n products are to be 
processed on а machine in a scheduled time, Tho setup cost if 
product ș is followed by j із Cy. Also zj 2l if product i is followed 
by j directly and o otherwise. Each product must be produced only 
once de., changing from o product to itself is not allowed, or the 
corresponding setup cost Овоо. 

Thus the travelling salesman problem can be put in the form 
of an assignment problem as shown in table 5-18, 

Table 518 
To City 
1 2 3 


Ls | ooo Ou | On | Oin 


2 On оо Os T Own 
3 On On 
From city 


: XR pe i 
n a [e| m| | 


The above assignment problem can be solved and it can be 
hoped that the solution will satisfy the additional constraint, If it 
does not, it can be adjusted by inspection. The method, however, 
works well for small problems only. For large problems, a more 
systematic approach, developed by J.D.C. Little and his colleagues 
is used 


EXAMPLE 5:10.1. 

A salesman wants to visit cities A, B, C, Dand E. He does 
not want to visit any city twice before completing his tour ofall the 
cities and wishes to return to the point of starting journey. Cost of 
going from one city to another (in rupees) is shown in table 5-19. 
Find the least cost route. 
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Table 519 
ANI B\ Фер» Die E 


Solution. 


First Method. The given travelling salesman problem is first 
solved as assignment problem. If this optimal solution also satisfies 
the additional constraint, it is also the optimal solution to the given 
problem ; ; if not, it can be adjusted by inspection, Reduce the cost 
matrix by subtracting the lowest element in each row from all the 

elements ofthe row. Then subtract the lowest element in each 

column (if required) from all the elements of the column till there is 

zero in every row and every column. Tables 5.20 and 5:91 result, 

' As going from А-> А, B— B, ete. is not allowed, assign a large penalty 
(cost of journcy), for ‘these cells in the cost matrix. 


Table 5-20 Table 5:21 
pee Bee C.D: E AR (Biot Os ОСЕ 


Eu 


auc е 
sjeel |], | 
non (1142 


р| 8 |^ E 
Е| 0 E |: E Ё E|0 eje lop n] o fe fo fr fæ 
Reduced cost matriz with zero кш cost matriz with zero 
$n every row $n every row and. every column 
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We now check if optimal assignment can be made in table 5.21 
on not. Proceeding as in example 4.6-2 we get table 5.22. 


Table 5:22 


This table provides an optimum solution to the assignment 
problem but not to the travelling salesman problem as it gives А» Е, 
E-A, B—0, C+D, Ю->В asthe solution which means that the 
salesman should go from A to Е and then come back to A without 
visting cities B, C and D. This violates the additional constraint 
that the salesman is not to visit any city twice before completing his 
tour of all the cities. Therefore, we now try to find the next best 
solution that also satisfies this additional constraint. The next 
minimum (non-zero) element in the matrix із 1. So, we shall try to 
bring element 1 into the solution. However, this element 1 oceurs in 
three different cells. We shall consider all the three cases until an 
acceptable solution is obtained. 


zero assignment in cell (4, E). Accordingly, zero assignment in cell 
(D, B) is changed to ‘unity assignment’ in cell (D, Е). The resulting 


Case 1. We make ‘unity assignment’ in cell (A, B) instead of 
table is shown below. 
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Table 5:23 


The resulting feasible solution is A+B, B+O, CD, D «E, 
E-.4 andit involves a cost of Rs. (2+3+44+45+41)=Rs. 15. 


Саве 2. In table 5-22 we make ‘unity assignment’ in cell 
(D, С) instead of zero assignment in cell (D, B). As a result, we have 
to make assignments in cell (B, A) instead of cell (B, C) and in cell 
(Е, B) instead of cell (Е, A). Table 5:24 results. 


Table 5:24 
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The resulting -solution із А>Ё, E>B, B+A, C+D, D>C, 
which is not feasible as it does not satisfy the additional constraint, 

Case 3. In table 5.22, we make ‘unity assignment’ in cell 
(D, E) instead of zero assignment in cell (D, B). Accordingly, zero 
assignment in cell (A, E) is changed tò ‘unity assignment’ in cell (A, B). 
The resulting table is same as table 5-23 which gives the feasible 
solution A+B, B+C, C+D, DE, ЕА with а cost Rs. 15. Hence 
the least: cost route is d+ B+C+D+E-4 with cost of Rs. 15. 


Second Method. The iterative procedure developed by Little, 
Musty, Sweeney and Karel (1963) will be used to solve this problem, 
This is called Little’s method or Branch and bound method. This 
method consists of the following steps : 


Step 1 

(i) As going from A >A, B ^B, etc, is not allowed, assign a 
large penalty (cost of journey), oo for these cells in the cost matrix, 
which we will call set S. Wo get table 5-24 shown below representing 
the cost matrix (C). 


Table 5-25 
Cc D 
5 7 
3 8 
co 4 

6 | оо Сов! matriz 

=ч Е ее ЕЦ (Cis) 

3 2 | 8 


(ii) Reduce the matriz: Subtract the lowest element in each 
row from all the elements of the row. Then subtract the lowest ele- 
ment in each column (if required) from all the elements of the column, 
till there is a zero in every row and every column. The total reduc- 
tion r is the sum of the elements subtracted. We call the reaulting 
matrix as (С). 
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Table 5-26 


Reduced cost matriz with zero in every row 


Table 5:27 
A B c D E 
A oo 1 3 6 0 
B 4 co 0 6 0 


a 
Ф 
e» 
8 

© 
es 


e 
© 
© 
= 
8 

= 


El 
© 
ty 


(Vibe 7 со 


Reduced cost matrix (C'i) with zero in every 
row and every column 
1 Total reduction r—(14-2-E-4-4-4--1)4-12124-1—13. 
Step 2 
Find the penalty of not using each zero cell in (C’y). We argue 
that if we do not use the link (h, Л), we must use other element in row 
hand some element in column k. Thus the cost of not using (h, E) is 
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atleast equalto the sum of the smallest element in row В and the 
smallest element in column k. These penalties have been recorded 
in the top left corners of the zero cells in table 5-28- 


Table 5.28 


Is] 
w 
t 
© 
- 
8 


For example, consider zero in cell (A, E). The sum of smallest. 
elements in row A and column Е [excluding zero in cell (A, E)] is 
14+0=1. For cell (B, С), the sum is=0+0=0 and for cell (C, D), the 
sum is —3 4-6 —9 and so on. 


Step 3 

Let (h, k) be the zero entry with the highest penalty, In case 
of tie, select arbitrarily. We now divide the given set S into two 
subsets : S (h, k) which contain the link (4, k) and S (5; X), which do 
not contain the link (л, k). We next calculate lower bounds on the 
costs of all routes in each subset. 

We know that if (h, Ё) is not used, in addition to the reduction 
r, there willbe cost of at least Pax. Therefore, the lower bound 0 
(i,k) is given by s 

O(k, k) =" 4- Phr- 

In the example r=13 and Рш=9 - 0 (6,0) 134-9— 22. 

.. Total cost of the route not containing the highest penalty 
link=6 (0, D)=22. 
Step 4 

Find the total cost of route containing the highest penalty lin Ў 
i.e., lower bound for S(h, k). This is done as follows : 
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We observe that if we use the link (h, k), we cannot use the 

link (k, В); for, if we use (h, k) and (b, Л) we would go from h to k 

and back toh without visiting other cities. We avoid the use of (k, A) 

by assigning a very heavy cost i.e. O'g, = оо. Moreover, if we use (Л, k) 

we will not use any other link in row and column k. This is ensured 

by deleting row В and column k. In the remaining matrix we select 

our element from each row and column so that the cost will be 

at least the amount by which the remaining matrix can be reduced. 

| Let this be raz. Then the lower bound 6 (h, k) for S(h, k) is given by 
8 (h, k)- r4 т. 


In the example, C’/pc=oco and we delete row C and column D. 
The resulting matrix can be reduced by only zero, giving 0 (€, D)= 
134-0—13. 


The results obtained in steps 3 and 4 are recorded in figure 5:2. 
(3 


/ 13+9=22 13+0=13 
ecco ө сс,0) 


Fig. 52 


Table 5:29 "Table 5:30 
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Step 5 


Find out of @ (б, D) and 6(C, D), the one which is lower for 
further partitioning the subset S (h, й). If Ө (C, D) is lower, return 
to step 2 and repeat it on the cost matrix obtained in step 4 (table 
5-30). If@ (С, 0) is chosen, return to the original reduced matrix 
(of step 1), put cost in eell (C, D)— oo and repeat the steps from 2 
onwards. 


In the example, 0 (C, D) is chosen as it is lower. Applying 
step 2 we get table 5-31 in which penalties have been recorded in the 
top left corners of cells with zero entries. 


Table 5-31 


А Ырс ig ЖАК 
ATE ыле |. NORIS 
B| 4, e T AA 
"Maca E 
STU HM 


Step 6 


Cell (E, A) has the highest penalty of 4. We, now, divide the 
subset S(A, k) into two parts, one containing the cell (E, A) and the 


other not containing the cell (E, A) and calculate lower bounds on . 


the costs of all routes in each part, 


Total cost of route not containing the highest penalty link — 
6 (8, A)=13 4217. 


Step 7 

Find the total cost of route containing the.highest penalty link, 
This is done as follows : If we can use the link (E, A), we cannot use 
the link (A, Е). Thus we put C'Ag—^o and delete row E and column 
A. In the remaining’ matrix we select one element from each row and 
column so that the cost will be at least the amount by which the 
remaining matrix catt be reduced. 


3 


318 : Operations Research : An Introduction 


In the example, lower bound for the matrix of table 5-30 i.e... 
the total cost of route containing the highest penalty link (E, A) із = 
8 (E, А) =134-0—13, as the resulting matrix can be reduced By only 
zero, 

The results obtained in steps 6 and 7 are recorded in figure 5:3 
. and tables 5-32 and 5:33. 


(3+4 =17 1340 x13 
Ө‹ЕА) OCEA? 


Fig. 5:3 
Table 5:32 Table 5:33 
B C E B Cc E 
A | | | со А 1 | 3 Е 
B i | | | B |с | 0 0 
SS a a rer A—À—M _. 
D T | | | D 0 | | 1 
ee А5 -| RE A | PARS | PME, It 
Step 8 


Chose out of 0 (E, А), and 0 (E, A), the one which is lower. 
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Since 0 (E, A) is lower, we return to step 2 and repeat it on the 
cost matrix obtained in step 7 (tables 5-33), after reducing it so that 
each row and column contains zero entry (table 5:34) cell. 
Penalties have been recorded in the top left corners of the cell with 
zero entries in table 5-35. 


Table 5-34 Table 5:35 

B СЇ E B. te AE 

A oj e| A v|? = 

B = of o е æ | 2o] to 
1 

D ZEE D pea 


Step 9 
Cell (A, B) has the highest penalty of 2 [cell (B, C) also has the 
“same penalty of 2; out of these two cells, we choose cell (A, B) 
arbitrarily]. 
.. Cost of route not containing the cell (A, В); 0 (A, B) 
=13842=15, 
Step 10 
If we use the link (A, B), we have the chain (E, A), (A, B). 
Hence we must exclude the link (B, Е). Thus we put C'gg—oo. We 
` delete row A and column B. 
Cost of route containing the cell (А, B); 0 (А, B)—13 -1—14. 
13 


25 i 
eco ecco 


xi wu 
Fig. 5-4 
The results obtained in steps 9 and 10 are shown in figure 5-4 
and tables 5:36 and 5:37. 


Operations Research : An Introduction 


Table 5-37 


Step 11 
Reduce the matrix of step 10 so that each row and each column 
has at least one zero entry cell, This is shown in table 5:38. 


Table 5-38 
бй 

со 

PONO 
у! eo 

D 

x 
iod 0 


Penalties are recorded on the top left corners of the cells contai- 
ning zero entries in table 5-38, 
Step 12 
; Let us choose cell (В, C) containing a penalty of оо. 
Cost of route not containing the cell (B, C) 214 4- oo —co. 


Step 13 [ 
Delete row B and column С and we get table 5-39. 1 
Table 5-39 | 
c E 
Bis 
D 0 


Cost of route containing cell (B, 0) 2144-0 —14. 
The results of steps 12 and 13 are shown in figure 5:5. 
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17 B 
eva) PEA 


15 д 
O45) AB 


PN 


со D 
edo eua 
Fig. 5:4 


.. The least cost route is C+D+E>A+B-C, 


Total cost of journey —cell (C, D)+cell (D, E)4-cell (E, A) 
oell (A, B)+cell (B, C) 


—Rs, (44-54-1--2--3) = Re. 15, Ё 


EXAMPLE 510-2 

Products 1, 2, 3, 4 and 5 are to be processed on a machine. 
The setup costs in rupees per change depend upon the product 
presently on the machine and the setup to be made and are given by 
the following data : 


C,,—16, C4, C4, 212, Сь=6, Cu=5, 04-8, C6, бш 
=20; С=С. Cg ooo for all values of i and j not given in the 
data. Find the optimum sequence of products in order to minimize 
the total setup cost. 

[Punjab Univ. B.Sc. (Mech.) Engg. Nov., 1981) 


Solution. 
Determination of optimum order of processing the products so 


that the setup costs are minimum is a travelling salesman problem. 
The setup (change over) costs between the products are analogous 
to distances between the cities. Each product must be produced 
only once and the production must return to the first product, 


We first begin to solve this problem as af assignment 
problem, The given data is expressed in the form of a table 


(table 5:40). 
21—0.R. 
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Table 5-40 
1 2 3 4 5 
1 co 16 | 4 | 12 | co 
| 

2 16 | оо | 6 | со | 8 
3 4 | 6 | со | 5 | 6 
4 12 | оо | 5 | оо | 20 
со | 8 | | 20 со 


______ S 


Hungarian method or reduced matrix method will be used to 
obtain optimal assignment. This method consists of the following 
steps : 
[Step I 
Prepare a Square Matrix. This step is not necessary in this 
| example, 

Step П 

Reduce the Matrix. Proceeding as in example 4.6.2, we get 
table 5.41. 


Table 5-41 


2 10 co 0 co 2 
3 0 2 со 1 2 
4 M NE dr aem 15 | Matriz after 
es Er S noce por ager substep I 
co 2 0 14 co (contains zero 
5 in each row) 
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After substep 2 we get the following matrix : 


* 
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Table 5-42 
1 2 3 4 5 
1 со со 
2 10 0 
Matriz after 
? ү 9 substep 2 
Uem (Contains 
zero in each 
= T 13 | zow and in 
ee —— each column) 
Initial 
5| е со | feasible 
solution 


Step III 


Check if Optimal Assignment can be made in the 
Current Feasible Solution or not. Proceeding as in Example 


4-6-2 we get 
Table 5-43 


As the minimum number of lines crossing all zeros is 4 i.e., less 
than 5, optimal assignment cannot be made in the current feasible 


solution. 
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Step IV 
Iterate towards Optimal Solution 
Proceeding as in example 4-6-2 we get 
Table 5:44 — 
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/ 


Second 
feasible 
solution 


13 со 


Step V 
Check if Optimal Assignment can be made in the Current 
Feasible Solution or not 
Table 5:45 j 


As there is no row or column without assignment, optimal 
assignment is possible in the current solution. Table 5-45, however, Я 
provides an optimal solution tó tlie assignment problem but not to 
the given travelling salesman problem (sequencing problem) as it 


| 
i 
i 
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gives 1—4, 453, 3-+1, 235 and 5—2 ав the solution which means 
that the products should be processed in the order 1—4—3—1, . 
without processing the products 2 and 5. This violates the additional 
constraint that each product must be processed only once and only 
after having processed all the products, the production should return 
to product 1. So we try to find the ‘next best’ solution that also 
satisfies this additional constraint. : 


The next minimum (non-zero) element is 3 in cell (1,2). We 
make assignment to entry 3 in this cell instead of zero assignment in 
cell (1, 4). Accordingly, zero assignment in cell (5, 2) is changed to 
assignment in cell (5, 4) with entry 13. This gives table 6-46. 


Table 5-46 


The resulting feasible : solution 1—2, 2—5, 5—4, 4—3, 3—1 
is also the optimal solution. Thus the optimal sequence for the 
processing of products is 1—2.—5—4—3—1 and it involves a cost of 
Rs. (16-+8+4+5 +20)=Rs. 53. 

511. Minimal Path Problem (Shortest Acyclic Route 
Models) 

The travelling salesman problem is а routing problem involving 
rather severe constraints. Another routing problem arises when 
we wish to go from one place to another or to several other places 
and we are to select the shortest route (involving least distance or 
time or cost) out of many alternatives, to reach the desired station. 
Such acyclic route network problems ean be easily solved by graphio 


methods. 
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A network is defined as a set of points or nodes/which are con- 
nected by lines or links, A way of going from one/node (the origin) 
to another (the destination) is called a route or path. The links in a 
network may be one way (in either direction) or two-way (in both 
directions). The numbers on the links in the network represent the 
time, cost or distance involved in traversing them. It is assumed 
that the way in which we enter а node has no effect on the way of 
leaving it—an assumption which does not hold good in travelling 
salesman problem, 


EXAMPLE 5111: 


Fig. 56. 


‚ A person wishes to reach the destination *&* while!starting from 
the station ‘a’ in the network shown in figure 5:6. Links work in 
both directions unless marked otherwise. 

The numbers on the links represent cost (in rupees) of going 
from one node to another. Find the route that involves the least 
cost. 

/Solution. It is the shortest route problem but does not have 
the restrictions imposed in a travelling salesman problem. For 
instance, it is not necessary to include all the nodes in the optimal 
shortest route ; moreover, it is not a cyclic route problem as it is, not 
required to come back to the starting point «a’. 

Obviously, in order to find the shortest route between ‘a? and 
«i? we must find the shortest route from ‘a’ to every other point 
in the network. The graphic method used for this purpose consistg 
of the following steps : 

Step 1: Starting with the origin <a’, draw all links by which 
опе can go from ‘a’ to other nodes and represent the cost from ʻa’ on 
each of these nodes. This is shown in figure 5-7. 
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Step 2 : Incase there are links between any of the nodes 
obtained in step 1, determine for each of these links if the indirect 
route from ‘a’ is shorter than the direct route. Draw the shorter 
route as а solid line and the longer route as a dotted line. Insert the 
shortest cost found on each such node. 

For example, the cost of going from ‘a to ‘g? through ‘d’ 
is lower than the cost of going from ‘a’ to ‘g’ directly. Hence link ag 
is drawn dotted. In case of a tie both links are drawn solid, Thus 
one can go from ‘a’ to ‘d’ directly or through ‘c’ at the same cost. 
Hence the links connecting them are drawn solid, as shown in 
figure 5-8. 


Fig. 5-7. Fig. 68. 
Step 3: Add nodes to which one сап go from the nodes 
represented in step 2 and repeat step 2. This is shown in figure 5:9. 


Fig. 5-9, 


2 Z A 
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7 
Step 4: Continue till completed. This is Shown in figure 
5-10. Solid lines show the routes that can be takex from ‘a’ to every 
other node. Evidently there are a number/óf alternative paths 
giving least cost. They are 


(i) a—b—e -f—i—k (involying 6 nodes), 
(ii) a—c-f—i—k ( Al 5 e y 
(tii) a—c—d—g —f—i—k ( 2 7 5 ) 
{шлу р иб a у 
(0) a--d—g —i—k СОИ. 


All the routes have the same ¢ost (Rs, 90) of travelling from 
‘a’ to ‘kh’. f 
If, however, an additional constraint is imposed e.g., person is 
to visit minimum-number of stations before reaching «7, the number 
of alternative optimum (shortest) cost routes decreases to only two: 
() a—c—f—i—k, 
(i) a—d—g—i—k. 


Fig. 5:10, 
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Exercises 
1. What is ‘no passing rule’ in a sequencing algorithm ? 
[Bangalore Univ. B. E. July, 1978] 
2. Give Johnson's procedure for determining an optimal 
sequence for processing n items on two machines, Give the justi- 
fication of the rule used in the procedure, 
[Aligarh B.Sc. (Stat.) 1976] 
3. What are the various simplifying assumptions made while 
dealing with sequencing problems, 
4. Explain how to process » jobs through m machines, 
[Sambalpur Univ. M.Sc. May, 1977] 
Section 54 
5. .We have five jobs, each of which must go through the two * 
machines A and B in the order AB, Processing times are given in 
the table below. 1 
Table 5:47 
Processing time in hours 


Job 12 34.5 


Machine A| 5 1 9 3 10 


Machine B| 2 6 7 8 4 


Determine a sequence for the five jobs that will minimize the 
elapsed time 7. ч 
(Meerut M.Sc. (Math.) 1975, Delhi M.Sc. (Stat.) 1969] 

(Ans. 2-4-3.5-1; Tmin=30 hours.) 
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6. A book-binder has one printing press, one Ainding machine 
and manuscripts of a number of different books. The times required 
to perform the printing and binding operations for each book are 
known. We wish to determine the order in which books should be 
processed in order to minimize the total time required to turn out all 
the books. 


Table 5-48 

Bok: 1 23 465 6 

Printing time : 30 120 50 20 90 110 

Binding time : 80 100 90 60 30 10 
[Sambalpur M-Sc. May, 1977] 
(Ans. 4-1-3-2-5-6; T min=430 hours.) 
7. Aready made garment manufacturer has to process 7 items 
through two stages of production, viz. cutting and sewing. The 
time taken for each of these items at the different stages are given 

below in appropriate units. 


Table 5:49 
Item: 1 23 4 5 6 
Cutting time: 5 7 3 4 6 712 
Sewing time: 2 6 7 5 9 5 8 
Find an order in which these items are to be processed through 
these stages so as to minimize the total processing time. 
[I-S-I. (Dip.) 1976]; 
(Ans. 3-4.5.7-2.5.1) 


8. А company has eight large machines which receive preven- 
tive maintenance, The maintenance team is divided into two crews 
Aand B. Crew A takes the machine ‘power’ and replaces parts 
according to a given maintenance schedule. The second crew resets 
the machine and puts it back into operation. At all times the no 
passing rule is considered to be in effect. The servicing times for 
each machine are given below. 


Table 5:50 
th a ТНҮЧ КЫЕН 
Machine a vb зс Xd. se Tog 


Crew A 5 4 22161511 94 


Crew B 610 12 820 7221 


а Р — — 
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Determine the optimal sequence of scheduling the factory 
maintenance crews to minimize their idle time and represent it om а 
chart. [Bangalore Univ. M.E. July, 1978] 

(Ans. 6-a-e-c-d-f-h-g) 
Section. 5:5 i 

9. A foreman wants to process four different jobs on three 
machines : а shaping machine, a drilling machine and a tapping 
machine, the sequence of operations being shaping-drilling-tapping. 
Decide the optimal sequence for the four jobs to minimize the time 
elapsed from the start of first job to the end of last job if the 
process times are 


Table 5:51 
Job Shaping Drilling Tapping 
(minutes) (minutes) | (minutes) 
1 13 3 18 
2 18 8 4 
3 8 6 13 
4 °з 10 8 


(Ans. 3.1-4-2; Tj, —74 minutes ; Idle times : 12, 47,31 
minutes respectively) 


10. Ifa third stage of production is added, viz., pressing and 
packing with the processing times of exercise no. 7, find an order in 
which these seven items are to be processed so as to minimize the 
time taken to process all the items through all the three Stages. 

Item: 123 4 5 6 7 


Processimg time : 
Pressing and packing: 10 12 11 13 12 10 11 
11.8.1. (Dip.) 197, 
(Ans. 1-4-3.6-2-5-7; 7'„;„=86 time units; Idle times : 5 44, 2 
time units respectively) 
11. Find the sequence, for the following eight jobs 
minimize the total elapsed time for the completion of ali 
Each job is processed in the same order CAB. Entries 
time in hours on the machines. 


that wil] 
the jobs, 
Bive the 
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Table 5:52 
Jobs T2: Ж "8 7.8 


Times А| 4 6 774536 2 
on B|8107 811 8 9 13 
machines C| 5 6 2 3 4 91511 


[Bombay B.Sc. (Stat.) 1975] 
(Ans. 4-1-3.5-2-7-8.6; T'min=81 hours.) 


Section 5-6 


12. Use graphical method to minimize the time needed to 
process the following jobs on machines A, В, С, D and E. Find the 
total time elapsed to complete both jobs. Also find for each job, the 
machine on which it should be processed first, 


Table 5:53 


Job 1 Sequence A В C 
Time (irs) 2 3 5 
Job 2 Sequence D С A 
Time(hrs) 6 2 3 


[Ans. 7,;,—19 hrs. ; A (1), D (2)] 


13. There are two jobs to be processed through four machines 
A, B, € and D. The prescribed technological orders are 


Job1: ABCD 
Job 2: DBAC 


Processing times in hours are given in the following table : 


Table 5:54 


Job Machine 


ТСЕ ЕТА] 


ю ы 
о м 
> Ф 
to on 
om 
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Calculate the total minimum elapsed time to complete the two 
jobs. [Delhi M.Sc. (Math.) 1978} 
(Ans. Tmin=15 hrs.) 
14. There are two jobs to be processed through five machines 
А, B, ©, Dand Е. The prescribed technological order is 
Job 1: ABCDE 
Job 2: BC A D E. 
The process times in hours are given in table 5:55. 


Table 5:55 
Job 1 Job 2 
BOR SEU tls 

Sequence Tim Sequence | Time 
of machines Mice of machines | 

4 5 B 5 

B 4 [^] 4 

[^] 2 A 3 

D. f 6 D 2 

E 2 E 6 


S A б: з-ды pn ide ATA c cfe 
Find out the optimal sequencing of jobs on machines and the 
minimum time required to process these jobs. [Agra М. Stat. 1974] 
[Ans. Tmin=22 hrs.; А (1), В, (2)] 
Section 5:7 
15. There are four jobs each of which has to be processed 
on machines A, B,C, D, E and F in the order А BC DEF. 
Processing time in bours is given below. Find out the optimal 
sequencing of jobs, minimum time required to process these jobs and 
the idle time for each of the machines. 
Table 5-56 


Job A B C De Е 


1 15 8 6 14 6 26 


2 17 T. 9 10 15 22 


3 21 7 19 —-8 11 19 


4 18 6 11 12 14 17 


р ПОА Зе дее ею шашы жы ысышы 
(Ans. 1-2-4-3; Pinta 133 hrs; Idle times : 66, 105, 95, 88, 87 
and 49 hrs. respectively 
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16. Solve the following sequencing problem, giving an optimal 
solu tion when no passing is allowed. : 


ТаЫе 5:57 

2 Job 
12:345 
14 712 810 


A 
B 56473 
Machine 
с 32415 
D 1012 81516 
(Ans. 2-4-5-1-3; T,:,—76 time units; Idle times : 25, 51, 61, 15 
: time units respeotively) 


Section 5:10 


17. A machine operator processes five types of items on his 
machine each week, and must choose a sequence for them. The setup 
cost per change depends on the items presently on the machine and 
-the setup to be made according to the following table : 


From item 


If he processes each type of item once and only once each 
week, how should he sequence the items on his machine ? 
ў [Agra М. Stat. 1974] 


(Ans. А-ъЮ->В->0->А and A C» B-» D-»4; min. cost=29) 


18. Given the matrix of setup costs below, show how to 
Sequence production so as to minimize setup cost per cycle. 


Table 5:59 


Sequencing Models and Related Problems. - ' 386 
To 


(Ans. A-~D--B+C->H-A ; min, совё==16) 
19. Find the least cost route for the travelling salesman. 


problem shown below. 
Table 5:60 


To city 


6 s | ТК ы 
а ————— 
7 «| |а | o | e | 5 со 


(Ans. 15752565453 5-1; least cost = 45) 
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20. Find the shortest route from ‘a’ to ‘i’ by using graphic 
method. The numbers on the links represent the distance in 
kilometres. 


Fig. Б11 
(Ans. a—c-6e—g-i ; 29 km.) 


6 


Advanced Topics in Linear 
Programming 


61. Duality in Linear Programming 


For every L.P. problem (linear programme) there is a related 
unique L.P. problem (another linear programme) involving the same 
data which also describes the original problem (programme). 


The given original programme is called the primal programme 
(P). This programme can be solved by transposing (reversing) the 
rows and columns of the algebraic statement of the problem. 
Inverting the programme in this way results in dual programme (D). 
A solution to the dual programme may be found in a manner similar 
to that used for the primal. The two programmes have very closely 
related properties so that optimal solution of the dual gives complete 
information about the optimal solution of the primal and vice-versa. 
Duality is an extremely important and interesting feature of 
linear programming. The various useful aspects of this property are 
(i) ifthe primal problem contains a large number of rows 
(constraints) and a smaller number of columns (variables.), the 
computational procedure can be considerably reduced by converting 
it into dual and then solving it. Hence it offers an advantage in 
many applications. 

(ii) it gives additional information as to how the optimal 
solution changes as a result of the changes in the coefficients and the 
formulation of the problem. This is termed as post optimality or 
sensitivity analysis. 

(iii) duality in linear programming has certain far reaching 
consequences of economic nature. 


337 


* 22—0.P. 


338 Operations Research : An Introduction 


(iv) Calculation of the dual checks the accuracy of the primal 
solution. 


(v) duality in linear programming shows that each linear pro- 
gramme is equivalent to a two-person zero-sum game. This indicates 
that fairly close relationships exist between linear programming and 
the theory of games. 


61-1. Dual Problem when Primal is in Canonical form 


The general linear programming problem in canonical form as 
discussed in sections 2-6 and 2-;.1 is 
maximize == coz 4- o4 4-... Henry, 
subject to ay, 2, + aye +Ays%5+... + Ann L by, | 
ап 372 -- Gegs-I- . . . + ont & Ds, { Р (6:1) 
р | 
уб [ 


Amta 07 њуз... Баьд, 3 


where тү, zs, 25,...,2,, all 20. 


If the above problem is referred to as primal, then, its 
associated dual will be 


minimize W =biy; 4-055 4-31], +... + олут 
subject to 01101 аааз... ау 22 61, 
Ait AY + 393/37 ... ањо > Ca ? (62 


близ... атут > Cn, J 
where the dual variables Yas Yar Yars- Ym, all 20. 


Equations (6-1) and (6:2) are called symmetric primal-dual 
pairs. 


The above pair of Programmes can be written as 


Primal Dual 
n m 
maximize Z—Z e; Tj, minimize W —Z by; 
j=l i=l 
n m 
subject to Z аңа Sby i=1, 2, 3,...m, subject to X a y, cj, 
ў=1 i=l 
j=1, 2, 3,...,n, 
where y 29, 
where 2,20, j—1, 2, 3, an. i=l; 2, 3, ..., m. 


From the above two programmes, the following points x 
clear : У : 
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(1) if the primal contains n variables and m constraints, the 
dual will contain.m variables and n constraints. 

(2) the maximization problem in the primal becomes the mini- 
mization problem in the dual and vice versa. 

(3) the maximization problem has (<) constraints while the 
minimization problem has (>) constraints. 

(4) the constants су, бу, Сз,.--, Сп in the objective function of the 
primal appear in the, constraints of the dual. 

(b) the constants bibs, bas... Om in the constraints of the 
primal appear in the objective function of the dual. 

(0) the variables in both problems are non-negative. 

The constraint relationships of the primal and dual can be 

represented in a single table shown below. 


Table 6-1 
zı т» 13 Oa. m. 
п | ап а а\з алл «bi 
Yo | ад азу (los llan | Kb: 
Ys | au аз» азз КЕЙ «b, 
Ут | am Ama Amg +++ Amn «bs 


26 20 20 o Z6 
EXAMPLE 6:1-1-1 
Construct the dual to the primal problem 


maximize Z324-52,, 
subject to 225 --62,«, 50, 
32, 4-22, 35, 
5z,--3z,«10, 
; 25«20, 
where 2120, 2,20. 
Solution : 


Let уу, уз, уз and у, be the corresponding dual variables, them 
"the dual problem is given by 
minimize W=50y, 4-35, 4- 10, 4- 201/1, 
subjecto — 25,--39,4-5y, > 3, 
69; --2y:—394 +y 2:5, 
where 9n Yo Уз, Y all > 0. 
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As the dual problem has lesser number of constraints than the 
: primal (2 instead of 4), it requires lesser work and effort to solve it. 
This follows from the fact that the computational difficulty in the 
linear programming problem is mainly associated with the number of 
constraints rather than the number of variables. 
EXAMPLE 61.12 
Construet the dual of the problem 
minimize Z=32,—2x,442,, —— 
subject to the constraints 
Зх Höri 4-424277, 
627, 4-27; 32,24. 
T7, —22,— 4x 10, 
z,—22,- 02,23, 
4zi 4-72,—22,2 2, 
Zi, Ta, 75220. 
[Meerut B Sc. (Math.) 1970} 

Solution: 

As the given problem is of minimization, all constraints should 
be of > type. Multiplying the third constraint by —1 on both sides 
we get 

72142142302 — 10. 

The dual of the given problem will be 

maximize W = 7y; 4-4y,— 10y; 4-3y, +2ys, 

subject to — .3y,4+ 6y.—Tys+ vet 4,3, 

By +9. 2/8 — 29, - Ty, «, —2, 
ty, 3y Es 8. — 29,4 
V» Yor Yar Yar Ys 810120, 
where yj, ys, Уз, Ya and у; are the dual variables associated with the 
first, second, third, fourth and fifth constraint respectively, 


6.1.2 Dual Problem when Primal is in the Standard Form 


As discussed in section 2-7-2, all constraints are equations (=) in 
standard form. Jn this section we shall find that an equality cons. 
traint in the primal corresponds to an unconstrained variable in the 
dual and vice versa. Consider the problem 


maximize Z-cz,-L- cns, 
subject to азау азу = б, 
15,2, + Gast Ds, 


%>0, 120. 


{ 
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The first constraint of equality form, when expressed in canoni- 
cal form is equivalent to 
аңаа ааа and аца iste 20 
Or it can be expressed as 
ара + Gat б, 
— nt — darts =. 
Let y, y^ and ys be the dual variables associated with the 
first, second and third constraints. Then the dual problem is 
maximize W —b5,(y1—9 1) + Psy. 
subject to ay (Y's У") + 42922. 0i 
аа —J 1) + 20/22 C 
у120, 7120, 320. 
Note that the term (y/1—3^1) occurs in the objective funetion as well 
as all the constraints of the dual. This will always be true whenever 
there is an equality constraint in the primal. If we put у —9y 3-9» 
then the new variable yı, which is the difference between two non- 
negative variables, becomes unrestricted in sign and the dual problem 
becomes 
minimize W =b; +b% 
subject to азу + GA 2 a 
азу 2202262, 
y, unrestricted in sign, ys20. 
This shows that the dual variable which corresponds to an equality 
constraint must be unrestricted in sign. Conversely, when a primal 
variable is unrestricted in sign, its dual constraint must be in equation 


form. 
In general, if the primal problem in standard form is 


n 
maximize 25А сут), 
=l 


n 
subject to Fa ayzj=b i=l; 2; 8,...,m, 
=l 


zj20; j=l, 2, 3,.., т 
then the dual problem is 


m 
minimize а badi 


кы, 
subject to XagW20) j=l, ar dion; T5 
del 
у вте unrestricted in sign for all i < 


n 
maximize Z=% Cjz;j, 
j=l 
n 
subject to У шуу, i=1,2,3,..., m, 
j=l 


7; are unrestricted in sign for all j, 
then the dua! problem is given by 
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К On the other hand, if the primal problem is ) 


m 
minimize W—X biyi,, 
ixl 


"n 
subject to .Zaiyiee6, j21,9,3,..., 


= 
329, i221, 2, 3,...,. tn. 
Note that in this case the dual is in the Standard form. 
From the above diseussion it is concluded that we can work 
with any of the forms of primal while dealing with duality theory. 
EXAMPLE 6.1.2.1 


Construct the dual of the problem 
maximize Z —32, + 10z;--2z,, 
subject to 22, 325 4-27, «7, 
32, —22.-- 42,—3, 
21720, 2,720, 24720. 
Solution : 


The standard form of this problem is 
maximize Z = 82 4-102, 1-22. 05, 
subject to ^ 2z,4. 324-22, 8 —7, 

32,—22,4-42,—3, 


2120, 2,70, 2,20, 420. 
The dual is given by 


minimize W= 7944-3y., 
subject to 2014-30123, 
39,—29, 210, 
29 49.22, 
3120, y, unrestricted in sign. 
Note that the last constraint, 91220 corresponds to s; in the primal, 


Tt, thus, follows that if the ith primal constraint is an equation, 


the ith dual variable will be unrestricted in sign. Further, dual 
variables which correspond to primary equality constraints only are 


unrestricted; those corresponding to the primary in equations are non- 
negative. 
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Though the canonical and standard forms yield the same dual, 
itis easier to handle the standard form, partieularly when the primal 
contains all the three types of constraints. 

EXAMPLE 6.122 
Construct the dual of the problem 
maximize Z— 3. - 1723 4-92, 


subject to z1—2X34- 1323, 
—32, 4 224«]1, 
2120, 120, 2:70 
Solution. 
Firstly the > constraint is converted into «constraint by multi- 
plying both sides by —1. 
1.е., ар 4-2,—23« —3. 
Now the dual of the given problem is 
minimize № = —3yi- 92: 
subject to =y — 39923, 
12217," 
+2029, 
0120, 929. 
EXAMPLE 61.23 
Construct the dual of the problem 
minimize Z —2z;--325, 
subject to 224 4-24 «3, 
234-225 4-624725, 
=m pig 22372, 
ж, ta 13220. 
Solution. 
As the given problem is of minimization, all constraints should 
pe ef z type. Multiplying the first constraint by —1 on both sides 


we get 
А —9ж—;>—3. 
The equation —2,4-2,--22,-2 can be expressed as a pair of 
inequalities 
—+%+2%>? and —a de 23 2; 
or —=--а-+-2%22 and gy a. — 2> —2. 4 


Thus the given problem becomes 

minimize Z=02+%—3%) 

subject to ` —9z,—2952—3, 
24-223 4-025 25, 
—32, 23-225 22, 
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%—%,—22,>—2, 
T3, Y, 14720. 

Let y, Y2, ys and уз” bethe associated non-negative dual vari- 
ables. Then the dual of the problem is 

maximize W = —3y,--5y, -9y',— 29s", 

Subject to 2 Ja) +y KO, 

=V 294 yi —9s' «1, 
6y;--2y,—29,' «3, 
Vis Var Уз Ys", all DO 

Substituting y, — у,” = уу, where y, is unrestricted in sign, the 
dual problem becomes 

maximize W — — 3, --5y,--2y,, 

subject, to —29 -ya— 9) «0, 

—#-++2%-++%<1, 
65, --2y,«3, 
Vis Уз 20, Уз unrestricted in sign. 
EXAMPLE 6:1.2.4 
Construct the dual of the primal problem 
maximize Z —22, 4-2, 4-23, 
subject to 2,4. Y, - 0926, 
32; —22, 4-324 3, 
—42, 4-32, —62,— 1, 
Ti, 2g, 13220. 

Solution : 

As the given problem is of maximization, all constraints should 
beof« type. Multiplying the first constraint by —1 on both sides 
we get 

=t —23—2,« —6. 
The equation 32,—2z,+32,—3 can be expressed as a pair of 
inequalities 
32, —224--92,2 3 and 32, —22,--325«;3, 
or 3z—2z,-3z,«,9 and —3z,L2z,—3z,«$--3. 
Similarly, the equation —42, 4-32, — 67,1 сап be expressed as 
—42,4-32,—62,« 1 and 4z,—32,--62,« —1. i 
Thus the given problem becomes 
maximize Z —22,--2, 4-25, 
subject to = —z,—2,—2,«,—6, 
32,—22,--32,«3, 
— 32, 4-22,—32,« —3, 
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—42} 43%, —62,<1, 
4z, —32, + 62,<—1, 
жу, Ta, 2520. 
Let у, Yz, Ys Ys, Уз" be the associated non-negative dual 
variables, Then the dua! of this problem is 
minimize W = — 6y; - 3(94 — Y2") -- (Vs -% ^) 
subject to =I +3(ys' 087) — 4s — Ya 522, 
—I1—2 (Yo —Y2") + 3(y2' — ys") 2.1, 
—1i+3(ys'—y2") —6(ys'— 9s") Pl, 
Yar Y'a Ya", Y's Ys", ЭП DO. 
Substituting y,' —9," = у and Y3’ — Уз" =Y, where y, and уз are 
both unrestricted in sign, the dual problem becomes 
minimize W = —6y; J-3gys -- Уз, 
subject to —y,+ 3y.—4y3>2, 
—yi-2y 3921, 
—yt3ys- 09821, 
9120, Ya and y; unrestricted in sign. 
EXAMPLE 61-25 
Obtain the dual of the following primal problem : 
minimize Z—32z,— 2234-25, 
subject to 22, — 3244-25 «5, 
4z,—22,29, 
—82, + 42,4 325 —8, 
2, 13220, z, is unrestricted. 
Solution : / 
Since z, is unrestricted, let it be replaced by z'3—2', where 
2,750, 2,20. Then the given problem becomes 
minimize Z—32,—22,4-2, — t3", 
subject to — 22, —32,--2, —25 ÇÖ, 
1z,—22,29, 
— 82, +42 32 — 9 8, 
Ж, 25, Ty’, Ж DO. 
Since it is a minimization problem, the first constraint is 
multiplied by —1 on both sides to give 
—22,4-32,— 25 4-2, 2 —5. 
The equation —82;4-42,--32z, —32,—8 can ne expressed ава 
pair of inequalities \ 
82, Hátat Irs —325">8 and —8z 432—392, «8, 


ог —Sz4mqün'—35'28 and — Ss—4—39z 43a D8. 
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Thus the given problem becomes 
minimize Z—3z,—2z,--2;'— 25", 
subject to — —22, 4-32, — zy +t," > —5, 
42,—22,7:9, 
—82; -42,--9z, —32, 728, 
8z, —42,—324 -- 32, —%, 
Zis a, 03, xy" 220. 
Let yi, y», ys, ys" be the associated non-negative dual variables. 
Then the dual of this problem is 
maximize = —5y; 4-9, 4- (Js —78'), 
subject to ^ —2y,-+ 4y.~ S(ys — 5") «3. 
35i—2ys-r 4(Ys' — ys")  —2, 
—h +3(ys'—Ys'")<1, 
7 —3(03—108') — 1. 
Yar Jos Ув Ys" 20. 

Replacing y,'—y 3" by уз, where y, is unrestricted in sign and 
combining the last two inequations so as to form an equation, this 
dual may be written as 

maximize W = —5y, 4-993 4-855; 
subject to — 2y 4-494 — 89, «3. 
3y1— 242+ 395 « —2, 
—й +3%=1, 
Ур 1/3220, ys unrestricted in sign. 
61.3. Duality Theorems 

This section presents some of the fundamental theorems which 
describe the relationship between the primal problem and its dual. 

Theorem 1. The dual of the dual is the primal. 

Proof. Let the primal problem in canonical form be 


maximize Z= c2, - 623 - ... Cas, | 
subject to ацаң-{-@%2+-...-+@2»% б, 


аа-аа. + antn Kbas { (63) 
ата Gate + EN | E 
where ` £i, Za.. Zp, 811750; 
then the dual of this problem is 
minimize W =b + bY +... I - bts, 
subject to 01914-92174... Рат 21; 
алын. vb Gettin Poe 
y ...(6°4) 


where Yi, Yo; ..., Ym, all >0 are the 


а + ау Tec Cnn > n; 
associated dual variables. 
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Multiplying each of the relations (6-4) throughout by —1 we 
obtain 
minimize (—W) = —5131—5:93—...— bye: 
subject to —py—nlja— .-. — ўа — Os 
È аро — 45556 — «.. — am mG Cas 
: : : : f 46:5) 


ау авз. ауы — Cn; 
where Yi Vs. Ym 8120. J 

By constructing the dual of relations (6:5) and multiplying 
throughout by—1 we obtain a system identical to relations (6-3). This 
proves the theorem. 

Theorem 2. The value of the objective function Z for any 
feasible solution of the primal is < the value of the objective function 
W for any feasible solution of the dual. 


Proof. The general linear programming problem (primal) 
involving n decision variables and m constraints in canonical form is 
given by relations (6-3) and its associated dual involving m decision 
variables and*» constraints is given by relations (6-4). 

Multiply the first inequation of (6-3) by yi, the second inequa- 
tion of (6-3) by у», etc., and add them all. We get 

(аи H алазы, +. азага) (йуз аваа. 7) 

аел) 4... (ао тзт «+ (6-6) 
T Annum) &byid- boyat +--+ Omnt/m- 

Similarly, multiply the first inequation of (6-4) by ту, the second 
inequation by 2, etc., and add them all. We get 

(G1 fi + 213a T- +++ + Goin) + (Grate + 0222872 

+... атут) E +++ + (Cantal tan tna + +++ 07) 
атн) 250171 + Coa E «+++ бя. 

Now the sums on the left hand side of inequations (6-6) and 
(6-7) are equal. Hence 

C4 y+ Caaf ot сни OY 00... Ән 
$e. Z«W. 

In other words, any feasible solution to the primal is less than 
or equal to any feasible solution to the dual.. Thus if the feasible 
solution to the dual approximates —оо, the primal сэп have no 
feasible solution. Similarly, if the feasible solution to the primal 
approximates -|-oo, the dual can have no feasible solution. In either 
case, there is no finite optimum for the primal or the dual. If, 
however, both problems have finite optimal solutions, it can be 
reasonably expected that these two solutions are the same. This 
important conclusion leads to the following theorems : 

Theorem 3. If either the primal or the dual problem has an 
unbounded solution, then the solution to the other problem is in- 
feasible. 
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Theorem 4. If both primal and dual problems have feasible 
„solutions, then both have optimal solutions and Max. Z— Min. №. 

Theorem 5. If:the primal has a feasible solution but the dual 
does not have, then the primal will not have a finite optimum solution 
and.vice versa. 

61-4. Properties of Primal and Dual Optimal Solutions 
1. Values for the non-basic variables of the primal are given by the 
base row of the dual solution, under the slack variables (if there 
are any), with changed sign and under the artificial variables 

(if there is no slack variable in a constraint) after deleting the 

constant M. 1 

2. Values for the slack variables of the primal are given by the 
base row under the non-basic variables of the dual solution with 
changed sign. 

3. "The value of the objective function is same for primal and dual 
solutions, but of opposite sign. 

The above properties will be clear from the following example. 
EXAMPLE 6-1-4.1. 

A feed mixing operation can be described in terms of the two 
activities. The required mixture must contain four kinds of ingredi- 
ents w, x, y and z. Two basic feeds A and B, which contain the re- 
quifed ingredients are available in the market. One Kg. of A contains 
0-1 kg. of w, 0-1 Kg. of y and 0-2 Kg. ofz. Likewise, one Kg. of 
feed B contains 0-1 Kg. of т, 0-9 Kg. of y and 0-1 Kg. of z. The 
daily per head requirement is of at least 0-4 Kg. of w. 0:6 Kg. of 
z, 2Kg. of у and 1-6 Kg.ofz. Feed A сап be bought for £0-07 
per Kg. and B can be bought for £0-05 per Kg. The availabilities, 
requirements and costs are summarized in the table below, 


Table 6-2 
Ingredient Feed A Feed B Requirement 
Mita ОСУ E 2:2. RS TERDUM MRNA 
(Kg.) (Kg.) Kg.) 

v 0-1 0-0 04 
z 0-0 0:1 0-6 
y 0-1 “02 2.0 
E 0-2 0-1 1:8 
cost * £0-07 £0-05 


OD е». амра 

Determine the quantities of feeds A and B in the mixture so that the 

total cost is minimum. 

Solution : Formulation of L.P. Model 

Step 1 : Key decision is to find the extent of feeds A and B. 

Step2: Let these extents be z; and zs. 

Step 3: Feasible alternatives are sets of values of zı and %, 
where 2,20, 2; 20. К ' ...(6.8) 

Step 4: Objective is to minimize the cost 
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i.e., minimize Z— 0-072, 4- 0052, ...(6:9) 
Step 5: " Constraints are imposed by the requrements. 
Thus 0-12,+02,>0°4, ...(6 10 a) 
02, 4-0:1242:0-6, ...(6-10 b) 
0-12, 4-0-22, 2 2-0, ‚(6-10 c) 
0:22, -0-17, 21:8. ...(6:10 d) 


Thus we get a linear optimization model in which we are to minimize 
equation (6-9) subject to constraints (6:10 a), (6-10 b), (610 c), (6-10 d) 
and the non-negativity restriction (6-8). 
SOLUTION OF THE MODEL 
Method (1) : Using the Primal Problem 

Minimizing Z=0 072, + 0:052, amounts to 

maximizing Ж = -- 007. —U-0523. 
Step 1: Make the problem as №45 co-ordinate problem 

At first thought-it appears that we should introduce slack vari- 

ables ау, Sa 5, and 5, for converting inequalities into equalities аз 


shown below: ў 
oinp Or s=, 
Oty tO lrs 0-6. 
0-124 --0:2z,— 5. м; 
0 224 4-0 125—5,— 1:8, 


where шу, £e Si So Sg, %, all DO. 
Step2: Make N co-ordinates assume zero value 

Putting 2,= 0 and 2, =0, we get s= —()-4, 442 — 0:06, s= —2-0 
and 5,——18 as the first basie solution. 

But negative values of the variables are unacceptable. There- ` 
fore, we introduce artificial variables Aj (Ay, A: Ag, and Ay) and the 
above equations can be written as 

0:12, + 025—5; + A= 04, 
Ox, + 0-La,—s.4+ A, =0°6, 
0-1254-0:22,— 5, 4-A3— 2 0, 
0:22, 10-125 54 + А,=1-8, 
where ту, 3, 81+ 90, Яа) 84i Ag Аз As Ay all >0 which gives the 
first feasible solution. 

Now artificial variables with values greater than zero destroy 
the equality required by the general linear programming model, 
Therefore А; (Ay, Az Аз, Ау) must not appear in the final solution. 
To achieve this, these artificial variables are assigned a large 
penalty (a large negative value, —M) in the objective function which 
can be written as 

| maximize Z, — —0:012, —0:052,—M A, —MA,—MA,—MA, 
-H Os, 2- 0s, + 033 4-05, 


Step 3: 
^ The above information can be represented in the form of a 
. 


simple table (table 6-3). 


An Introduction 


Operations Research 


1 


x x x и N~ И K— NF0te00— Nrot.0o0o— 9—0 
Nee К Г T SSE OSEE Dota csfam 
i 
0 0 Ое то co iy iy 
Pa | Qs xg 0 6 У W 
I 0 0 0 WESS " го 7 ү 
ene 0 0 [d] V " 
(хол 0 I 0 өр ET 40 (ro) 0 ty K— 
Key) 9 90 
va 0 0 0 Оро: 670 1-59 го ty. N— 
ү СУ ty t fe ts т; *. % ту; ‘ASO "2 
0 9 
WS и- KS 0 0 0 0 90:0— L0:0— f? uorjuny 
əanoəafqo 
LEWN ы се (сз де рН | 
Йуиәрь fipoq 
аа SRLS прл e LI pini a i i 
£9 EL 
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Step 4 
(i), Making key element unity we get 
Table 6.4 
с 92У. Мар аа, S2 88 b 
Ол о 075 0 oli 0,0 0 |04 
E o OMM DEUS. 0 16.0 
i | 
Ia NUI 0.2 - 0. 0-1 0/0, О 
RIEN as олтол, WER Dod s Dd | 1.8 
i 


LV cmm s 
(ii) Replacing А, by 2 and making three more iterations, the 


final matrix is 
Table 6.5 


e; CS.V. ay та 8 85 $3 sa A, A. A; A, 
0:07 211502:07102 9:2 p= Orie 0 0—33 6.7 | 


—0:05 z, 0 170 0:00. 3401907 0: 10: m 

0 40 00 1-066 34 0 —1 066 —34'. 
0 10 0 1 0 033 —67 —1 0 —.33 67 -133 
6255 0 0 0 0 —.099 —.299 -м-м 099.299 


—M М 


Quantities of feeds A and Bin the mixture are 5.33 kg. 
and 7.34 kg. 
Total cost of the mixture —£ (0.07 x 5.33 4-0.05 x 7.34) —£0.74 
(neglecting —ve sign) s 
Method II : Using the Dual Problem 
The primal problem is 
minimize 7=0:072,--0.052,, 
subject to 0.124 +07: 20.4, 
Or, 4-0.174 30.6, 
0.14, 4-0.22, 22.0, . 
0.2,--0.125 21.8, 
m3 20,220. 
The dual of this problem will be 
maximize W —0.49, 4-0.67; -- 2y; + 1.84, 
subject to 0.15; 2- 0g, 4- 0.194 4-0.25, «0.07, 
Oy, 4-0. 19, 4-0.2y; 4-0. 15, 0.05, 
Ур Jo» Уз» 34 all 29. 


й E 
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Step 1: 
Make the problem as N+S co-ordinate problem 
Adding the slack variables s, and sz, the constraints become 
» 0.19, Oy, 4-0.1y; -0.2 y, 4-5, —0.07, 
Oy, 4- 0.195 4-0.2y, -- 0.19, 4-84 — 0.05, 
. and the objective function becomes h 
maximize W=0.4y, 4- 0.65, 1-2; + 1.8y4 4-03 +083, 
where ул, Уз, уз, Yar 8, 8, all 230. 
Step 2: 
Make N-coordinates assume zero value 
Le. if y, 9,293140, then. s,—0.07 and 4, —0.05, which is 
the first feasible solution, 
Step 3: 
Perform optimality test 
Find whether the above solution can be improved or not. 
Represent the above data in the form of a matrix. 


Table 6.6 
a a NUR UERIOO. RSUEAUENEN c p-ET a 


Objective funetione; 0.4 0.6 2 18 0 0 


ej; variables in current y, Ys Ys Ya a. m 8 
solution : i 
0 5 01. 0.01 02 |1 о 0.07 0.7 
0 Ne 0 01(02 01 |0 1 0.05 0.254 
|. (Key row) 
Е; = еа, Өз ӨС 0:10 i 
ej — E; 04 06 2 18 о 0 
+ 
K 
Step 4: 
(3) Make key element unity. 
Table 6.7 
e CSV. ж Ye Ws Me | 81 2 b 
0 4:501. 50 01 09 [ 1 0 | 0.07 
0 4 0 05 () 05 | 0 5 i595 


'» 
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(îi) Replace s, by 9; 
Table 6.8 


; CSV. yi Yo Ys Ya E 5 b 0 
0 а 01—005 0015 1 —0.5 004503 < (Key row) 


2 . 0 051 05/0 5 0.25 0.5 
0470. N cel. 

к 
$їер5: 

Iterating again, the final matrix becomes 
Table 6.9 
i | 

e OSV. Yı Yo Уз WA | A 8, i b 


18 y, 00667 —0.0334 0 1 ; 6.0007 — 3.3334 | 03 
2.0 y, —0.3334 0,0607 1 0 —3.3334 6.6667 | 01 
cj—E; —0.1333 —0.1333 0 0 | 5333  —7.333 | 


Optimal values are yj—j,-50, у;=0'1 and y,—0:3, 
and optimal cost =£[0.4(0) 4- 0.6(0) + 1.8(0.3)] 

= £(0.2 + 0.54) = £0.74. 

Optimal values of лу and x, are given under the slacks of the 
dual with changed sign. 

^. Optimal values of ху and a; are 5.333 and 7.333 respectively 
i.e., optimal quantities of feeds A and B in the mixture are 5.333 Kg. 
and 7.333 Kg. respectively. 

Similarly, optimal values of dual variables уз and y, (y5—0.1 
and y,—0.3 from table 6.9) could be obtained from the optimal 
primal solution given by table 6.5 either under. the slack variables 
ys and y, with changed signor under the corresponding artificial 
variables A, and A, by deleting the constant M. 

6-1-5. Economic Interpretation of the Dual Variables 

The dual variables have an interesting interpretation from the 
cost or economie point of view. To illustrate this point let us 
‘reconsider example 6.1-3.1 on feed mixing operation. The dual of 
this problem is 

maximize W —0.4y, -- 0.6ys -- 25, 2- 1.8y4. (6.11) 
23—0.R. 


s 
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subject to 0.19, 4-09; 4- 0.15, 4-0.29,« 0.07, } 6.12 
0930.194-029,0.1,«0.05, | 0-7 


Yrs Уз, Yar Yar all 20, 
and the optimal values of the dual variables are 


у1=0, 0—0, ya— 0.1 and y, —0.3. 


As the R.H.S. of constraints (6:12) denotes monetary units (£), 
LHS. must also be expressed in monetary units. In the first 
term 0-1 y, of the first constraint, 0-1 is the amount in kg. of ingredi- 
ent w in one kg. of feed A and hence y, must denote the cost per kg. 
of ingredient w. Similarly, yz, stands for the cost per kg. of ingredient 
хапа soon. Yı Ya Ys and y, are called the shadow prices of ingre- 
dients w, z, y and z respectively. They represent not the actual market 
prices but the true accounting values or the imputed values of the 
respective ingredients. Thus the true accounting values per kg. of 
ingredients w, =, y, and 2 to the company preparing the mixture are 
£0, £0, £ 0-1 and £ 0:3 respectively. y; =0 and yg=-0 means that the 
accounting values of ingredients w and = are zero each. 


62 DUAL SIMPLEX METHOD 
Dual simplex method is helpful in finding the solution of an L.P. 
problem for a number of different right hand side vectors b; It is 
"also used when new constraints are added to an L.P-P. for which the 
optimal solution has already been obtained. In such situations we 
have an infeasible basic primal solution whose associated dual solution 
is feasible. Dual simplex method, developed by C.E. Lemke is used 
for these situations since it clears the feasibility in the problem, It is 
precisely the regular (standard) simplex method applied to the dual pro- 
blem, but is so constructed that it can operate with the same tableau 
as the primal problem. Ins this method this solution starts optimum 
and infeasible and remains infeasible until the true optimum is reached 
at which the solution becomes feasible. Thus whereas the regular 
simplex method starts with a basic feasible but non-optimal solution 
. and works towards optimality, the dual simplex method starts with a 
basic infeasible but optimal solution and works towards feasibility. 
This method consists of the following steps : 


Step 1: 

Convert the problem into maximization problem if it is initially 
in the minimization form. 
Step 2: 

Convert > type constraints, if any, into < type by multiplying 
both sides of such constraints by —1. 
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Step 3: 

Convert the inequality constraints into equalities by the addition 
of slack variables and obtain the initial basic solution. Express the 
above information in the form of a table called the dual simplex table. 
Step 4; 

ТА с; —Е; for every column. 

(а) If all c; —E; are negative or zero and all b; are non-negative, 
the solution found above is the optimum basio feasible 
solution. 

(b) If all c; — E; are negative or zero and at least one b is nega: 
tive, then proceed to step 5. à 

(с) If any cj — Е; is non-negative, the method fails. 

Step 5: 

Select the row that contains the most negative bj. This row is 
called the key row or the pivot row. The corresponding basio vari- 
able leaves the current solution (basis matrix). 

Step 6: 

Look at the elements of the key row. 

(a) If all elements are non-negative, the problem does not have 
a feasible solution: 

(b) If at least one element is Же, find the ratios of the 
corresponding elements of cj— Е; row to these elements. 
Ignore the ratios associated with positive or zero elementa 
of the key row. Choose the smallest of these ratios. Tho 
corresponding column is the key column and the | associated: 
variable is the entering variable. Mark the key element or 
the pivot element. 

Step 7: 

Make this key elements unity. Carry out the row operations 
as in the regular simplex method and repeat iterations until either an 
optimal feasible solution is obtained in a finite number. of steps or 
there is an indication of non-existence of a feasible solution, 


EXAMPLE 6,2-1 
Solve by dual simplex method the following problem : Э 
minimize Z=22,+ 2234-425, 
subject to 221-323-522: 
32; 4-23 + 725«,3, 
zıt 42, 4- 62, «b, н s 
24) ta 2370. [Sambalpur М. Sc. (Math.) 1977] 
Solution. 
Tt consiste of the following steps : 
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Step 1: 

The given minimization problem is converted into maximization 
problem by writing 

maximize G= —Z= —22, —2:,— 4z,. 


Step 2: ; 

The first constraint is of > type. It is converted into < type 

by multiplying throughout by—1. "Thus the constraint becomes 
—2r1,—32,— oz, 2. 


Step 3: 

The problem in canonical form is now converted into standard 
form. by adding slack variables s,, s and s, in the constraints. Thus 
the problem is expressed as 

maximize б = —2r,—27,—4z, 4 054-05, + Osy, 

subject to —-2z,—92, — 5z,-- 5, — —2, 

Заа 4723+ t= 3, 
2144254 2, 4-8 — 5. 
21, Xa, Tz, 51, 8g, & all BO. 

Putting z,—27, =z, = 0, the initial basic solution is s,=—2, $,—2, 
#,=5, Since s, is negative, solution is infeasible. The above inform- 
ation is expressed in table 6-10 called starting dual simplex table. 


Table 6:10 


Objective function; —2 — —4 0 0 0. 
ў b 


е VCS. zl т, Ta 5 Se 53 
0 & —2 (—3) —5 1 0 0 —2ekey row 
0 Esc Fp a (Peat Ne Т) 3 
Cun сл, 456598: 10. 00910]: 1:8 
Ej-Zeaj 0 Q9 0% 0220 
cj—E; Sn on o очу 

K 


Initial basic infeasible solution 


Step 4: 
Compute cj—E; where = еу. Asall cj—Ej; are either 
negative or zero and 5, is negative, the solution is optimal but infeasi- 


ble. We proceed to step 5. 


Step 5: 
As b, — —2, the first row is the key row and s, is the outgoing 


variable. 
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Step 6: 

Find the ratios of elements of cj — Ej row to the eten.cats of key 
row. Neglect the ratios corresponding to positive or zero elements of 
key row. The desired ratios are 

ә ә ә L4 4 


ә 
Since ais the smallest ratio, sz)’-column is the key column; ту 


is the incoming variable and (— 3) is the key element. 


Step 7: 
Make the key element unity. This is shown in table 6-11, 
Table 611 
ei CS.V. am, E EA s 8з 83 (in 
T 2 53 1 E 
"opo ce Qi rt ed 
0 5 SAL NE mST Is copo kon 
0 РА АО sg d QU 
Key element unity 
Step 8: 
Replace s by 2з. This is shown in table 6-12. 
Table 6:12 
Ae = ee SO IUD) 
е; CS.V £i 25 Tg з 8 8з b 
2 5 1 2 
—2 РД zT 1 EISE 0 0 * 
7 16 1 7 
0 8 5 0 en 1 0 os 
—5 —2 4 7 
li а о үз эө, үе 
—4 —10 2 
Е; = Хеј am —2 ретт UD 
e. l9 —2 
c; — Ej = 0 zu. 7$ 0 0 


Optimal basic feasible solution 
As all с;—Е, are negative or zero and all b; are positive, the 
solution given by table 6-12 is optimal. The optimal solution is 
21=0, 
2 
a= 3" 
%=0, 
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Max G——2x0—-2x $--4x0 


4 
=>) 
Я 4 
от  MinZ- y 
EXAMPLE 6.2.2 


Use dual simplex method to 
maximize Z=—3x,— 22, 
Subject to дуд, 
Ze EST, 
21722,7510, 
<3, 
21, 2320. [Delhi M. Sc. (Hath,) 1922] 
Solution, 


Proceeding as in example 6-2-1 we express the given problem 


maximize Z=—3z, -. 22,. 
subject to —r1Í—n«—1, 
%+%<7, 
—2,—22,« —10, 
«3, 
2, 2,20. 


Adding slack variables the problem can be expressed as 
maximize Z= — 37, —22,4-08; + O35 Osat 054, 
subject to —%—~—%M+5,=—1, 

M+ %+8=7, 
—%—22-+8,=—10, 
%+8,=3, 


Xp s, Ta, Ta, all DO, 


The jnitial basic infeasible solution is 2,~0, %~=0, s=], s 
77, %=~10, 423. This is expressed in table 6-13. 
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Table 6:13 


359 


Objective functionc; -3 —2 0 0 0 0 
e; variables in 
current solution i 6 Sp 54342 8 83 1B 
0 5 —1. —1 1 0 0 0—1 
0 s Т a aes! a р 
0 ГА —1 (—-2) 0 0 1 0 —10«— key row 
0 D 9. 0. Бр E 
Ej—Z eay 0 О ww .0 0 9 First basic 
c; Е; —3 —2 0 0 0 0 infeasible solution 
tK 
9—8; Асы Ру for *z,'-column and 


aij —1 


— for *z,'-column, 


‘e’s—column is the key column 


and (—2) is the key 


element. This element is made unity in table 6-14. 


Table 6:14 
& ОЙУ; “ay Лү б 9 Se 
0 PP Т0 ы IO QU 
болш; ы ЖИ ы Gat 


ips te адна e -5 
Ole «ш 0 1.0 0 0 
Replacing 4, by x, we get table 6-15. 


Table 6:15 
с eS er Duas 
e; O.S.V. T. [Pt 
gj PG ae d Cay agi’ 
1 
0 fs r 0 0 Tx 
l H 
—2 РА Y p 0— 
: 1 
0 а (-3) о 0 90 5 
Бучма i Eee 0.0 ‚1 
Е) 2 0 0 0— 
c, —E; 1 —— 
а 
, 1K 


а. b 
0 —1 
0 7 


О 5 key element 
1 3 unity 


0 
5 
0 4 
os 
0 6 


1 —2«—key row 


0 
second - 
— basic infeusible 
solution 


x ac e 


# 
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Make key element unity, This is shown in table 6-16. 


Table 6:16 
а CSV. а Y 4 з а б yt 
0 ГА x 0 1 0 "usd 0 4 
0 E ж оду E 9.9 
1 1 4 
-2 4» g 190-5405 
0 8, 1) 0 0 0 —1 —2 4 Key element unity 
Replace з; by z,. This is shown in table 6-17. 
Table 617 
2579.9 724050: 0 «0 


pO EV. ба mA By. S 6 
Tee or ot Oo sy 31 
0 ^ Oren G де E i 
ES 0L 050144551 
BB. го-о 070—122 
EjeZeag —3 —2 00 3 4 
c; — Ej 0 00 0-3 —40 ptimul feasible solution 


Table 6:17 gives the optima! feasible solution, which is 


њо оо е о 


2124,7. 23 апі Zmar=--3x4—2x3=—l18. 
*6-3 THE REVISED SIMPLEX METHOD 


The simplex method discussed in chapter 2 performs calculations 
on the entire tableau during each iteration, Ifa linear programming 
problem involving a large number of variables and constraints is to be 
solved by this method, it will require a large storage space and time 
оп а computer, Some computational techniques have been developed 
which require much less computer storage and time than that requir- 
ed by the simplex method, The three important and efficient comput- 
ational techniques are : the revised simplex method or simplex method 
with multipliers, the decomposition method and the bounded. variables 
method. Only tho first and third techniques will be discussed in this 
text. 

While solving a problem with simplex method, successive 
iterations sre obtained by using row operations. This requires 
storing the entire tableau in the memory of the computer, which may 
not be feasible for very large problems. Luckily, it is really not 


*The reader 5 
ноосоо should refer to appendix A-3 while going through aec 
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necessary to calculate the entire tableau during cach iteration, The 
only information needed in moving from one tableau to the next is 

(1) The cj—E, row to determine tbe non-basic variable that 
enters tho basis. 

(2) The pivot column. 

(3) The current basic variables and their values (right-hand- 
side constants) to determine the minimum positive ratio and thereby 
to determine the basie variable that leaves the basis. 

The above information is directly obtained from the original 
equations by making use of the inverse of the current basic 
matrix. This method will now be illustrated with the help of an 
example. 

EXAMPLE 6:3-1 
Maximize Z-62,--32z, + 4t, — 2x,— x, 
subjeet to Qa, 4 327, 3174 4- 1, —10, 
зуф, 2а +25=8, 


162520. 


Solution : 

Since variable x, appears only іп the first constraint equation 
with a unit coefficient, it is a basic variable in that equation. Simi- 
larly, zs is a basic variable. The basic feasible solution is z, za 223 
=0, 2,=10 апі хъ=8. For easy reference the tableaus of the regular 
simplex method are shown below. 


Table 6-18 


о ВЗА 2.1 
e; CSV. zt а 23 * xp b [] 
чәе, M XP e d C 1 0 10 10/3<— 
15.3.4 2 4 D. TS 4 


Ej= Zea —3 —4 —5 —2 1 
о-у‘, 9 7 9 0 0 Initial basic feasible solution 


dae cubo Uses ice "od ae эзы 


Table 6-19 


e OSV. zm Ta mo % n b 
—2 = 2/3 1 () ШЗ 0 10/3 


l 5 1 2 1 0 1 8 Key element unity 
ane 


EJ 
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Table 6-20 
[7 gu cca a pesar 
е; C S.V. Si. XQ — $3 4 25 b 0 
2 1 10 
4 2 (=) suc (cor ENT 
1 1 14 
1 ts з 1 9-3 1 + M 
Eyes Seni Mg V ет 1 
с, — Е; Еа und 0 Second feasible 
У ч f solution 
O ———— о 
Table 6.21 
ИЛА ае, EE DEN Ts b 
: 3 S 1I 
4 2, (1) T S 0 5 
1 1 14 
1 z 1 0 —— 1  - Key element 
i 3 3 3 unity 
Table 6.22 
eee 
6 быы ae cdd C 
е C.8.V. | ЕА X; 2 2, b 
3 3 1 
Oe? lo zem. 70-5 
l i1 
tam et ex 21? 
19 17. 45 
Е;== Leti 6 Sp ish One 1 
cj—E,. 0 MR e E 0 Optimal solution 


;. Optimal solution is z, 55, z,—z,—2,—0, 2,—3, 
and 2maz— 06 X54-1x 3—33. 


The revised simplex method works on the principle that any 
tableau correspcnding to a basic feasible solution can be obtained 
directly from the original equations by matrix-vector operations. 
Let the column vectors P, P, P, P, and P, denote the original 
columns of у, 22, zs, 7, and х; and let the column vector b represent 
the right-hand-side constants. Thus 
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net} D n D D] 
к= [| Aw [0 1 


Table 6.20 in which z, and 2, are the basic variables may be 


generated directly by matrix theory as follows : 


Define a basis matriz B whose elements are the original columns 
of the basic variables x, and zy. Thus 


ВР, »j-[ a | 


The inverse of the basis matrix, denoted by B-! is obtained as 
follows : 


Since |B| =3-0=3(40), B is nonsingular and hence В-1 exists, 


Згод 120 
-| H | 
Leake Od 


s 1 
Divide the first row by 3 : nid f 3 0 
Dogs 0991 
1 0 2 0 
Subtract first row from the second ; 1 
0 1 TE J 
1 
* [U 
Then В-1— 
oN 1 
3 


Then according to matrix theory any column in table 6.20 can 
be obtained by premultiplying the corresponding original column in 
table 6.18 by the inverse of the basis matrix, B-*, For example, 


1 2 2 
Ө mee | * 
P,—B-1p,— | xy 
ix ccn DT * 
1 3 1 
^ pu. 
P,—BP,= 1 = , etc. 
5-37 l 


to 
= 
= 
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EIA EO - 
у Г 10 
Sod Aeg 
and b=B 'b- m E а 
aay $8} 3 | 


where P,, P,, etc. respresent the column vectors and b represents the 
right-hand-side constants of table 6.20. 

We know that there are two key steps in the simplex method, 
namely, the determination of the nonbasie variable that enters the 
basis and the basic variable tliat leaves the basis. These two steps 
are carried out in the revised simplex method as shown below, 


In the regular simplex method, the (€;—E;) row for table 6.20 
is calculated as follows : 


(&j— Ej) - с,— еа = е, 
Also P;—-B-P. 


(6j — Ё) = - «,B-!P; 
Let the vector П denote eB, The elements of vector П are 
called the simplex multipliers. ч 
(б;—Е,) ^^; — ПР), for all j. 
For example in table 6-20, 


1 0 
M=(m, 2;)-6B 1—(4, 1) NDA ops: 1). 


(@—K,) = IIPR- 6—(1, if 5 ]|+%-@+)=з, 


а-а пз, D| % ] 


=3 —(3+2)=—2, 
@—Е,„)=с,- ашан. ү д |= 


The incoming non-basic variable is the one corresponding to the 
maximum positive value of (с;—Е;). As c,—E, has the maximum 
positive value (3), z, is the non-basic variable that enters ‘the basis 
of table 6-20, : 

Next we are to find the basic variable that isto leave the basis 
w m minimum positive. ratio rule. For this we have to determine 

e elements in +X,’.column and the ri t-hand-side constants fe 
table 6-20, As already shown, us cued 


| 
| 
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cL TEES: 


woe [TET MUS] 


The first row gives minimum positive ratio and hence the basic 


variable zy will be replaced by 21. Hence the new set of basic 


variables are 2; and ту. 
2 
The next new basis matrix B —(Pi. Ру—| Я | ] 


B^! can be computed as follows : 


- B =2—0 =2 (540). B is non-singular and hence B^! exists, 
2 0 H 1 0 
BIS [ losen оО rut ] 
Divide the first row by 2 : [ б н я is i 
ch 07 


Subtract first row from the second : us 1 уа, 1/2 
ва 12 0 у 
—1/2 1 


The new right- hand-side constants are 


sere VIL H 


Thus the new basic feasible solution is 
0, z5—3 and Znaz=33. 


E 


wn 


| 


Xi, Xp =203=04= 


To check the optimality of this solution. we need (c; —Ej) 


coefticients for £z, хз and дү. 
(E= nP), 
ei 0 
where Il-(m, 7) = В-1—(6, 1) і 
—} i 
5 
Ж ORT A (+ je )t : ] 


V 


19 13 
аеосуз 
5 3 
(& Ey) ПР, -—( a) А | 
17 9 
ADR 2 
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(& — E) =, — IIP,— —2— ( = 3 ^ ] | 1 


5 9 
=—2-5 =— 3 > 


ч. 


As all(cj—Ey) coefficients are negative, the current solution is 
optimal. 

From the above discussion it may be concluded that ‘any 
information contained іп a simplex tableau can be obtained directly 
from the original equations if the inverse of the basis matrix of that 
tableau is known, This, in turn, can be obtained from the original 
equations if the current basic. variables in that table are known. Thus 
the revised simplex method can generate any information that is 
available in the regular simplex method. However, it generates only 
the relevant information that is required to perform the simplex 
Steps. 

Aetually, while solving a problem by revised simplex method, : 
the inverse of the basis is not obtained by inverting the raatrix of 
basic columns because inverting a matrix’ is costly and needs more 
time ona digital computer. The inverse of the basis matrix, at each 
step, is obtained by a simple pivot operation on the previous inverse, 
To illustrate this we refer back to the tables 6-18 to 6-22 already 
computed. 

"In the initial basic feasible solution of table 6-18, z, and 2; 
are the basic variables. The initial basic matrix is 


[Pa ra= А 1 (identity matrix). 


The new column coefficients corresponding to 2, and a, in 
any subsequent table are obtained by premultfplying P, and Р, by 
_ the inverse of current basis matrix, Thus 


P,—B-!P, and P,—B-'P,. 


[Р„ P] — B2[P,, Р] —B-:1— B. 

Thus the ‘x,’ and *z;'-columns in any table give the inverse of 
the basis for that table. For instance, in table 6-20, the ‘z,’ and :z,'- 
0 
1 
inverse of the basis forthe table. The same. is true for table 
6-22 ав well. Thus the new basis inverse can be easily obtained 
by considering the columns of initial basic variables and updating 
them by pivot operation. Similarly, the right-hand-side constants ofe 


columns are given by [ у ] which was the computed 
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any table can be obtained by updating ther values by the pivot 
oper&tion at each iteration, Thus the revised simplex method makes 
use ofa reduced simplex table which contains the columns of the 
initial basic variables, the right-hand.side constants along with 
current basic variables, This reduced simplex table corresponding to 
table 6:23 is shown below. 


Table 6-23 
‘Basis во b 
1 10 
23 3 0 > 
1 14 
Hs Tw 1 3 


From В-1, the simplex multipliers and the (6i Е) coefficients are 
calculated. This results in selecting x, as the entering variable. The 
‘a,’ column (pivot column) for table 6-20 is then computed as follows : 


Я ] е 2 E 
=В-1Ру= = d 

Knowing P, and b, the minimum positive ratio test can be 
performed, which identifies zy as the outgoing variable. This 1neans 
that the pivot column [ Н ] should be reduced to [ 3 } This 
ean be done by 

(1) Multiplying the first row by e. 

(2) Multiplying this modified row by } and subtracting it from 
the second row. : 


The pivot operation, when carried on the reduced table 6:23 
yields the following table : 


Table 6:24 
Pap hrie ta __— 
Basis Ві b 
Ly à 0 5 
25 =] 1 3 
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[ 
The new basic feasible solution is %=5, 2,—3, 2x, — 7, — z,—0. 


Ў 
The new inverse of the basis z 7 } Using the new 


i 
ЕЛУ) 
basis inverse, the simplex multipliers and (с;-Ё;) coefficients can be . 
calculated to check the optimality of the solution provided by table. 
6:24. 

EXAMPLE 6.3.2 
Minimize Z =—42,+-2,+ 225, 
subject to 22,—32, + 223612, 
{ — ör 4-92, 32524, 
32, —2z,2 —1, 
Ti Te, 2,720. 


Solution : 


In standard form the problem reduces to 
minimize Z= —4z, 4-7, 4-225, 
subject to 22; —32, -225-- 2,—12, 
—5zx,-+ 224-32, —2,—4. 
Eag EMQUE qp 


Since the second and third equations do not contain basic 
variables, artificial variables x, and x, are added and the problem 
reduces to 

minimize Z = —4z, > 24-227, 04 4- 0; 4- Mz, 4- Mz, 


subject to 2z,—5242-224-- z,—12, 
—órp£Inq3$m, ——2,42:—4. 
—32, Tx z,—1, 
Xy 222220. 


Let P,,..., P; and b denote the column vectors corresponding to 
Ty vos, 2; and the right-hand. side constants respectively. “Thus 


2 =3 
Paes.) B3 2 р 
aig 0 


to go № 


1 0 Я 0 
Pec EP ue Pel. 
0 
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0 12 
P,=| 0 |, and b=| 4 | 
1 SM 
Now (£a т, 27) forms the initial basis. 
L 500080. 
> OB -[BOPB,OP]g-.] 0.1 0 JH 
(2x3) 0 


B3-I and b-B'b—b. 
The initial table of the revised simplex method is given below, 
The last two columns of this table are added later. 


Table 6-25 


Constants | Variable to 
enter 


The simplex multipliers are 


1 0 
n=(T Ta 73) — cB —(0, M,Mj O0 1 0 
0 0 1 


—(0, M, M). 
(& —5)) =c, — P: —4—(0, M, “| 


(£5 — Ё) —e4— P, 1— (0, M, M) 


2 
(65 — Es) — c9 — 1P,—2— (0, М, zl Я 
(&—Ё)=%—тРь=0— (0, М, mf 


24—О.В. 


€ 
L^ 
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Since (¢,—E,) is most negative, т, isthe variable that enters 
the basis. The pivot column is 


meee ea е] 
PB,-B3B,-| 010 68. ||. 
001 ji 2 2 


The entering variable х; and the elements in the pivot column 
are now entered in table 6.25. Applying the minimum positive 
- ratio rule, the ratios are (6, 4, 4). Hence z, is the outgoing variable. 
This is shown by putting the corresponding pivot-element in brackets 

2 0 
ie. (2). Now the pivot column [ 3 | must be reduced to | 0 ] 

(2) 1 

This is obtained by 

(i) subtracting row 3 from row 1, 

(i$) multiplying row 3 by 3 and subtracting from row 2 

(itt) dividing row 3 by 2. А 

The new В-і and constants are given in table 6.26, 


Table 6.26 
Basis Bt Constants | Variable | Pivot 
to enter | column 
24 1740 4 1l —3 
EE [ou ч T za (2) 


1 
25 010 э 


The simplex multipliers corresponding to table 6.26 are 
10 —l1 


т=(ту, ms -)—c6B^—(0,M,2)| 9 1 3 


D 
3M Y 
м аа ~4—(0, i ЭУ \, | -= ] 
Mr n {- st—a+ 5 j=- g 


ve 
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Е 3 TS 
@—Е„)=в—тР,=1—(0, M, 1—5 M) | 2 —1- (2M) 


—1—2M, 
H 3 0 
(&—Ё,)=%—тР=0—(0, М, 1- 5; M) | —1 =0—{—M} 
0 : 
=М. x 


(z;—E;)is not calculated since z, is an artificial variable. Since 


(с. —Ё,) is the most negative, x, enters the basis and the pivot column 


becomes 
z / 10 —1 —3 —8 
P,=B-1P,=| 0 1 —3 2 |= 2 |. 
0 0 i 0 0 


The ratios are ( ЕАД 5, co |. Hence z, is the variable that 
leaves the basis (x, will be discarded from further consideration). 
This is shown by putting the corresponding pivot element in brackets 

2 0 
i.e., (2). The pivot column | (2) | now reduced «[ 1 | This 
0 0 
is done by 
(i) multiplying row 2 by = and adding it to row 1, 


(ii) dividing row 2 by 2. 


The new B-! and constants are given in table 6.27. 


Table 6.27 
a M mA—————————1 
Constants | Variable Pivot 
to enter column. 


ю— жж SES 
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: _ pivot column becomes 


ye 
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The simplex multipliers of table 6.27 are 


3 13 

ài UN 
1 3 

z-(z, л, )—6B7—(0,1,2 | 0 7 -F 
1 

0 0 LA 


ПЯ 
-(». > i) 


2 
1 
Ва 0 p. à { -5 


“ 
5л 
с 
olg 
[] 
tol = 


ZR 1 
(€s—Es) = €, —7P,—0— (e. uw cR 


Since (c, — E;) is the most negative, x, enters the basis and the 


3 13 17 

ge wr T 

ёл 1 3 2 А 1 
БВВ | 9 34 ou: Е |+ РЕ 
о Са zi 3 

Y SÉ 


The ratios are (27 3 D, 9 ) Hence z, is the variable that 


leaves the basis. 


оон 


1 
4 
Н 1 
The pivot. column | – must be reduced to | ] 
3 


This is done by 
(i) multiplying row 1 by m and adding it to row 2, 


(ii) multiplying row 1 by ue and adding it to row 3, 


(ii) dividing row 1 by A : 
The new B-! and constants are given in table 6.28. 


, 


+ А 
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Table628 — 
Basis B: Constants 

4 6 —18 59 

is AVE 17 17 ENS 

rr 10 —16 36 

& 17 17 17 Bu 

6 9 =l 97 

ae 17 Sp muc i7 


The simplex multipliers of table 6.28 are 


4$ 6 SN 
IU ITO IR 
1 10 —16 
т= (ту, лу, 713) 0; B *-(—4, 1, 2). го 
6 9 —II 
WT SITMET 
8 4 M ES 
-U om ar) 
1 
= 4 14 3 
A (6-Е) =с.—тР,=0— er up i7) 0 =, 
0 
0 
lo LE 9 4 14 4 
(E) r P,=0-( 17° 17 тт) =i 219 
0 


Since (2,—Е,) as well as (с, — E;) are non-negative, talbe 6,28 
gives optimal solution, which is 2,=59/17, 2, = 36/17, 2,—97/17, 


uw 
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=, 2,=0 and optimal value of objective function is 
59 
a. 
36 4 
=(—4, 1,2 i 
Zein=(—4, 1, 2) us 
97 
dis 17 
j 236 36 194 6 1 


ОЕР" dU 
6.3.1. Advantages of the Revised Simplex Method over the 

Standard Simplex Method 

1. For L.P, problems involving much larger number of 
variables than the number of constraints, the amount of computations 
is very much reduced because the revised simplex method works with 
а reduced tableau whose size is determined by the number of 
constraints, 

2. The revised simplex method works with а reduced tableau 
as it stores only the basic variables, the basis inverse and the ! 
constants. Hence less new information needs to be stored in the 
memory of the computer from one iteration to the other. 

3. Data can be recorded in lesser space. The original data is 
usually given in fixed decimals of three or four digits. The data 
can be stored more accurately and compactly since the revised 
simplex method works only with the original data. 

4, There is less accumulation of round-off errors since no 
calculations are done ona column unless it із ready to enter the 
basis, : 
5. The theory of the revised simplex method, especially the 
importance of the basis inverse and the simplex multipliers is quite 
helpful in understanding the advanced topics in linear programming 
such as duality theory and sensitivity analysis. 

64 Bounded Variables 

A linear programming problem may have, in addition to the 
regular constraints, some or all variables with lower «hd upper 
limits. Such a problem, in general, may be expressed as 

maximize Z=CX, 
subject to AX — b, 
L«X«U, 


where vector X —(z, zs, ... , а)? ‚ 
ctor C=(q, ©з, ..., On), 


vector bz (bi, bs, -ss бы), 
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matrix A— 


Omi Ama ... Omn 


and the superscript T is used to indicate the transpose. Also, 
щ л > 


Uz ІА 
U- : and L— 2 |, U2L20. 


Un | ly 
Here A is mxn real matrix and U and Lare the upper and lower 


bounds for X respectively. These limits are oo and 0 respectively if 
a variable is unbounded, 

The inequality constraints L<X<U can be converted into 
equality ‘constraints by introducing slack and/or surplus variables 
X' and X" as shown below. 


XX UU 
XXE 
X, X^ X50, 


The given problem, thus, contains 3n variables and m+2n 
constraint equations, However, this problem can be reduced in size 
by using a special technique which ultimately reduces the constraints 
to the form 

AX - b. 
First, considering the lower bound constraints, the equality constraint 
X-X"—L could be written as XeL-L-X' and thus X can be 
eliminated from all the remaining constraints. The problem will now 
have X' and X” as variables and since both are non-negative, Ж will 
always be non-negative. 

The real problem arises when dealing with upper bound variable, 
because the substitution X —U— X’ does not guarantee that X will 
remain non-negative. This difficulty is overcome by using а special 
technique called bounded variable simplex method. 

The upper bound problem can be written as 

maximize Z=CX, 
subject to AX — b, 
X4 X'—-U, 
X, X' 20. 
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However, instead of considering the constraints X-L-X'—U in the 
simplex table, their effect can be acoounted for by modifying the 
feasibility condition of the simplex method, the optimality condition 
remaining the same. The upper bound condition requires a basic 
variable to become non-basic at its upper bound (cf., regular 
‘simplex method in which all non-basic variables are zero). Moreover, 
when a non-basic variable enters the solution, its value should not 
exceed its upper bound. Thus while developing the new feasibility 


condition, two things are to be taken care of : 


(1) The non-negativity and upper bound constraints of the 
entering variable. à 

(2) The non-negativity and upper bound constraints of all 
those basic variables that are affected by the entering 
variable. 

The procedure for obtaining an optimum basic feasible solution 
fora linear programming problem by . bounded variable method 
consists of the following steps : 

Step 1 

If R.HS. of any constraint is negative, make it positive by 
multiplying the constraint by —1. 

Step 2 

Convert the inequations of the constraints into equations by 
the addition of suitable slacks and/or surplus variables and obtain an 
initial basic feasible solution. 

Step 3 

Ifany variable is at a positive lower bound, it should be 

substituted at its lower bound. 


-Step 4 


Calculate the net evaluation cj—E,- For a maximization problem, 
ifc;—E;«0 for the non-basic variables at their upper bound, 
optimum basic feasible solution is attained. If not, go to atep 5. 
Reverse is true for a minimization problem. 

Step 5 

Select the most positive of c; — Ej. 

Step 6 ў 

Let x; be a nonbasic variable at zer» level which is selected 
to enter the solution. Let (Хв); =(Х*в): be the ith variable of the 
current basic solution Xg. Then 


(Xy); (Ха 00 


where а, is the ith element of a;—B-! b;, where b; is the vector of 
A corresponding to ту. S 


Advanced Topics in Linear Programming 377 


Compute the quantities 


min | a Qc 8) , tij >0}, 


m вн. &2% } 


mind. 

-—aij 
and 0—Min. (0, 09, Uj ), 
where шу isthe upper bound for the variable z; . Let (Хв), i 
the variable corresponding to @=min. (8, 0, uj). Then 

(i) if@=0,, (Xs) leaves the solution and х; enters by 
using the regular row operations of the simplex method. 
(ii) if 0—6,, (Xp), leaves the solution and z enters; then 
(Xa), being nonbasio at its upper bound must be substituted out by 
using 
(Хв), — u, — (Xs), , where 0« (Хв), «ur. 
(ii) if 9=u, , 2; is substituted at its upper bound difference 
шу —2,' , while remaining nonbasic, 
EXAMPLE 6-4-1 
Using bounded variable simplex method, solve the L.P.P., 
maximize Z —32; 4-23 - x3 - 724, 
subject to the constraints 22; -3z4—25-]-4v,« 40, 
— 22, + Qa + 52, —74«,35, 
2 J-24—2273 4-32, « 100, 
2,22, 221, 2,23, 7,24. 
[Meerut B. 8с. (Math.) 1972] 
Solution : 
Since 21, ta, хз and x, have positive lower bounds, they must 
be substituted at their lower bounds. 
Let жү=2-+ уь» 


%=1-+ ys, 
=3 +Y» 
t =4+%. 


The given problem becomes 
maximize Z=3(2+91) - (14-3) +(3 +98) +-7(4+%) 
=38 + 3yi--Va- aT 
i.e., maximize Y = (Йй —38)==Зу + Уз--Уз t TV» 
subject to 2(2+4,)+3(1-+y2)—(3 9/9) 44-0) & 40 1e, 2y, +3ya 
—Ys+4y4<20, 
—2(2 +y) +2(1+-ys)-+5(3 3-95) —(4 +44) 35 

i.e., 20-24 9s 26, 

(2-93) EL 98) 3 (9 +9) + 3(4+) 

«100 i.e., Vi-Vs— 29 3691, 

Yv Ya Ys 920. 
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This problem can now be solved by regular simplex method. 
The solution is left as an exercise for the students. The optimal 
solution is 

n= 63/4, yy —0, y, —23/2 and y,—0. 
5 21=63/44-2=71/4, 
213=0+1=1, 
z4—23/2--3 = 29/2, 
24=0+4=4. 

Zmar=3X Dt x14 DOE 44x 7=387/4. 
EXAMPLE 6-4-2 

Solve the following L.P.P. by the bounded variable simplex 
method : 

Maximize Z 232; 4-51, 4-315, 

subject to 2; +2a,+22,<14, 

22, 4-42, -32,«23, 
0<2,<4, 0<х<5 and 0«2,« 3. 

Solution. 

The given inequations can be converted into equations by 
introducing slack variables 5; and s, and the problem becomes 

maximize Z —32, --5z, -- 3244-05, - 055. 
subject to %-+2%_+ 2254-5, —14, 

225, p Avg 323 +%=23, 

0«,«4, 0 <ж<5, 0«2,«3, 520, $20. 

The basic variables are 5,—14 and 5,—23. Since no upper 
bounds are specified for these basic variables, we arbitrarily assume 
their upper bounds to be co each. The above information can be 
put in the form of a table shown below. 


Table 6-29 
КЛ Seb 3 0 0 
e; variables in жу ty ty % à b 0' wu—(X*pgy 
current solution 
о 81 1 2 2 E 0 14 7 со—14 
о 8 2 4 3 0 1 23 23/4 оо—23 
Е)=‹ 0 0 0 0 0 
C,—À, 3 з з 0 0 
SU. M 2 tee тоо 
Uy 4 5 3 oo со 


First iteration, 2; is the incoming variable. 
Now = min. (7, 23/4)=23/4, 
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0,—oo, since all elements in :*z',.column are non-negative 
and y, —5. 
S20 02min, (0, Os, ts) 
=min, (32/4, оо, 5) 
=5. 
Since (=u, z, is substituted at its upper bound difference t.e., 
z3— U— 3, but it remains non-basic. The new table becomes 


Table 6:30 
Cj 3 —5 3 0 0 
ei C.S.V. 2; ta a 8 83 b 0 шщ -(X*pg) 
о E 1 —2 2 1 0 4 4 со—4 
o 8 (281 4.3 бу 1-003109 E 09550 
Ej—Xeiaij 0 0:00. Жу) 
с,—Е; 3 —5 3 0 0 
t 
PEE icc mese Es S TL 
uj РЫ з Бота 


Second iteration, Now let z, be the incoming variable, 
Then 0,— min. (4, 3/2)—3/2, 
0,—oo, since all elements in ‘z,’-column are non-negative, and 
wu 4. 
à —min. (3/2, оо, 4)—3/2. 
since 0 —0,, introduce 2; and drop з,. This yields 


Table 6:31 

с 3 —5 3 0 0 
e; OSV а х, Tg sı 83 b u—(Xp*); 
о 81 0 0 1/2 l —1/2 3/2 oo—5/2 
3 а 1. (—2) 3/2 0 1/2 3/2 1—3/2= 5/2 
Ej=Zeway 3 —6 9/2 0 3/2 
Cj—E, 0 1 —3/2 0 —3/2 

; t 
uj 4 5 3 со eo 


Third iteration. 1’, is the entering variable. 
£,—co, 


43/2 


b= (С) —D/4, corresponding to zy, 
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7 so 8—min, (оо, 5/4, 5)=5/4. Since 0—6, introduce z's 
into the basis and drop 2, and then substitute it out at its upper 
bound 4—z',. Thus by removing x, and introducing z's, the table 


becomes 


Table 6:32 

ei C S.V. ГА T'a Ta & EN b 
о 81 0 0 1/2 1 —1/2 5/2 
nee je eq 4 0 1/2 —34 

Now substituting zı —4—-', the final table becomes 

Table 6:33 
ĉj =й 39 0 0 
e; CSV. a LP 23% 8 Sq b 
0. 8 0 0 1/2 1 —1/2 5/2 
—5 va 1/5 3 —3/4 0 —I/4 5/4 
Е;= Хе; aij —5/2 —5 15/4 0 5/4 
сЕ, -—1/[2. 0 —3/4 0  —5[4 Optimal feasible 
solution 


2. Optimal solution is z'1=0, a'g=5/4, x —0. 
In terms of original variables, the solution is 

xy =4—0=4, 

аз = 5—5]4— 15/4, 

2520, and Zmar=3 X 4--5x 15/443 x 0— 129/4. 


65 Sensitivity Analysis 

Once the optimal solution to a linear programming problem has 
been attained, it may be desirable to study how the current solution 
changes when the parameters of the problem are changed. In many 
practical problems this information is much more important than the 
single result provided by the optimal solution. Such an analysis 
converts the static linear programming solution into a dynamic tool 
to study the effect of changing conditions such as in business and 
industry. 

The change in parameters of the problem may be discrete or 
continuous. The study of the effect of discrete changes in parameters 
on the optimal is called sensitivity analysis or postoptimality analysis, 
while that of continuous changes in parameters is called parametric 
programming. One way to determine the effects of parameter changes 
jato solve the problem anew, which may be computationally 
inefficient. Alternatively, the current optimal solution may be 
investigated, making use of the properties of the simplex criterion. 
The second method reduces additional computations considerably 
and hence forms the objective of present discussion. 
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The changes in the parameters of a linear programming problem 
inelude , 

1. Changes in the right-hand side of the constraints by. 

2. Changes in the cost coefficients су. 

3. Addition of new variables, 

4. Changes in the coefficients of constraints Ay. 

5. ‘Addition of new constraints. 

6. Deletion of variables. 

7. Deletion of constraints, 

Generally, these parameter changes result in ono of the following 
three cases : 

1. The optimal solution remains unchanged i.e., the basic 

variables and their values remain unchanged. 
2. The basic variables remain unchanged but their values 
change. 

3. The basic variables as well as their values are changed. 

While dealing with these changes, one important objective is 
to find the maximum extent to which a parameter ora set of para- 
meters can be changed so that the current optimal solution remains 
optimal. In other words, the objective is to determine how sensitive 
is the optimal solution to the changes in those parameters. Such an 
analysis is called sensitivity analysis. 
6:5-1 Changes in the right Hand Side of the Constraints b, 

Suppose that an optimal solution to a linear programming 
problem has already been found and it is desired to find the effect of 
increasing or decreasing some resource. Clearly, this will affect 
not only the objective function but also the solution. Large changes 
in the limiting resource may even change the variables in the 
solution. 5 
EXAMPLE 6.5.1 : 

(a) Solve the problem 

maximize Z=5x, + 122,453, 
subject to — z,--22, p 25«5, 
22,—25$4-325 —2, 
Tis Va, 220. 


(b) Discuss the effect of changing the requirement, vector from 


[ : ] to [ 3 ] on the optimum solution. 


(c) Discuss the effect of changing the requirement, vector from 


3 1 
[ a to [ 9 ] on the optimum solution. 
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(d) Which resource should be increased and how much to 
achieve the best marginal increase in the value of the 
objective function ? 

(е) Which resource should be decreased and how much to 
achieve the best marginal increase in the value of the 
objective function ?. 


Solution. 
(a) The standard form of this problem is 
maximize Z—02;--12254-4254-05, — MA;, 
subject to 2-223 4-23 4-51—5, 
221—2, 3925 c A1—2, 
у, To Za 8, А120. 
Putting z,—2,—2,—0 in the constraint equations, we get 512-5 
and A,=2 as the initial basic feasible solution which can be expressed 
in the form of a simple matrix or table. 


Table 6:34 


Objective function c; 5 12 4 0 —M 
св variables in current у 2% %3 ё A b 


solution 
0 а 1 2 q^ 17 9^8 
=M Ay 2 —1 ог 


2 
Initial basic feasible solution 


First Iteration : (i) Perform optimality test. 


Table 6:35 
с; Б] 12 4 0 —M 
св C89. 2 Za з. 4 <A, b0 
ЛЕЯ оой 2 ат: 9: H6 


-M А 2 —1 (3 0 1 2 2/34 еу row 
Ej2Zcea; —2M М  —3M 0 —M 
&j—cy—E; 542M 12—M 4.-3M 0 0 
Snel oe CU 2200 2L URINE 
(ii) Muke key element unity. 
Table 6:36 
Cg С.8.0. Z; By ЕЯ 8 А; b 
(ERA. I NS SL. qe 0 5 
мА 4 4 @ о E 
Key element unity 


eS PO Ud 8—2 
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(ii) Replace A, by z}. 


Table 6:37 
————————— eee 
ĉj 5 12 4 0 —M 
св С.8.0. m, А Wy e A b 0 
0 81 A (s) 0 1 oF = Be key row 
2 
bier * ESO сү _ a3 
8 4 4 
Е;=Усв ay DALT 4 0 y 
7 4) 4 
Cj c;—E; > 3 0 0 -N-a 
tk 


Second feasible solution 


Second Iteration. (i) Make key element unity, 


Table 6:38 
Cg. 6.8.0. 21 2, [on 8 А, b 
1 3 l 3 
0 а т (1) 0 Wm oe 
2 1 1 2 
& отра. oo нари 


Key element unity 


(ii) Replace ғ; by z,. 


Table 6:39 
———————————— 
ĉj 5 12 4 0 --M 
св C.8,U. ЕД p 2 E A b 6 
1 3 1 13 
MP UU T 1 0 7 XD 13 
5 1 2 9. 9<key 
С 23 (7) REET MA T T DES 
32 40 4 
Е;=Хсв aij E 12 4 7 ce 
3 40 _M— 
$j—c;—E, 7 0 0..— 7 E 
^k Third feasible solution 
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(i) Make Key Element Unity. 


Third Iteration. 
E Tabie 6-40 


Key element unity 


NM о у р зло a 


(ii) Replace л; by zı. 


Table 6-41 
6j 5 12 4 0 55 
св с.8,0. тг Tt ЕА 8 А; b 
1 2 1 8 
ities icr. сусу > 
7 E 2 9 
Cine aia качак ауа о а s LE 
2 24.020 2 
Ey=Zenay 5 12 aeu idera 
D з. 29 M—2 
£j—0j— E; 0 0 ВЕЕ (ТБ 


Optimal feasible solution 


Thus the optimal solution. is 
9 


a rAr 
zm to 
2520, 
д5 212X440 =e 


(b) New values of the current basic variables are given by 


аан! 
[ ^ |-B = [ T ] 
dl 1 2 2 
5 5 
14 2 12 
ED: «53 в 
mmu е M 
ЖБ Б B 
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Since both тү and z, are non-negative, the current basic solution 
consisting of 2, and z, remains feasible and optimal at the new values 


ts = T cmm and 2; —0. The new optimum value of Z is 5х + 


12 199 
Іх 4x0. 


(c) New values of the current basic variables are 


rion! 
[f rana Se CF ee 
ЕА 1 2 9 
5 5 
86 9 г 
2 DES iti 
ез| 91 
ГЪ 3 


Since x, becomes —ve, the current optimal solution becomes 
infeasible. As discussed in section 6-2, dual simplex method may be 
used to clear infeasibility of the problem. Table 6-41 is modified and 
written as below. 


Table 6:42 
ee EE 
93:185 7749 7 4 TS И 
CB C80. 21 ЕА 23 E A, b 
01 1 3 
12 а 0 1 ( ae -5 ~ H+ Koy row 
7 1 2 21 
5 2 1 0 * v T = 
23 2 2 
Ej = Z'cgai; 5 12 E 2 т 
3 29 2 
6, cj— Ej 0 0 PES Mie —М+- 
tk 


———————————————————— 
As b= = the first row is the key row and a, is the outing 
variable. Find the ratios of nonbasio elements of c, row to the 
elements of key row. Neglect the ratios corresponding to positive or 
3 


=3, Hence ‘zy’. 


zero elements of key row. The desired ratio is 


б 
25—0.R. 


386 Operations Research : An Introduction 


Tv 
column is the key column, т; is the incoming variable and (== ) is 


the key element. Make the key element unity. This is shown in 
table 6-43. 


Table 6:43 
оо 2L о SS T SENE ERR 
св  C.8.U. 21 ЕА Es 8 ET b 
12 To 0 —5 1) —2 1 3 
7 1 2 21 
a Cie ас в 


Key element unity 
Replace x, by ту. This is shown in table 6-44. 


Table 6-44 
DS 12 4 0 м 
св с.8.У, а СА Жз s A, b 
4 " uestes тро 1 3 
5 " 1 1 0 зала 2:1 
Е;=саа 5 15 4 7 —1 
6j—ci— E; 0 —3 0 —7 —M+1 


——— 


As all elements in cj row are negative or zero and all b; are 
positive, the solution given by table 6-44 is optimal. The optimal 


solution is а= 


Zmaz=5 (0)+12 (0)+4х3=12. 

(d) In order to find the resource that should be increased (or 

decreased), we shall write the dual objective function, which is 
G=5y,+2y2, 

where y, 29/6 and y,—— 2/5 are the optimal dual variables, Thus 
the first resource shou!d be increased as each additional unit of the 
first resource increases the objective function by 29/5. Next we are 
to find how much the first resource should be increased so that each 
additional unit continues to increase the objective function by 29/5. 
This requirement will be met so long as the prima! problem remains 
feasible. If Д be the increase in the first resource, it can be deter- 
mined from the condition 


EX Io 9/5 —1/5 SUME AES 
а Ms 8/5 2 
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T 842A 
| 10/5 +2A/5 —2/5 | 5a 5 [ 0 ] 


әв але sas J) 25A |? | o 


As x, and x, remain feasible ( > 0) for all values of Д > 0, the 
first resource can be increased indefinitely while maintaining the 
condition that each additional unit will increase the objective function 
by 29/5. 

(e) The second resource should be decreased as each additional 
unit of the second resource decreases the objective function by 2/5, 
Let A be the decrease in the second resource. To find its extent, we 
make use ofthe condition that the current, solution remains feasible 

. 80 long as 


з 7-1 2/5 —lJà ~ 5 
=Bb 
сук 


8+ 
10/5  —93/5 +д% XE 0 
| 5/5 — 4j ——2,A]5 } mm >| 0 | 


Evidently z, remains positive only so long as A > 0 
or A « 9/2. 


If A > 9/2, z, becomes negative and must leave the solution. 
65.2 Changes in the Cost Coefficients cj 

Changes in the coefficients of the objective function may take 
place due to a change їй cost or profit of either basic variables or 
non-basie variables. Each of these two cases will first be considered 
separately. The discussion, will then, be followed by a combined 
case. Allthe three cases will be studied by considering an example. 
EXAMPLE 6.5.2.1 

A company wants to produce three products A, B and C. The 
unit profits on these products are Rs. 4, Rs. 6 and Rs. 2 respectively. 
These products require two types of Tesources—man-power and 


material. The following L.P. model is formulated for determining 
the cptimal product mix : 


Maximize 4= 42, 62, -22,, 
subject to Tir. « 3, (man-power) 
zm Ez. > 9, (material) 
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ал, Ta ta > 0, 


where 21, ту, £a are the number of products A, B and C produced. 


(a) Find the optimal product mix and the corresponding profit 
to the company. 
(b) (i) Find the range on the values of non-basie variable 
coefficient су such that the current optimal product mix 
remains optimal. 
(ii) What happens if cs is increased to Rs. 12 ? What is 
the new optimal product mix in this case ? 
(c) (i) Find the range on basic variable coefficient су such that 
the current optimal product mix remains optimal. 
(ii), Find the effect when c,—Rs. 8 on the optimal product 


mix. 
(d) Find the effect of changing the objective function to 
Z —22,-- 815-42, on the current optimal product mix. 
Solution. The standard form of the problem is 
maximize Z= 42, + Garg 2erg 4-05; 4-053; 
subject to тжу-®з-Е®з-Е51=8, 
d, -- 42, 1-123 4-53 — 9, 
4 ал, Жз, Vy, 81,82 D O- 
Putting 21 42,--2,—0 in the constraint equations, we get 5, = 3 
and s5—9 as the initial basic feasible solution which can be expressed 
in the form of a simple matrix or table shown below. 


Table 6:45 
Md s acude аа а lr elige Un ш аа 4 
©; 4 6 2 0 0 
св с.В.У. а Ta 23 гү Sp b 
0 E 1 1 1 1 0 3 
0 55 1 4 7 0 1 9 


Initial basic feasible solution 


First Iteration : Perform optimality test. 


Table 6-46 . 
©; n 6 200 

ев 6.8. V. Ži Жа Xy 3, 82 b ө 

0 5, 1 АТЗ 

0 85 1 (4) 7 0 1 9 9/4<Key row 
Ej=Zcpa,j 0 0 0 0 0 
256—8 ааваа .0 0 

tk 


ss ae 
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(ii) Make key element unity. 


Table 6:47 
св €.8.V. а Ly fg 51 S2 b 
5 1 1 1 1 0 3 
0 в, ОМИРИ (Ola 


Key element unity 


Жы he ыу д. г” ge ON CONS S 
(tit) Replace з, by zs. 3 


Table 6-48 
с; ri С 10030 
св С.5.у. 2i axo ВРЕ s. b 0 
3 — —1 3 
0 5j (+) 0 a 1 DW YR 1<Key row 
1 7 1 9 
6 23 fe 1 Ei 0 "IER 9 
tj= c,—E, á 0 mi 0 4) Second feasible 
ЕЗ solution 
^k 
Second Iteration; (i) Make key element unity. 
Table 6-49 
ов C.8.V. zi Le Tg E СА b 
0 в раза ааа 
1 (1) = DOM rer 
1 7 1 9 
4 алат LOREM UE с 
Key element unity 
(ii) Replace s by 21. 
Table 6:50 
с; 4 0-7 12.230 5270 
св 0.8.7. % Za з & 8, b 
4 —1 
4 РА 1 0 —1 а Е: 1 
6 Ta 0 1 2 = = 2 
желш 4 6 в 10 z 
a ид е Ў 
6j &6,— Ej 0 0 —6 ace RA. Optimal feasible 
solution 


ee SS ee 
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Optimal solution is z,—1, z$,--2, 23=0 and Zmar= 
Rs, (4x 12-6 x 2--2 x 0) — Rs. 16. 


Effect of changing the objective function coefficient of a 
nonbasic variable 


(b) (3) The coefficient c corresponds to the non-basic variable 
хз for product C. In the optimal product mix shown in table 6.50, 
product C is not produced because of the low associated profit of Rs. 
2 per unit (сз). Clearly, if cy further decreases, it will have no effect 
on the current optimal product mix. However, ifc, is increased 


beyond a certain value, it may become profitable to produce the 
product C. 


Asa rule, the sensitivity of the current optimal solution is 
determined by studying how the current opt mal solution given in 
table 6-50 changes asa result of changesin the input data. When 
value ofc, changes, the value of net evalation (relative profit 
coefficient) of the non-basic variable zy i.e., б, in table 6-50 also 


changes. The table will remain optimal, as long as c, remains 
nonpositive. 


For table 6:50 to remain optimal, c;«;0 


“1 
or ¢3;—(4, of 2 |с 
or сз—(—4-+12) «0, 
or c,«8. 


This means that as long аз the unit, profit of product C is less 
than Rs. 8, it is not. profitable to produce it. 


(ii) Ie, =12, 5e — (4, 6) [ ^n ] 


=12—(—4 412) 
=12-8 
=+4 


Аз б, becomes positive, the current product mix given by table 
6.50 does not, remain optimal. The optimum profit ean be increased 
further by producing product C. Non-basie variable z; can enter the 
solution to inerease Z, This is shown in table 6-51. 
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Table 6-51 
6j PINE. Утор 
св O.8.V, 21 2 а E E b [] 
4 —1 
4 zi 1 0 —I 3 3 1 — 
1 1 ; 
6 ЕА 0 1 (2) m 3 2 1 «Key row 
10 2 
Еу=Хаа 4 6 8 — 5 
— —10 —2 
cjzcj-E, 0 0 4 SE 
tk 
First Iteration. (i) Make key element unity. 
Table 6:52 
св С.В Y. 21 To Z3 81 8 b 
4 1 0 1 i =k 1 
Ф NON o" 
1 —1 1 
6 d 0 >, MS 3 
Key element unity 
(tt) Replace 2, by z. 
Table 6-53 
a ae = T 
с) 4 6 12 0 0 
Св C.8.V. ЕД а, % 8 8 b 
1 7 —1 
Тай c ai Жер; Майкы эш eR, ce Maas oe 
1 —1 1 
12 =; 0 э 1 a 5 1 
8 4 
= 4 -5 z 
E;=Zcpaj; 8 12 3 З 
> —8  —4 
£j—c, — Ej 0 —2 0 == 
Optimal feasible solution D 


7. New optimal ‘product mix is 2,—2, z,—0, zr, -l and 
Zmaz=Rs. (4x 2--6x 0.-12 x 1) Вв. 20. 


Effect of changing the objective function coefficient ofa 
basic variable 


(¢):4) Clearly, when c, decreases below a certain level, it m&y no 
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longer remain profitable to produce product A. On the other hand, 
` ife, increases beyond a certain value, it may become so profitable 
that it із most paying to produce only product A. In either case 
the optimal product mix will change and hence there is lower as 


well as upper limit on c, within which the optimal product mix will 
not be affected. 


Referring again to table 6-50, it can be seen that any variation 
inc, (and/or in e, also) will not change 2, and с, (ie. they 
remain zero) while бу, c, &s will change. However, as long аз с; 
(2223, 4, 5) remain non-positive, table 6-50 will remain optimal, 23, б, 
and 2; can be expressed as functions of c, as follows : 


TURPE af a ]22- (72:212) 2419. 


4 
x TH 4 
ĉ=0— (c1, 6) 1 =0-(Fa-2)=— Fate, 
РЕ 
i 
s DOR k 1 
бь=0— (су, 6) р =0-(— а) 4-2 
zm 


For č, to be «0, c4--10«70 or c,« 10, 


for č, to be <0, — $ «0 or с> 2s 
for © to be&0, qa-2«9 or суб. 


Range on c; for the optimal product mix to remain optimal 
P Л, 
cos $1<6. Thus so long as c, lies within these limits, the optimal 


solution in table 6-50 viz., x, —1, x4—2, 250 remains optimal. How- 
ever, within this range, as the value of c, is changed, Zmaz undergoes a 
change. For example, when c, —3, Zmaz=Rs. (3x 1--6x 2) - Rs. 15 


(ii) When c,=8, бу c; — 108—102 —2, 


4 26 
Addam e et 
д 1 8 2 
dnd SU Dis —2= tg 


Ав & becomes positive, the solution given in table 6:50 no long er 
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remains optimal. Slack variable s, enters the solution. This is shown 
in table 6 54 d 


Table 6:54 
те e, 8 6 2 0 0 
‘св С.В.У. а Ta Xs ЕЯ Sa b 
4 1 
8 zi 1 0 Ex 30g eg 
6 £a 0 1 2 fest Є ) 2 6< Key 
3 3 TOW 
26 2 
Е; = Z cgay; 8 6 4 merde 
A 26 2 
tj=c;—E, 0 0 ee mci ao 
tk 
First Iteration. (i) Make key element unity. 
Table 6:55 
cB @.8.у. а Ts T3 E $$ b 
4 1 
8 zi 1 0 ES 43 —3 
6 ж 0 3 О] a) 6 


Key element unity 
(ii) Replace z by з,. 


Table 6-56 
ĉj 8 6 2 0 0 
св с.8,У, zl Xo ЕА E з b 
8 2i 1 H 1 0 
0 E 0 6 —1 1 6 
Е; =2Zepaij 8 8 8 0 
&jzcj— E; (V e кб гена 0 


Optimal feasible solution 


Thus the optimal product mix changes to z,—3 units with 
Zman== Rs. 24. 


mag= 
Effect of changing the objective function coefficients of 


basic as well as non-basic variable, 
(d) The effect on the optimal product mix ean be determined by 
checking whether the 2; row in table 6:50 remains nonpositive. 
бу=0, 


64-0, 
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Га 
= 
£52-0--(2, 8) 1 =0—(2/3--8/3)—= —2 <0. 
ES 
Hence the optimal solution does not change. The optimal pro- 


duct mix remains n=l., a =2. s,—0 and Z 
+0x4)=Rs. 18. There is indication of an alt 
since ё,<= 0, 


maz Rs. (1x 2428 
ernate optimal solution 


6:5-3. Addition of a New Variable 


Referring to example 6-5.2.], 
and Development department of the 
product D which requires 1 unit of т 
and earns a unit profit of Rs. 
to find whether it is profitable 


let us suppose that Research 
company has proposed a fourth 
anpower and 1 unit of material 
3 when sold in the market, It is desired 
to produce product D, 


Addition of this product in the already existing product mix is 


1 
equivalent to addition of a now variable (say ж) and a column [ 1 ] 


positive, 
Now from the revised simplex method we know that: 
a= 4 — eu P, = c, — єв.В-1 P, 
= —тР,, 


where c, — Ra. 3, n-[ 1 Jona тп із the simplex multiplier corres. 


ponding to the current optimal solution contained in 6 50 and is given 
by 


-"—cgB! 
4 1 
d 


ТОЕ 0 
-4. 6) I1 -(= Й E ) 
EN] 
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er ipn] een 


As С, is non-positive, the present optimal solution does not 
change even after the product D is introduced. As product D cannot 
improve the present value of the maximum profit, it should not be 


produced. 
If, however, с, turns out to be positive, it follows that product 


D can increase the value of maximum profit; simplex method can then 
be applied to find the new optimal solution. 
EXAMPLE 6.5.3.1. 
Consider the problem 
maximize Z:- 452; + 1002s 4- 3025 -- 5024, 
subject to Ta 4- 1023 + 475 4-97, 1,200 
За, 4-402; + 75 + 74, 800 
Tis Zas Za, 14:20. 


The optimal table for this.problem is given below. 


Table 6:57 
с; 45 100 КОДО ESSO TATUR SED 
св C.8.0. d, 2, 13 v, 25 25 b 
30 а = жау UE Е M Y 
LD d жу 5-8 S 3 
Ah x. aM а -2 5 -4 


If a new variable 2; is added to this problem with a column 


[ p and ¢,=120, find the change in the optimal solution. 


Solution 
6,6, –єв P =c, —cp-B-'.P, -06—nP; 
where c, .- 120, P;— [ о Jena x, the simplex multiplier corres- 


ponding to the original optimal solution in table 6-57 is given by 


4 1 
15 ОМЕТ :92 8 
ж (ту T:) = CBB? = (30,100) 1 zu К ааз 


~ 150 75 
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- 2 
^ eese - ( e ш ] 


37 SJE 10 
220 , 20 
—190—- (= +5) =. 
Sinee с, is positive, the existing optimal solution can be 
improved. 


4 1 E 
> 15 15 10 s: 
Now P,—B !P,— [ Is 1 
Ee 2 10 YI 
150 75 


Now we start with the original optimal table (table 6:57) and 
add entries corresponding to variable x, as follows : 


Table 6-58 
Cj 45 100 30 50 0 0 120 
Св C9. n Ta А ЕЯ £; 26 Ta b 0 
5 400 
30 s BUS EU i 2800 
LX ME x. iso тэ а 
1 1 1 2 1 40 200 
100 E zb алт БЕУ 
Em оа 4 ( 5 ) 3 731 
Key row 
РЯ A 5 99 
КЕ 0 оо 50.22 2 45 
3 E 3 k 
1 
Make key element unity. 
Table 6:59 
Cp с.8.®, 2i EA га EA 25 5% A b 
5 7 4 1 800 
30 е zn mee жс ae 
^" pro Rs щш 
1 1 í 2 200 
100 ; zm. 5 е MAS e ЖАДЫ D 
^ D аорти 00: 3 
Key element unity 
Replace z, by ту. 
Table 6-60 
"4B 106 р 
64 45 100 30 50 0 0 123 
св бал, ЕА РА Zs Za fy Xe T. b 
4 8 1 1 400 
30 2: =z —10 = b a EX 
3 3 IS aS 0. 
1 1 1 2 200 
120 = 5 Шу = = Саз i 
d 6 ЕТ ТЕ 95. 
E;- Zep aij 60 300 30 60 6 6 120 
&j-6—E; 18 —200.'0 —10 6 e 0 


Optimal feasible solution 
К 
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Since су is negative, table 6-60 gives the optimal solution with 


400 24 (basic variables), = = = t= r=) (non- 


=a t= 
200 


4 
ано variables) and Zgascs30x ex 4.120 x 220 = 4,000 + 8,000 


=12,000. 
6.5.4. Changes in the Coefficients of the Constraints a 

When changes take place in the constraint coefficients of a non- 
basic variable in a current optimal solution, feasibility of the solution 
is not affected, The only effect, if any, may be on the optimality of 
the solution. This effect can be studied by following the steps given 
in section 6-5-3. 7 

However, if the constraint coefficients of a basic variable get 
changed, things become more complicated since the feasibility of the 
current optimal solution may also be affected (lost). The basic matrix 
is affected, which, in turn, may affect all the quantities given in the 
current optimal table, Under such circumstances, it may be better 


to solve the problem over again. 


EXAMPLE 6.5-4.1 
Find the effect of the following changes in the original optimal 
table 6:57 of problem 6-5.3-1 : 


(a) ‘æ, -column in the problem changes from [ 1 |e 


7 
[ 
: 7 5 
(д) “л — column changes from [ 3 ] to [ 8 1 


Solution 
(а) misa nonbasie variable in the optimal solution, 


=; EBP: =c,—cpB'P, 


Goa 
an 
(an 


=c — 7P where с1=45, Pis 


4 1 
15 715 .|22 2 
and z= cgB-1 (30,100) 1 2 i бз 
~ 150 75 


to 


22 2 2 7 
= 45— | 3^ + ||. 5 
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154 10 164 29 
зга (F+5)- 


Since c, remains non-positive, the original optimum solution 
remains optimum for the new problem also, 


(b) ¢=¢,—epP, =c; — crB `P, 


2299 5 
=¢,—nP, = 45-. e: sl 8 ] 


(s 


As c, is positive, the existing optimum solution can be improved, 


4 1 if 4 

x 15. 15; 5 5 

Now Р, В !P,.— 1 * [ 8 ] zi 
B 75 150 


Now we start withthe original optimal table (table 6-57) and 
incorporate the changes due to variable ži 


Table 6-61 


БК Ae LC E 0 
€ 68.0. т, as аз 24 Ds Ta b 0 


4 TT 1 800 1000 
3 ый 0 1 з АЙШЫК ЧС 1000 
EE: Ben. Giga. СЗ 
27 Weel сд о 000 key 
100 А ОФ c “Ж ЖД ЖШШЕ ЫР 
n (т ) SUISA g a g a 97 [тое 
G= yE 43 9 o —_ 50 m zee 


tk 3 8 3 
ER UCM He ence nac yap 7, 


Make key element un ity. 


Table 6-62 
©з. т 73 73 ЕЯ 25 25 b 
4 7 4 1 800 
@ - 0 1 > E s cav 
ў 5 3 15 ~I6 3 
150 5 1 4 2,000 
es 1 I Urs I AEN part bee 
а 27 I4 dT oe) ae oe 


element unity 
Replace 2, by EA 
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Table 6:63 
Cj 45 100 30 50 0 0 
св C.8.U. 0 To 2з Ta 25 2% b 
4 40 67 8 5 5,600 
30 itg s EE gn MIS тот een Tey EO TOTAM 
3 50 5 bee 4 2,000 
dba MEO SS ON РО Мо а 
350 1785 195 10 
ЕЮ; =Хсвај 45 iem 30 Эт 37 y 
- ( 435 
Ci cj—E; 0 200: 0 . 480. QURE 19 
3 2 21 9 


Optimal feasible so'ution 


Since c; is non-positive, table 6-63 gives the optimal solution 
with 


2,000 5600 T ; 
Mim a Ty basic variables), 


- 


a3 24252 = 0 (uon-basic variables), 
2000 5,600 
Zmaz—— x454- 7» x30 


10,000 56,000 

PLU gu 
86,000 

ine 


6:5-5. Addition of a New Constraint 


Addition of a new constraint may or may not affect the feasi- 
bility of the current optimal solution, For this, it is sufficient to check 
whether new constraint is satisfied by the current optimal solution or 
not. lf it is satisfied, the inclusion of the constraint has no effect on 
the current optimal solution i.e., it remains feasible as well as optimal. 
If, however, the constraint is not satisfied, the current optimal solu- 
tion becomes infeasible. Dual simplex method is then used to find the 
new optimal solution. 

EXAMPLE 6.5-5.1 

(a) In roblem 6-5-2-1 an administrative constraint is added. 
Products A, B, and C require 2,3 and 2hours of administrative 
services, while the total available administrative hours are 10. How 
does the optimal solution given by table 6-50 change ? 


(b) 1f the total available administrative time is 6 hours, find 
the new optimal solution. 
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Solution 

(a) The optimal feasible solution given by table 6:50 is x, — 1, 
%=2, z,—0; while the additional constraint ів 22 --32,-L 22310, 
As this constraint is satisfied by the optimal solution, the solution 
remains feasible and optimal for the modified problem. 


(6) As the additional constraint 22, +324 227,<6 is not satisfied 
by the current optimal solution, table 6:50 is no longer optimal for 
the modified problem. In order to find the new optimal solution, we 
add the new constraint as the third row intable 6:64, Using s, as 
the slack variable for this constraint, the (modified) optimal table 
may be written as 


Table 6.64 
Soe ANE шы CIEL AE 
ĉj 4 6 2 0 0 0 
св с,8.0 Ti en) m. sı 82 E b 
4 1 
4 г 1 = Жей Каас ) 
0 1 3 3 0 1 
1 1 
0 2 nits E p 
23 3 3 0 2 
0 83 2 3 2 0 0 І 6 
Е; ев a; 4 6 8 du Er 0 
3 3 
9 
Cj—c;—E; 0 0. —6 ke -5 0 


Since v, and z, arein the basie- solution, their corresponding 
Coefficients in the basic constraint must be zero. To eliminate the 
coefficients of z, and Zə, we multiply the first row by .-2, the second 
row by —3 and add them to the third row. Table 6.65 represents 
the new canonical tablean after the row operations. Note that Cj row 
is not affected since tlie new basic variable s, is the slack variable, 


Table 6.65 
VIDI UE ENT CN MEE MU year S а сю 


Св CU. d, т» ЕД 81 82 $$; b 
4 1 
4 1 QF ORG i. s 
E 1 yp oug 9I 
1 
ОРЕ ШЕР О dopo R2 -5 = 0.2 
0 0 о D I 09 
8 (—6) с 1 —4 «Key row 
E;—Xmoy 4 ^ 6 ^g Bes 2 
ij Bj 3 3 0 
Se-gy-Hs 9.09 2g | 10 3 0 
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In table 6:65, 2; row is optimal, but since Ёз із negative, the 
current basic solution is infeasible. In other words, table6-65 is dual 
feasible and, therefore, dual simplex method is applied to find the 
new optimal solution. 

Evidently s, is the variable that leaves the basis. The ratios for 
the nonbasie variables are 1,2, 2 respectively. The variable хт; 
which corresponds to ihe minimum ratio is the entering variable. 
The key element, —6 has been shown bracketed. Regular simplex 
method is used to find the optimal solution. Key element is made 
unity in table 6.66. 


Table 6-66 
cB EAA 21 £a 23 81 82 83 b 
4 1 
4 x 1 90 -1 Y —3 gay 
6 Ta 0 1 2 an et 0 2 
5 1 1 2 
0: o Susita ene, Br ЧС. peter Dogs s 
Key element unity 
Replace а; by 25. 
Table 6:67 
ĉj 4 6 2 0 0 0 
в СОЗУ. Zi Le ©з 81 E 8з b 
? 29 5 12:5 
dedo LA RT stade mo isis RS НӨ ДК Ta 
8 2 1 2 
à da NI Er kd CA ERU EMT a Е и 
5 1 12:2 
| Nét tal and v Aer rei ls lta AS 
5 1 
Ej—Zcaj | 4 6 ZUR MER 1 
i 5 1 
&ec-E, 0 0 0 газ e 


Optimal feasible solution 


Table 6-67 is optimal and the optimal product mix is to produce 
5/3 units of product A, 2/3 units of product Band 2/3 units of 
© with the new maximum profit—Rs. (4х 5/3+6x2/3+ 


product р б 
2 x 2/3) - Rs. 12. Thus the addition of a new constraint decreases the 


26—0.R. 
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optimum profit from Rs. 16 (table 6-50) to Rs. 12, This is true of 
every linear programming problem. In general, whenever a new 
constraint is added to a linear programming problem, the old optimal 
value will always be better or at least equal to the optimal value. 
In other words, addition of a new constraint cannot improve the 
optimal value of any linear programming problem. 


The idea of adding new constraints can sometimes be used to 
reduce the computational time and hence cost of solving a linear 
programming problem. As the computational effort in solving a 
linear programming problem increases with the number of constraints, 
it will be advantageous to identify and delete the constraints that are 
not binding. Such constraints are called inactive or secondary 
constraints. These may pertain to resources which can be obtained 
easily or can be directly controlled. The new problem with fewer 
number of constraints is then solved. After the optimal solution is 
obtained, the secondary constraints are added to verify whether the 
optimal solution satisfies them or not. Tf not, the dual 
simplex method is applied to get the new optimal solution, 
No doubt, the overall saving in computational time and cost 
will depend on how accurately the initial judgements were made 
while identifying the secondary constraints, 


65.6 Deletion of a Variable 


Deletion of a non-basic variable is a totally superflnous operation 
and does not affect the feasibility and/or optimality of the current 
optimal solution. However, deletiqg of a basic variable may affect 
the optimality and a new optimum solution may have to be found 
out. For this, a heavy penalty —M (М in case of minimization 
problems) is assigned to the variable under consideration and the new 
optimum solution is obtained by applying regular simplex method to 
the (modified) current optimum table. 

EXAMPLE 6.5.6.1. 


Consider the optimal table 6.67 of example 6.5-5.1. If 
product Bis not to be produced, so that variable % is to be 
deleted from this table, find the optimum solution to the 


resulting 
L.P. problem. 


Solution. Since т, isa basic variable, we assign a penalty 
—M to z, in table 6:67 since the given L.P. problem is of maximiza- 
tion type. The resulting modified table is shown below. 
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Table 6.68 
gea Ww omo 0 
св C.8.V. 2 Hg X3 5 82 83 b 0 
29 5 1494] 
4 yo E “i 613 10 
8 2 1 2 
-M а 0 ly 30 —3.9 (3) ч 2<-Key row 
5 1 Le ae 
2 oma Jg Cink К сл ОЛ 
8 2 M 
Ej;e2ZXcpai 4 И 27+М М 
8 


Ше рулу ере = мураа ip 
tk 
Initial feasible solution 


Make key element unity. 


Table 6: 69 
м om 0 sito ie 17 ay)» 
2 m (ar ig Ee = E ET 4 


Key element unity 
ull mL LL LU MM 
Replace z by 55. 


Table 6.70 
сј аи СО 9 
св  €8.V. 21 d з а 5 8 b 0 
4 EL 1 0 1 E 0 2 3 
c: * Y P 
2 
0 $5 0 3 0 a E ( 3 ) 1 2 . 8«-key row 
1 1 1 
2 3 0 EY 1 -5 % 0 1 6 
13 1 
Е; = 4 EL WOO; 
j = Lena 3 2 3 3 0 
2 13 ud 
ĉj=ĉj —E; 0 =M-—3 0 — т 3 0 
ФЕ 


2nd feasible solution 
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Make key element unity. 


Table-6.71 
св C,8.V. zi ЕА ©з СА E 83 b 
1 T 1 3 
4 E21 1 a 0 X =F 0 2 
9 3 
0 зу о-о > ^3 
1 1 1 
2 РА 0 з lo. o! 
Key element unity 
Replace s, by ғ,. 
Table 6.72 
^. gg 4 MI Eo ү 0. Uf 0 
св CE "zm ГА L^ Sy Sg 83 b 
5 1 H 5 
- xo MU rur 9 aeque cm 
9 3 ; 
0 “o 0 g-909 41 4.3 
] 1 1 1 
2 s 0 =T 1 7 0 — EA s 
Ej-Z pe ES. 359-1 
ij =< CgQij 7 7 
4 9 1 
бу=су—Е) 0—M—y 0 -8 0 -y 
New optimal feasible solution 
_ 2. Мез optimal solution is т=з 1 %=0, n= rZ aigu 


Rs. (4x5 42x 5 )=Rs 1. 


65.7. Deletion of a Constraint 

The constraint to be deleted may be either binding or unbinding 
on the optimal solution. "The deletion of an unbinding cortstraint. can 
only enlarge the feasible region but will not; affect; the optimal solution 
This can be easily verified graphically. Moreover, if the copstraint 
under consideration has а slack or surplus variable of zero value in 
the basis matrix, it cannot be binding and hence will not affect the 
optimal solution. 

The deletion of a binding constraint will, however, cause post- 
opitmality problem. The simplest way to proceed in this case is via 
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the addition of one or two new variables. For example, the constraint 
gti + iata ++ qr ins bi 
can be written as 
а-аа + +--+ иһ пал а з=; tuy 214220, 
where 2,4 and х, ;з are slack and surplus variables respectively. The 
problem can then be solved by the procedure laid down in section 
6-5-3 for addition of new variables. 


6:6. Parametric Programming 
Section 65 on sensitivity analysis discussed the effect of © 
discrete changes in the input coefficients of the linear programming 
problem on its optimal solution. However, if there is continuous 
change in the values of these coefficients, none of the results derived 
in tha section are applicable. Parametric linear programming investi- 
gates the effect of predetermined continuous variations of these coeffi- 
cients on the optimal solution, It is simply an extension of sensitivity 
analysis and aims at finding the various basic solutions that become 
optimal, one after the other, as the coefficients of the problem change 
continuously. ‘The coefficients change as a linear function of a single 
parameter, hence the name parametric linear programming for this 
computational technique. As in sensitivity analysis, the purpose of 
this technique is to reduce the additional computations required to 
obtain the changes in the optimal solution. Only two types of para- 
metric problems will be considered here : 
1, Parametric cost problem: in which cost vector c varies 
linearly as a function of parameter A. 
2, Parametric rigth-hand-side problem: in which the requirement 
vector b varies linearly as a function of parameter л. 
66.1. Parametric Cost Problema 
Let the linear programming problem before parametrization be 
minimize Z-CX, 
subject to AK=b, 
X20, 
where С is the given cost vector. 
Let this cost vector change to CAC" so that the parametric 
cost problem becomes 
minimize Z=(C+AC’) X, 
subject to AX — b, 
X20, 
where G’ is the given predetermined cost variation vector and A is 
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an unknown (positive or negative) parameter. As A changes, the cost 
coefficients of all variables also change. We wish to determine the 
family of optimal solutions as A changes from —oo to +оо. 


This problem is solved by using the simplex method and 
sensitivity anaylsis. When A=0, the parametric cost problem reduces 
to the original L.P. problem; simplex method is used ;o find its 
optimal solution. Let Band Хв represent the optimal basis matrix 
and the optimal basic feasible solution respectively for A=0. The net 
evaluations or relative cost coefficients are all non-negative (minimi- 
zation problem) and are given by 


j= 6j— E; 
=0j— X cga;; 


—cj— cgP;, 


where cg is the cost vector of the basic variables and P; is the jth 
column (corresponding to the variable z;) in the optimal table. 


As A changes from zero toa positive or negative value, the 
feasible region and values of the basie variables Хь remain unaltered, 
but the relative cost coefficients change. For any variable zj, the 
relative cost coefficient is given by 


6/0) = (c; AC's) — (en + Ae’p) Р; 
=(9— eaPj) 4-c'5— Р) 
Ay. 
Since vectors C and C' are kt own, с; and 2’; can be determined. 
For the current minimization problem, C;(X) must be non-negative for 


the solution to be optimal [2,(А) must be non-positive for a maximiza- 
tion problem]. Thus 


4(A)>0, 
or 64-3720. 
In other words, for a given solution, we can determine the 
range for А within which the solution remains optimal. 
EXAMPLE 6.6.1.1, Consider the linear programming problem 
maximize Z=42,+62,+ 225, 
subject to Ti+ tatt L3, 
% +4024 72,9, 
Жү, Ta, 2522.0. 
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The optimal solution to- this problem is given by the following 
table : _ r 


Table 6.73 

сј 4 6 2 0 0 

св C.8.V. ti [^ Ta ^ & b 
4 1 

4 Zi H 0 1 т 87 1 
1 1 

6 РА 0 1 2 -5 5 2 
10 2 
Ej=Zepaiy 4 6 8 E e 
10 2 
£;—cj — Ej 0 0 —6 - -F 


Solve this problem if the variation cost vector C’=(2, —2, 2, 0, 
0). Identify all critical values of the parameter A. 

Solution, The given parametric cost problem is 

maximize Z- (44-22) 2,+(6—2A) 23 4- (24-22)23 4-05, +08, 
subject to tit 23 -234-51— 2, 
3-423 4-725 4-53 —9, 
21, Xo, Tas б, 20. 

When A=0, the problem reduces to the L.P. problem, whose 
optimal solution is given by table 6-73. The relative profit coefficients 
in this optimal table are all non-positive. For values of А other than 
zero, the relative profit coefficients became linear functions of A. To 


compute them we, first, add a new relative profit row called č; row to 
table 6:73. This shown in table 6-74, ‚ 


Table 6:74 
с 2 —2 2 0 0 
ej 4 6 2 
c's св С.8.У. ЕА [A 4 & b 
4 T 
2 4 РА 0 0 —1 E mie 1 
1 1 
—2' 6 Ly 0 1 2 -5 ES 2 
_ 10 2 
с} 0 0 —6 z3 eu Z=16 
10 4 
0 du = A A a es 
єз 0 8 3 3 2 2 


407 ^ 
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In table 674, c", is calculated just às бу row except that vector 
С is replaced by С'. For example, 
Gm E, 
=E Clia 


=—CpP, 
=6—(4, 6) [ Н |6 


CEA 


-2-(, -»[ i |+ 
бү=—9—(9, —2) [1] 


i222, 9) eer ]-2-c2-a-s. 


ft 
КЕЕ Т (ш) 
- | 
ae 
yr 9 
©„=0— (2, —2) М =4 -7-7 
3 
Z'z1x2—2x2--2, 


Table 0,74 represents a basic feasible solution for the given 
Parametric cost problem. It is give by 


tpl, 2,552, tams =s. 
Value of the objective function, Z (А) =Z +AZ’=16 —2). 


The relative profit coefficients, which are linear functions of A, 
are given by 


©, (А) =) +A 05, j=], 2, 3, 4, 5. 


Table 6.74 will be optimal if c; (A) < 0 forj=3, 4, 5. Thus 
we can determine the range of À for which table 6.74 remains‘optimal 
as follows : 


6 SG А7, 0810 or 13/4, 


а = > 0 
Ca ()— с, ФАС", -- 9-0 ASO or A2—1, 
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=e Sq AP ЕЖЕ MEMO or Ac e 
Thus z,21, z,—2, z,—5,—5,—0 is an optimal solution for the 
given parametric problem for all values of А between —1 and } and 
Zaz =16—2A. 


1 
For A> - the relative profit coefficient of the non-basie vari- 


able s+, namely су (A) becomes positive and table 6.74 no longer 

remains optimal. Regular simplex method is used to iterate towards 

optimality. s, is the entering variable and computation of *0' —column 

indicates z, to be the variable that leaves the basis matrix so that the 
1 


key element is з The key element is made unity in table 6,75, 
Table 6-75 
“в св св.у. РЛ EA РА ^ 5 b 
id peaMe РР = 
n с ЕЗҮ: wc 
=o 6 5.003 6% —1 iD: *8 
TN Key element unity 
Replace x, by в,. 
Table 6-76 
E xU 2 2 2 о 0 
ĉj 4 6 2 0 0 
св Св 0.8.7, д b т, ^ ^4 b 
2 4 а 1 1 1 1 0 3 
0 0 p 0 3 6 =l IUE 
©; 0 2 —2 —4 0 2-12 
v, 0 —4 0. 8 0 2-6 
BAS. unes 


Table 6-76 will be optimal if ¢ (А) < 0, for j=2, 3, 4. 
Now & ()=% +A C's —2—4«0 ; 61/2, 
& (А) = ФА 652 —2«0, which is true, 
Qm QA, =A, г AD—2. 
so Forall A> P the optimal solution is given by 
2,=3, 14254 —0, 5,—6 and 2а: = 1246). 
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For A<—1, the relative profit coefficient of the non-basic vari- 


able sı, namely c, (A) becomes positive and again table 6.74 no lon- 
ger remains optimal. s, becomes the entering variable and =; the 


leaving variable. Key element is a This element is made unity 
in table 6.77. 
Table 6,77 
св Св c.8. V. ЁЛ ЕЯ 23 8; E b 
3 3 Ae 1 X 
2 4 tı ae 0 S (1) P E 
1 1 
—2 6 РА 0 1 -35 3 2 
Key element unity 
Replace ту by ву. 
Table 6.78 
e; COE 2° 0 0 
€; 4 6 2 0 
с'в св с.8.0. 21 Za 23 81 E b 
3 3 1 3 
use Mo he E $i т 
1 7 1 9 
JORUIAU CIC node Dor NE oT 
P rub 17 3 27 
ч xw 0 -5 0 -7 Z= * 
5 11 1 9 
2 ] 
C/ NES 0 эз 9 xZ-—, 


Table 6.78 will be optimal if c; (A) <0 for j—1, 3, 5. 
ines — > 5 

Now e Q)=G +AC j= $240 ʻo А<—1, 
а or ъй 17 
Cg (A)= C3 +A C= — yts ASO .. Ау, 
— — > ST е 
с; (А)==% +À c= 3t* ACO . 13. 

^. Forallà < —1, the optimal solution is given by 
A9 


9 
aj, n= 70 a= 8;==0 and 2—5 -7 RES: 
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Thus tables 6-74, 6-76 and 6.78 give families of optimal solutions 
for enel. Ades and А —1 respectively. 


6.62. Parametric Right-Hand-Side Problem 


The right-hand-side constants in a linear programming problem 
represent the limits in the resources and. the outputs. In some 
practical problems all the resources are not independent of one 
another. Ashortage of one resource may cause shortage of other 
resources at varying levels. Same is true for outputs also. For 
example, consider a firm manufacturing electrical appliances. A 
shortage in electric power will decrease the demand of all the electric 
items produced in varying degrees depending upon the electric energy 
consumed by them. In all such problems, we are to consider simul- 
taneous changes in the right-hand-side constants, which are functions 
of one parameter and study how the optimal solution is affected by 
these changes. 

Let the linear programming problem before parameterization be 

: maximize Z=cX, 
subject to AX —b, 


X20. 


where b is the known requirement (right-hand-side) vector, Let 
this requirement vector b change to b+-Ab’ so that parametric right- 
hand-side problem becomes 

maximize Z-cX, 

subject to AK=b-+ Ab’, 

X20, 

where b' is the given and predetermined variation vector and Ais an 
unknown parameter. As A changes, the right-hand-constants also 
change. We wish to determine the family of optimal solutions as 
А changes from —оо to +оо. 


When A=0, the parametric problem reduces to the original 
L.P. problem ; simplex method is used to find its optimal solution. 


Let Band Xg represent the optimal basis matrix and the 
optimal basic feasible solution respectively for А—0. Then X4 —B-! 
b. AsA changes from zero to a positive or negative value, the 
values of the basic variables change and the new values are 
given by 

Xp—B-Y(b-rA b') -B-!b--A B-1 b' 


=b+) b’. 
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A change in A has no effect on the values of relative profit coeffici- 
ents С; i.e., c; values remain non-positive (maximization problem). 


For a given basis matrix B, values of b and b’ can be calculated. The 


solution Xg—b--A b' is feasible and optimal as long as b+ b' is 
20. Inother words, fora given solution we can determine the 
range for À within which the solution remains optimal. 
EXAMPLE 6.6-2.1. Consider the linear programming problem 
maximize Z—4z, 4-62 4-22; 
subject to 2,4 pz,--15«;3, 


2 4-ena T5 « 9, 
у, 23, 25220. 
The optimal solution to this problem is given by 
Table 6.79 
с 4 Er ep 0 
св €.8,V. ү Zi m. 8, СЯ b 
4 жые оке об к=к и 
ө 
6 z, 0 1^ 9 = 2 
10 2 
= 4 Le eret 
Е;= ова; 6, 8 3 3 
=) оо 26 xa pe 


Solve the problem if the variation right-hand.side vector b’ 
Ww Perform complete parametric analysis and identify 
all critical values of parameter А. 


Solution, The given parametric right-hand-side problem is 
maximize Z=42,-+62_+223+0 8,40 59, 
subject to 23-23 4- 234-8 —3 4-32, 
Tit 423 4-725 842 9— 32, 
Zis Tas 23, 81, 54220. 

When A=0, the problem reduces to the L.P. problem whose 
optimal solution is given by table 6.79. For values of A other than 
zero, the values of right-hand-constants change because of the varia- 
tion vector b’, This is shown in the expanded table 6.80. 
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Table 6.80 
[7] 4 6 2 0 0 
св ES. Тү X. Fy 5 S2 "n Ub. 
4 1 r 
4 zı 1 о =l а) 1 5 
6 Ži 0 1 2 (ч Е: 2 —2<Key row 
E 3 3 
2 
ё; 02-05 228 de -5 7=167'=8 
th 
The vectors b and b, are computed as follows : 
‚тре 
Ь=В-!Ь= = 
1 1 9 2 , 
г. | 
-Epon 
b=B-1b'= 1 ; T 
= E = =f 
—3 3 3 g 
For a fixed А, the values of basic variables in table 6.80 are 
given by %,=b,+-A b,’=1+5), 


v4, ФА b,—2—24. 
су values are not affected as long аз the basis consists of variables 
a, and zs. As А changes, values of basic variables 2; and x, change and 
table 6.80 remains optimal as long as the basis (лу, 73) remains feasi- 
ble. In other words, table 6.80 remains optimal as long as 


ЕЛ РАО or Apu 


%=2—2AD0 or АІ. 

Therefore, table 6:80 remains optimal as A varies from —1/5 

to 1. Thus for all —1/5xA« 1, the optimal solution is given by 
ж 2 145A, ло 2А, 25-75, 540, Яа 10 1-84. 

For A >1, the basic variable z, becomes negative. Although this 
makes table 6:80 infeasible for the primal, it remains feasible for the 
dual since all c; coefficients are non-positive. Dual simplex method can, 
theréfore, be applied to find the new optimal solution for A1. 
Evidently т» is the variable that leaves the basis. The ratios of the 
nonbasic variables are —3, 10, —2. Thus variable s, is the entering 
variable. The key element —1/3 has been shown bracketed. Regular 
simplex method is now used to find the new optimal solution. In 


" 
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table 6-81, the key element has been made unity. 


Table 6-81 
св с.8,У. тү ЕА ГА 5 8, b b’ 
EEN a pe ope ыле 1s 
2 Cs 3 3 
6 % Orca EE en die 6. в 
Replace x by &;. z 
4 Table 6:82 
© ео ОРО 
СВАЕ З Bg ёо ay b b 
4 ^ oua y ee qug. 9 
Gabe a Е riae. dg 
Е; = ХУсва, 4 16 28 0 4 


cja2cj—E; 0 —10 —26 0 —4 

The basic solution given by table 6:82 is 

z,—59—3A, z,—0, z,—0, 8,=—6+46A, 5-0 

mag =36— 12A. 

This solution is optimal as long as the basic variables ху and s; 
remain non-negative i.e., as long as 

23=9—3\ 20 or ACB, 
$,2—6-.-0120 or 221. 

Thus the above solution is optimal for all 1<А<3. 

For A>3, the basic variable x, becomes negative. Ав there is 
no negative coefficient in the first row, the primal solution is in- 
feasible. Hence there exists no optimal solution to the problem for 
all A>3. 


For NC the basic variable x, in table 6-80 becomes 


negative. Although this makes table 6-80 infeasible for the primal, 


it remains feasible for the dual, since all c; coefficients are nonpositive. 
Dual simplex method can, therefore, be applied to find the new 


optimal solution for A«; — = Evidently т, is the variable that 


leaves the basis. The ratios of nonbasic variables are 6, — 2 2. 


Thus variable a, is the entering variable and —} is the key element, 
This element is made unity in table 6-83, 


асанна 


ЕЕЕ 
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Table 6-83 


Key element unity 
Replace ту by 83. 


Table 6-84 
EM ra пызы сылы UM gu Leu ue Ll 
Ci + 6 2 0 0 
св  C€&Y. X Ta 23 81 ЕЯ b b' 
Q aS 70. - 9 a жыз 5 


6 а 1 1 1 1 0 3 3 
Е; = Хсвац; 6 6 6 6 0 
cj 2 cj —Ej 38 0 —4 —6 0 
The basic solution given by table 6:84 is — _ 
21=0, %=343A, 23=0, sı=0, 8,=—3—15A 
and Zmaz= 18+ 18А. 
This solution is optimal so long as 
%=3+3A 50 or А>—1, 


S8g=—3—I15A>0 ог Mee 


Thus the above solution is optimal for all —1«A«; — = А 


For à< — 1, the basic variable x, in table 6:84 becomes negative. 
As there is no negative coefficient in the second row, the primal 
solution is infeasible. Hence there exists no optimal solution to the 
problem for all à< —1. 
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EXERCISES 
Section 6-1-1. 


1. (a) Explain duality theory of linear programming. 
[Bangalore Univ. B.E. July, 1978] 
(b) Write down the dual of the following linear programming 
problem : 
minimize Z— 72; J- 324 -- 825, 
subject to 82,4-22,4 2423, 
32, 0244-42, >4, 
42,4 23-5231, 
%+-522-+2a5>7, 
Tis To, $3720. 
[Delhi B.Sc. (Math.) 1974) 
(Ans. Maximize W —3y; - 4y4 4-95 3-7y;, 
subject to 814-374-473 mST, 
2y,+8yet+ ys - 5943, 
Vid-49s-5ys 4-29,«8, 
Vi Yas Yar Ya all 720.) 
2. Write the dual of the problem 
maximize Z=2z,-+ 52,432, 
subject to 224-42, —2,«8, 
—22,—225--3z,2 —'1, 
2, d-32,—52, 7 —2, 
drit oz 3x24, 
23, 23, 23220. 
(Ans. Minimize Wz8y 4-Tya 4-295 4- 4y,, 
subject to — 2yj-294— y;--49,2, 
4+20:—3уз+ 9125, 
—h—39 5941-3923, 
Vv Yas Yar 94220.) 


p—————— 


L 4 
ЕА 
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Section 6-1-2. 
3. Construct the dual of the problem 
maximize Z—4z, 4-57, 4- 122;, 
subject to 27,4 t+ z,«€4, 
32,--2z,-- 2,—3, 
Zis Ty, 25,220. 
(Ans. Minimize W4y--35,, 
subject to — 2y,4-3924, 
413—225, 
n+ 212, 
3120, y; unrestricted in sign.) 
4. Construct the dual of the linear programming problem 
minimize Z—102;— 6z,— 825, 
subject to %,—3%,+ x%,=5, 
221+ %+32,=8, 
Zi, Ta, 13220. 
(Ans. Maximize Ж = Буу --85, 
subject to %1— 24a 10, 
—3n+ и©—6, 
nt+3n<—8, 
Vi, Ya unrestricted in sign.) 
5. Obtain the dual of the problem 
minimize Z—2;--z, 4-25, 
subject to 2,—2,+4+2,—2,=—2, 
20r. pay, 
Wy, Tar 23, 24, 75220. 
[Gauhati M.Sc, (Stat.) 1975] 
(Ans. Maximize W= ~2y,+y,, 
subject to — V—A&l, 
Yi—) à 
—W nl, 
Yı Ya unrestricted in sign.) 
6. Construct the dual of the problem 
maximize 2 2367, 4-42, - 62, - 7, 
subject to the constraints 
Az, 425 - 42, --87,—21, 
32, 4- 1124 802; 4-27,«48, 
y 21,2320, 
23, 2; are unrestricted. 
[Delhi M.Sc. (Math.) 1972} 
27—0.R. 


T 
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(Ans. Minimize W=21y,+48y2, 
subject to 4y,+ 3y.>6, 


dy +l >t, 
43 1-809; — 6, 
87+ 2ys— 


y; unrestricted in sign, y,>0) 
7. Construct the dual of the problem 
Maximize Z=42,-++2%, 


subject to 222,22, 
2;4-22,—8, 
%— %<10, 


2120, x, unrestricted in sign. 
(Ans. Minimize W = —2y; 4-8ys 4- 1095, 
subject to —yı+ Yat¥ar4, 
—2y1 + 2Y2— 5 — 10, 
Vis Va 20, Уз unrestricted in sign) 
Section 6.1.4. 
8. Construct the dual of the following L.P.P. and solve both the 
primal and the dual : 
Minimize Z—4z, 4-22, --325, 
subject to the constraints 
2x, T42525, 


22, 9234. 2524, 
2, to, 25220. 
: 11 5 67 
(Ans. Primal: 2,—0, а= уз =z Zmin=75 


Dual : n= t= Wear ) 
9. Construct the dual of the following L.P.P. and solve both the 
primal and the dual : 
Maximize Z —52z, 4-122, 1-425, 
subject to 24-223 3- 24 «5, 
2z,— %4+32,=2, 


ж, To, 23720. 
imal 9 8 141 
(аа. Primal : gms t= go t=; Ёсе 3^ 


P4 


5 


29 5 
Dual : йу з= 2 —уз'=0— 


2 141 
TASEI Wmin= = ) 
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10. Find the dual of the following set of inequations and solve it : 
22 + 3212, 
—32, -22,« —4, 
32, —524«2, 


a, unrestricted, 25720. 


A 36 28 
( "^u "qp np ) 
[Hint : 


Add the objective function 
maximize Z —0z, 4-02.] 

11. Using duality, find the optimal solution to the problem 
maximize Z—32,—2a, 
subject to — z,4-z,«;5, 

——1, 
agt, 
0<2,<6. 


d M.Sc. (Math.) 1973] 


(Ane. n=’ pp Lc ) 
12. Apply the simplex method to solve the following : 
maximize Z—30z, -- 232, +4292, 
subject to ^ 62,-L52,--32,«20, 
: 42-22, - 5,7, 
every 2520. 
Also read the solution to the dual ofthe above problem from 
the final table. 


[Agra M. Stat. 1973] 
(а. Primal : z, 0, z, — TED 25-0; Дь 5; 
23 161 
Dual ; y,—0, =>; Win -7 ) 
13. Solve the following primal. Also find its dual and solve it. 
maximize Z— 10y; — y, —9y;-I- 8y,, 
subject to — 2y,— y;—3y4— y+ 2=0, 
бу — 2y = —3y,4+5=0, 
1л +47 — —4+1;>0, 
—391—29;—59,—69, 1020, 
Yu Уз, Уз Ys А10. 
(ана, Primal : n= А hos 430, uir Z ps 


7 ааты; 
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14. (a) Whatisduality? What is the significance of dual vari- 
ables in simplex solution ? 

(b) In order to produce 1,000 tonnes of non-oxidising steel for 
engine valves, at least the following quantities of manga- 
nese (Mn) chromium (Cr) and molybdenum (Mb) are 
needed : 

Mn 50 kg, Cr 60 kg and Mb 70 kg. 

These metalsare available in packages A, B and C having 
different proportions of Mn, Cr and Mb and also differing in prices 
as under : 

Contents in kg. per packet 
Package Mn Cr Mb Price per packet (Rs.) 


A 10 10 8 45 
B 10 15 5 60 
Cc 5 5 25 75 


How many packets of packages A, B and C should be purchased 
to minimize cost ? What is the possible cost ? [Solve through DUAL 


only J. 
[Gujarat Univ. B.E. April, 1976] 


15. (a) What is meant. by dual problem of L.P. model ? 
(b) Consider the problem 


, maximize Z=5x, 823, 
subject to а +262, 
2, —2z,«0, 
=r 4 42«], 
23, Lp 2.0. 


What is the dual of the above problem ? Find the solution of 
the primal problem by solving its dual. 
[P.U. Prod. Engg. April, 1979] 
Section 6.2. 
16. Solvethe following linear programming problem using dual 
simplex method ; 
maximize Z= — 32; —25, 
subject to m+ 2321, 
22447392222, 
2, 1420. 
[Bangalore Univ. B.E. July, 1978] 
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17. Use dual simplex method to 
minimize Z—22, 4-25, 
subjeetto 32+ 2,23, 
42,432,206, 
2, 4-22,«3, 
21, $3220. 
(аа. m=, а= 6; 2—12. ) 


18. Solve the following problem by dual simplex method : 
Minimize Z— 202; 4- 162, 
subject to z;4-2,212, 
221+ 2,217, 
122.5, 
£320, 
жү, 2.20. 
(Ans. z,—D, z,—7; Zmin=212) 
19. Solve by dual simplex method the problem 


minimize Z=10z,+ 62x, 4-22, 


subject to +242321, 
32, 4-2, —2322, 
жү, 25, 74220. 
[Roorkee B.E. 1973] 
(а. n=}, —— % =0; Zmin=10 ) 


20. Use dual simplex method to solve 


minimize Z — 5; 4- 624 4- 325, 

subject to б-б, 32,250, 
+ а 2220, 
Ta, +62,— 92,230, 
Dz4 E51, -- 024235, 
22-41, 152,710, 
122,410, 290, 
2,—10x,>20, 

Ty, Xas 2320. 
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Section 6.3, 


21. Use revised simplex method to solve the following 
problem : 


Minimize Z=2z,+4 2%, 
subject to 3214-23=3, 
42-32, 6, 

+ 22,«3, 

а, 23720. 


(dns. %=3/5, ra 


6/5, Zmin=12/5) 
22. Solve the following problem by the revised simplex 
method : 
Maximize x= бау — 27,1 345, 
subject to 221—2. +4 2x,<2, 
2; 4x34, 
2, ta, 2320. 
[Roorkee М.Е. (Elect.) 1977] 
(Ans. z,— 4, x4 —0, z5—0 ; топа: —12) 
23. Solve by the revised simplex method, the problem 
maximize Z —2; |-2;-L- 325, 
subject to constraints 32, -Е24»-Еж 3, 
2244-2, -22,4«2, 
21, Tg, 0372.0. 
[Meerut M. Sc. (Math.) 1975, 1977] 
(Ans. 2,—0,2;,—0, 25—1 ; 2а2=3) 
24. Ове the revised simplex method to solve the problem 
maximize Z —302; 4-232, 1-292,, 
subject to ^ 62,--5:,--325« 26, 
42, -22,-- 5257, 
is To, 24220. 
[Agra M. Stat. 1973] 
(Ans. 2,—0, 2,—7/2, x, —0 ; 4 maz=161/2) 
25. Use the revised simplex method to 
minimize Z = 22, 323-975 — 4-05, 
subject to 321—325 4-42 -22, —2,— 0, 
+22 Tt 3-32, a, —2, 
о FO. 
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[Ans. z,—25—2,—0 (non-basic variables), 
4=2/5, ,—4/6 basic variables), 
{ Zmin =2/ 5] 
Section 6.4. 
26. Solve the following problem by lower and upper bounding 
technique. 
maximize Z=4y,+ 472+ 395, 
subject to —y,;+2y2+3y¥:< 15, 
—и+%<% 
29; -Js— V4 0, 
f - ys 2ys« l0, 
0« y, «S, OKY: «4, 0 y, «4. 
(Ans. y,=17/5, yo=16/5, Ya=4 3 Zmaz=192/5) 
27. Solve the following lincar programming problem by using 
pounded variable simplex method : у 
maximize Z—4y,+2y2+ буз, 
subject to 4 —y»«9, 
= a 298, 
—3yi Va 49:12, 


1«y«3, 0&y.«5, 0y «2. 
(Ans. yy 3, Jam D, Ya=2 5 Zmar=34). 


Section 6.5 à 
28. What do you understand by the term sensitivity analysis ? ` 
Discuss briefly the effect of 
(i) variation of the bi, 
(ii) variation of the cj. А 
[Delhi B.Sc. (Math.) 1977] 
Section 6.5-1 
29. Consider the L.P.P. 
maximize Z=2y,—5ys, 
subject to 0822, 
2y:+Yo+bys<6, ] - 
91—921- 3930, 
Yu Yor 0820. 
(a) Solve the linear programming problem. 
(b) If the right-hand-side of the primal is changed from 


[2, 6, 0] to [2, 10, 5], find the new optimal solution. 
ў [Pb. Univ. М R.A. 1976] 
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(Ans. (a) 90, уз=2, 50 ; Za 4 ; 
(b) 9190, yr=0, ym 0, 2:0) 
30. (a) Describe the role of duality for sensitivity analysis of 
an L.P. problem, 
(b) Consider the problem 
maximize Z=52z,+32,+ 725, 
subject to т +262562, 
32,4-22,+13<26, 
M+%+% «18, 
Zis ta, £% 20. 
What will be the solution if the first constraint changes to 


24-54-9526 ? 
(P.U. Prod. Engg. Nov., 1977) 


31. Consider the problem 
maximize Z —52,-- 2, 4 323, 
subject to 25 4-523 4-224 « 5,, 
%4—52,—62,< by, 
Zi Za, ta 20, 


where b, and b, are constants, Бог specific values of b, and bs, the 
optimal solution is 


Table 6.85 
6j 5 2 3 0 0 
св С.8,у, 2 РА ГА E ЕА bi 
5 РА 1 b 2 1 0 30 
0 ^ 0 с —8 —1 1 10 
@;= с,—Е; 0 —a —7 =d —e 


where a, b, c, d and e are constants. Determine 


(а) The values of b, and b, that yield the given optimal 
solution, 
(6) The optimal dual solution, 
(c) The values of a, b and c in the optimal table, 
(d) If it is required to increase optimum Z, should b, or b, be 
increased and by how much ? 
(Pb, Univ, M.Sc, Engg. 1977) 
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(Ans. (а) b:=30, 5,=40. 
(b) yd zb, y, —e—0. 
(c) 4523, b—5, c— —10. 
(d) b, to be inereased up to 10 unita.) 
Section 6.5-2 
32. (a) Solve the problem 
maximize 2=214-1. бту, 
subject to — 22, --27,«100, 
2-22, «120, 
4z,-p2x, <280, 
%,% — 20. 
(b) Over what values of profit for г, will the present solution be 
still optimal ? 
(c) Determine the optimal range for су. 
(Ans. (а) 25240, 25 —40 ; Zmag=100. 
(b) 1<о<2. 


© A <a< 3) 


33. Solve the prcblem 
(a) maximize Z= 452, + 1002, + 302, 4- 50z,, 
subject to 723-1023 4-425 +92, 1,200, 
32, + 402, -- 5 4-7, «, 800, 
Zi, Tos Xs, 2420. 
(b) Find the effect of 
(i) changing the cost coefficients сү and гд from 45 and 
50 to 40 and 60 respectively. 
(ii) changing c; to 40 and c, to 90. 
(iit) changing c, from 30 to 24. 
(Ans. (a) z,—0, 2540/3, 23= 800/3, 24=0 ; 


28,000 
Zonas 3— 


(b) (i) Same as in part (a). 
(ii) 250, 2540/3, 25 800/3, z,—0 ; 
27,000 


тах == 3 


(iii) 21—160, 2,8, 2,0, z,—0 ; Z as 8,000) 
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34. Consider the problem 
E maximize Z—2x— 525, 
T subject to xy T2322, 
22, 42-675 K6, 
2; —2;--32,—0, 
Ly To, $5220. 

(a) Write the dual from the standard form. 

(b) Solve the primal and hence find the solution to the dual. 

(c) Suppose that the coefficients of x, and =, in the objective 
function are changed from (2, —5) to (1, 1), find the new 
solution. 

(Ans. (a) Minimize W—2y, 4-69;, 
subject to y; --29, - y 20, 

Ya-Ys>2, 
Vic 6/8022 —5, 
Yı V3 2:0, уз unrestricted. 

(b) y1—0, ys 2/8, ya —4/3, Winin=4. 

(c) Unbounded.) 

35. (a) Solve the problem 


maximize Z=% J-52;-- 325, 
subject to 2,--22,--25 —3, 
2z,—2, 24, 
Ж, ©з, 23 220. 
(b) If the objective funct эп is changed to 
maximize Z-—2z,--57,-.-2z,, find the new optimal 
solution, 
(Ans. (a) 2,—2, 2, —0, z,—1 ; Zmaz=5. 
(b) 2, 11/5, %=2/5, z,—0 ; Z,,,4 32/5) 
36. For the problem 
minimize Z —2,— 37; 4-25, 
subject to 3z,—2,--22,« 7, 
—22,4-42,«12, 
—42,--325 -82,«10, 
2, 2, 25720, 
the optimal table is 
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Table 6:86 
e; 0 1 з 0 2 0 
св €.8.9. Ду L^ аз Ta 25 Ta b 
2 1 4 
ї omo x 1 0 io E 0 4 
1 3 2 
B $ 0 1 ds Е 0 5 
окш н ЫЕ ү 0 = 10 т 
ЁЗ 1 4 12 
ĉj = 0 0 в = 0 


(a) Formulate the dual problem for this primal problem. 

(b) What are the optimal values of dual variables ? 

(c) How much must c; be decreased before x, goes into solution ? 

(d) How much can the 7 in first constraint be increased before ` 
the basis would change ? 


[Dibrugarh M.Sc. (Stat.) 1976 ; Roorkee М.Е. (Mech.) 1977] 
[Ans. (а) Maximize W=7y,+12y.4-10ys, 
subject to —3,--2y;--4y4«, 
—n+42+-3y3>3, 
—2у—8з<2, 
Ya» %»20. 
1 4 
() пет, а=, Ys=0. 


ү 


O) Дах 22 
(d) Au «—1] 
Sections 6.5-3 to 6.5.4 : 
37. Consider the problem 
maximize Z—32; 4-223 - 525, 
subject to 21422,4-2;<430, 
32, 4-22,«460, 
2-42, «420, 
а Xa 13720, 


The optimal solution to this problem is given by the following 
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Table 6:87 
ee E A A T 
с 3 2 5 0 0 0 
св 6.8.0. ЕД L^ £a ET 83 83 b 
x 5 за JO z ES d 0 100 
3 1 

5 ty * 0 1 a 0 280 
0 83 2 0 0 —2 1 1 

E;=2 cpa; 7 2 5 1 2 0 
07=0—Е; —4 D: ces —2 0 


Suppose that the constraint coefficients of ‘v; -column are 
changed from (1, 3, 1) to (1, 1, 6) in the starting matrix and profit 
coefficients of 2; and x, are changed from (2, 5) to (1, 3), find the new 
optimal] solution. 

[Ans. 2 =4, х,—=99, 2,2228; Z,4,— 795] 

Section 6.5.5 : 

38. Afirm produces three items A, B and C and requires 
two types of resources —manhours and raw material, The following 
І. Р. problem has been formulated to determine the optimum pro- 
duction schedule that maximizes the total profit : 

Maximize Z—3y, 4- ya 4- 5y;, 

subject to 65-39; -- 5y,<45 (manhours), o 

3y1+4y2+5Y3 K830 (raw material) | 
V» V», Уз 20, 
where y;, ys, уз are the number of items A, B and C, The optimal 
solution with y, and y, as slack variables is 


Table 6.88 
ĉj 3 1 5 0 0 
св 0.8.0. yi Уз Уз UA Ys b ] 
3 je рая 0 T А, 5 
Б Ys 0 1 1 — = 2 3 
@ =e; — Ej 0 E 0 0 


(а) Find the range on the unit profit of product A, ІЁ с,=4, 


157 f 
—1 
what is the optimal solution ? 


7 
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(b) If additional 10 units of raw material can be obtained at a 
cost of Rs. 12, is it profitable to do so ? 

(c) If the available raw material is increased to 50 units, what 
is the optimal solution ? 

(d) Due to ‘technological breakthrough' the raw material 
required by item B is reduced to 2 units. Willit affeot the optimal 
solution ? 

(е) If а supervision constraint, 2y, J- ys -3y, «20 is added to the 
original problem, how is the optimal solution affected ? 

39. Consider the following table which presents an optimum 
solution to some linear programming problem, 


Table 6-89 


REDE ERU уела 0 0 0 
св озал. % X4 % MW 25 Te 27 28 b 
1 1 
2 РА p.519. 7 теа, i» di э * —-1- 3 
d ^ 4 DU PIX a AER ee, В i 1 
1 x, 0 0 l. .-1 —2 5 А 2.01, 
^ т: r0 
S 1 
just e. Bj Ole 2024 Ory —2 a Xr MUS 
0j 6j— Ej 0 2 10 2 


КЫЫ ae eee ушыш эсш c. Lisa ee их чысы с-з! =, 
If an additional constraint 2z,--32,—2;--2z,--4z,«,0 were 


annexed to the system, will there be any change in the optimal solu- 
tion ? Justify your answer. 

[Meerut B.Sc. (Math.) 1972] 

(Ans, No) 

40. A manufacturer produces four products A, B, C and D by 

using two types of machines (lathes and milling machines). The times 

required on the two machines to manufacture one unit of each of the 

four products, the profit per unit, of the product and the total time 
available on the two types of machines per day are given below. 


Table 6:90 
anoo ——_————— 
Machines Product time required Total time available 
per unit (minutes) per day (minutes) 
A B Ou» 
Lathe 4 9 7 10 5,500 
Milling machine 2 1 3 „20 . 3,500 


Proft|unit (Rs) 15 25 25 65 
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(а) Find the number of units of the various products to be 
produced for maximizing profit, 


(0) Find the effect of increasing the profit per unit of product C 
to Rs. 30. 


(с) Find the effect of changing the profit per unit of product 
of A and B to Rs. 10 and Rs. 30 respectively, 


(d) Find the effect of changing the total time available per day 
on the two machines to 3,500 and 5,500 minutes respectively. 


(е) Ifa new product E, which requires 7 minutes/unit on lathe 
and 4 minutes/unit on milling machine can also be produced, will it 
be worthwhile to produce it if it brings a profit of Rs. 30 per unit ? 


(f) If products A, B, C, D require 3,4,5 and 2 minutes/unit 
respectively on grinding machine in addition to the present operations, 
find the optimal solution. The total time available per day on grin. 
ding machine is 3,000 minutes, 


(9) If product A requires 3 minutes on lathe and 3 minutes on 
milling machine (instead of 4 and 2 minutes respectively) per unit, 
find the new optimum solution. 


41. Consider the linear programming model 
i ane 
maximize 23 * Cij vij, 
i=l jel 
4 
subject to p z;,—b; for j—1, 2, 3, 4, 
iSi 
4 
zj,—b; for i—1, 2, 3, 4. 
1=1 
Expand the objective function and the constraints and write 


them in detail. Write the dual of the above problem. Also describe 
how the dual problem can be used for sensitivity analysis, 


[P.U. Prod. Engg. April, 197 7) 
42. (a) Describe the role of duality for sensitivity analysis of 
an L.P. problem, 
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(b) Consider the problem 
maximize Z — 5 --3234- 7, 
subject to 21-25 4-22, «22, 
ху Ta, ty 20. 
Section 6.6-1. 
43. Consider the parametric linear programming problem 
maximize Z—(0— 1)z; 2s. 
subject to 24 -22,«,10, 
22, +l, 
2, —22,«,3, 
2, 2:20. 


Perform a complete parametric programming analysis. Identify 
all critical values of the parameter 0 and all optimal basic solutions. 
[Sambalpur M.Sc. (Math.) 1977] 


(Ans. %=0, 22=5 for 0c —; 


2,—4, 25 —9 for Ž << 3; 
zı=5, 2,—1 for 3«/0.) 
44. Consider the parametric problem j 
maximize Z —(3--30) 44-223 4- (9—60) 5, 
subject to 24-25 ]-25«:430, 
Ы 3z; +223460, 
tit 4ta <420, 
Жү, Tas Ta 29, 


where 0 is a non-negative parameter, 
[Ans. For 0<0< 3, (21, Ta 23) = (0,100, 230) ; 
Zmaz=1, 350— 1,380 0 ; 
for «n (zi, Ta, ®з)==(10, 102.5, 215) ; 


Z,,45—1310—1260 0 ; 


46 2 
for 92-3 ‚ (Tis 25, nh А Ея 0) 3 


i 1,780 
LZnax= 3 +460 e] 
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45. Solve the parametric cost problem 
; minimize Z—(2-E3)z, 1 (144 Аа, 
subject to 32142323, 
42, 132,26, 
% 22,3, 
Tis 2,20, 
ane À is a non-negative parameter. 

46. Perform a complete parametric programming analysis of 
the following L.P. problem : 
minimize Z=A x—y, 
subject to 3z—y 25, 


22+у<3, 
—oox« «oo. 
[Meerut M.Sc. (Math.) 1973] 
8 1 


(Ans. For -2««3, zago LL Lon 4 = А; 


for A=3, a multiple solution exists), 


47. The following table gives an optimal solution to a linear 
programming problem : 


Table 6.91 
[^ 4 6 2 0 0 
Cp 0.8.7. t ГА Ys [^ b 
4 ЕД 1 0 ji 3 —1 1 
6 РА 0 1 1 —1 2 2 
б; 0 0 —8 —6 —8 Z=16 


where x, and z; are slack variables, 
(a) How much can c; be increased before the current solution 
becomes non-optimal ? Find an optimal solution when c, —12, 
(b) Find the range on с, for the given basis to be optimal, 
(c) Find the range on 5, for the given basis to be optimal, 
(d) Find the optimal solution by dual simple method when b, is 
increased by 2 units, 
(е) Find the range on A for which the given solution is still 
optimum if C is replaced by СА C', where С'= (0, 0,1, —1, 
2) and —co«A«co. 
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Section 6:6-2 
48. Solve the problem 
maximize Z:-3z, 4-22; -5;, 
subject to 2 J-225-- 7g 4304500 2, 
3z, — -F2z,«400--100 А, 
zitit <420—200 A, 
21, 12, Ly 20, 


where А is а non-negative parameter. 


(Аяз. ^ For (eu ‚ (Ei аъ %) (0, 1004+225 2, 230-450 A) 
and Zmaz=1350+4-700A ; 
for ge << 2.1, (а, а 2)=(0, 105—50 A, 2804-50 A) 


and Zmar=1360+150 A; . 
for Л>2. 1, no feasible solution exists.) 


49. Minimize Z=4y,+42, 
subject to .3y- yi —3-- 36, 
1326-420, 
Jy 283-40, 
yi Ya 02:0. 
50. Given the L.P. problem 
maximize Z—7y; 4-49; -- 09 -59u 
subject to — 2y;--Js--29s-F 6+9, 
9i—291-2y33- 4/,« 20—0, 
3y +y— 3y 29440 — 0, 
Vv 9v Yor 9020, 


perform a complete parametric programming analysis and identify 
all the critical values of the parameter б. 


51. For problem 47, find the range on À for which the given 
basis (xı 2) is still optimal if the original b vector is replaced by 


b4-A b', where »-[ i } and —со<А< со. Also find the 
optimal solution when e. (Assume that (za, %5) forms the 
initial basis.) 

28—0.R. 


PART II 


COMPETITIVE MODELS 


A competitive or strategic model represents situations in which 
a person making a decision has. relatively little information about the 
parameters in question. In deterministic models the parameters аге 
constant and their values are &nown to the person taking the deci- 
sion, In probabilistic models the parameters are random variables 
with known distributions i.e, the probabilities that a certain 
parameter will assume some specific values are known to the decision 
maker. Moreover, these models deal with conflicting interests, 
internal to the organization, such as conflicting interests of minimizing 
production cost and minimizing inventory cost. Competitive models, 
on the other hand, are characterised by conflicts external to the 
organization or at least that form of external conflicts called, 
‘Competition’. Competitive models deal with the situations where two 
or more persons are making decisions in situations involving conflicting 
interests so that outcome of the decisions made by one depends upon 
the decision made by other(s). A large number of such situations 
with conflicting interests are seen in social, political, economic 
and military spbere. For example, candidates fighting an election 
where each tries to secure votes more than the others ; advertisement, 
and marketing campaigns by competing firms ; two enemy forces 
planning war tactics, ete. 


Competitive models deal with two types of problems : games 
and bidding, of which only the former will be presented here, 
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Competitive Models 


А 
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The Theory of Games 


It was in 1928 when von Neumann (called the father of game 
theory) developed the theory of games. However, it was only after 
1944, when von Neumann and Morgenstren published their now well 
known ‘Theory of Games and Economic Behaviour’ that the theory 
received the proper attention. The theory of games (or game theory) 
deals with mathematical analysis of competitive problems and ів 
based on the minimax principle put forward by von Neumann which 
implies that; each competitor will act во as to minimize his maximum 
loss-(or maximize his minimum gain.) 


Everyone is interested in games and in learning how to win. 
"Therefore, the game theory has received considerable popular atten. 
tion. However, so far. only simple competitive problems have been 
analysed by this mathematical theory. This theory does not describo 
how a game should be played, It describes only.the procedure and 
principles by which plays should be selected. It is, therefore, a 
decision theory applicable to competitive situations. A few situations 
where game theory has been successfully applied are given below. 


71. Examples on the Applications of the Theory of Games 


EXAMPLE 7:1-1. (Two-Person Zero-Sum Game with Saddle 
Point). 


In a certain game, player A has three Possible choices L, M 


and N, while player B has two possible choices P and Q. Payments 
are to be made according to the choices made, 
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Table 7:1 

Choices Pagment 

LP A pays B Rs. 3 
L,Q B pays A Rs. 3 
M, P A pays B Rs. 2 
M,Q В pays A Rs, 4 
N, P B pays A Rs. 2 
N,Q В pays A Rs, 3 


What are the best strategies for players A and B in this game ? 
What is the value of the game for A and В? 


EXAMPLE 712 (Two-Person Zero-Sum Game without 
Saddle Point) : Y 
In a game of matching coins, player A wins Rs, 2 if there are 
two heads, wins nothing if there are two tails and loses Re. 1 when 
there are one head and one tail, Determine the payoff matrix, best 
Strategies for each player and the value of game to A. 


EXAMPLE 71.3. (Twe-Person Zero-‘Sum Game without 
Saddle Point) : 


Thetwo armies are at war. Army A has two air-bases, one 
of which is thrice.as valuable as the other. Army B can destroy an 
undefended air-base, but it can destroy only one of them, Army A 
can also defend only one of them. Find the best strategy for A to 
minimize its losses. 


EXAMPLE 7:14 (3x3 Game, Matrix Reduction by Domi. 
mance) : 

In an election for M.L.A., two political parties A and B are 
thinking of nominating a candidate in a closed session, whose results 
are to be announced simultaneously. The following odds aro offered 
for the various possible combinations of candidates : 


Table 7-2 

Party A Odds Party B 
Sharma 3:1 Singh 
Sharma 4:1 Gill 
Sharma 1:3 Bajwa 
Goel ae Singh 
Goel 3:2 Gill 
Goel LESA Bajwa 
Kapoor 4:1 Singh 
Kapoor 1:4 Gill 
Kapoor 3:1 Bajwa 
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The varties want to select candidates in accordance with stand- 
ard minimax criterion. What are the optimal strategies for parties A 
and В? 
EXAMPLE 715 (3x3 Game, Matrix Reduction by Domi- 

j nance): 

Two players P and Q play a game, Each of them has to choose 
one of the three colours, white (W), black (B) and Red (R) indepen- 
dently of the other. Thereafter the colours are compared. If both 
P and Q have chosen white (W, W), neither wins anything. If player | 
Р selects white and player Q black (W, B), player P loses Rs. 2 or 
player Q wins the same amount and so on. The complete payoff 
table is shown below (Table 7-3). Find the optimum strategies for P 
and Q and the value of the game, 

Table 7.3 


Colour chosen by Q 
W B R 


Colour chosen 
by Р 


EXAMPLE 71.6 (2x3 Game, No Dominance) 

‘Two airlines operate the same air-route, both trying to get as 
large a market as possible. Based on a certain market, daily gains 
and losses in rupees are shown in table 7-4 in which positive values 
favour airline A and negative values favour airline B, Find the solu- 
tion for the game. 


Table 7.4 
Airline B 
Does Advertises Advertises 
nothing special special fea. 
rates tures (i.e. 


rates 

Airline A 
Advertises special 
features (ёе, 
movies, fine food) 


125 | 180 | 150 


" 
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EXAMPLE 7.1-7 (3x3 Game, No Dominance) : 

Two oil companies, Indian Oil Co, and Caltex, operating in a city, 
are trying to increase their market at the expense of the other, The 
Indian Oil Co. is considering possibilities of decreasing price, giving 
free soft drinks on Rs, 40 purchases of oil or giving away a drinking 
glass with each 40 litre purchase. Obviously, Caltex cannot ignore 
this and comes out with its own programme to increase its share in the 
market. The payoff matrix from the viewpoints of increasing or 
decreasing market shares is given in table 7-5 below. 


Table 7-5 

CALTEX 
Decrease Free soft Free drinking 
price drinks on glass on 40 


Rs. 40 litres or 
purchase тоте 


Decrease price 4% 1% —3% 


INDIAN Free soft drinks 

OIL CO. on Rs. 40 3 1 6 
purchase 
Free drinking 
glass on 40 —3 4 | —2 
litres or so i 


Determine the optimum strategies for the two oil companies, 


7.2. Competitive Games 

A competitive situation will be called a. competitive game if it 

has the following six properties : 

(a) there are finite number of participants. The number of 
participants is n>2. If n—2, the game is called а two- 
person game; if n>2, it is called n-person game. 

(b) each participant has a finite number of possible -ourses of 
action. 

(c) each participant must know all the courses of accion avail- 
able to others but must not know which of these will be 
chosen. 

(d) а play of the game is said to occur when each player chooses 
one of his courses of action, The choices are assumed to 
be made simultaneously, so that no participant knows the 
choice of other until he has decided his own, 


(e) after all participants have chosen a course of action, their 
respective gains are finite. 
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(f) the gain of the participant depends upon his own actions 
as well as those of others. 

In the present discussion only games which involve competition, 
actions and counteractions will be dealt with. Henceforth the simple 
term game will be used in place of competitive games, 

73. Useful Terminology 

The terminology often used in the theory of games. is given 
below. 

(a) each participant (interested party) is called a player. 

(b) a play of the game results when each player has chosen a 

course of action. 

(c) after each play of the game, one player pays the other an 
amount determined by the courses of action chosen. 

(d) the decision rule by which a player determines his course 
of action is called a strategy. To reach the decision regard- 
ing which strategy to use, neither player needs to know 
the other's strategy. 

(е) ifa player decides to use only one particular course of 
action during every play, he is said to use a pure strategy. 
A pure strategy is usually represented by a number with 
which the course of action is associated, 


(f) ifa player decides in advance, to use all or some of his 
available courses of action in some fixed proportion, he is 
said to use mixed strategy. Thus a mixed strategy isa 
selection among pure strategies with some fixed probabi- 
lities (proportions), The advantage ofa mixed strategy 
over a pure strategy, fter the pattern of play has become 
evident, is that the opponents are kept guessing as to what 
a player’s course of action will be. A mixed strategy of a 
player with m possible courses of action is denoted by a set 
X of m non-negative numbers. The sum of these numbers 
is unity and each number represents the probability with 
which each course of action is chosen. Thus if 2; is the 
probability of choosing course i, we have 


X = (Zi, Ley 7з,...‚, Lm); 
m 
where X 2=1 and 230; i=], 2, 3, ..., m. 
fool 


It is evident that a pure strategy is a special case of a 
mixed strategy, where all but one 2; are zero. A player 
may be able to choose only m pure strategies, but he has 
an infinite number of mixed strategies to choose them. 


| 
| 
| 
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(9) 


@ game with two players, where a gain of one player equals 
the loss to the other is known as a two-person zero-sum 
game. Insucha game interests of the two players are 
opposed so that the sum of their net gains are (sum of the 
game is) zero. If there are n players and sum of the game 
is zero, it is called n-person zero-sum game. 


‘Two-person zero-sum games are also called rectangular games 
because their payoff matrix is inthe rectangular form. In this chapter, 
we are primarily concerned with two-person zero-sum games only. 
The characteristics of such games are : 


17 


2. 
3. 
4 


(h) 


Only two players participate. " 
Each player has finite number of strategies to use. 
Each specific strategy results in a payoff. 


Total payoff to the two players at the end of each play is 
zero. 


pay off is the outcome of playing the game. A pay off (gain 
or дате) matrix із а table showing the amounts received: 
by the player named at the left hand side after all possible 


plays of the game. The payment is made'by the player 
named at the top of the table. 


If a player A has m-courses of action and player В has n-cour- 


ses, then 
Steps : 


а pay off matrix may be. constructed by the following 


(i) row designations for each matrix are the courses of 


action available to A. 


(ii) column designations for each matrix are the courses of 


action available to B. 


(ii) with a two-person zero-sum game, the cell entries in B's 


Player A 


payoff matrix will be the negative of the corresponding 
entries in A's payoff matrix and the matrices will appear 
^ as follows : 


Table 7-6 
Player В 
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Table 7.7 
Player B 
1 2 3 de эз 
1} -—an | —%: | —%s ay — ün 


Player A 


B's payoff matriz 

Thus the sum of payoff matrices for A and B is a null matrix. 
' Here, the objective is to determine the optimum strategies of both the 
players that result in optimum payoff to each, irrespective of the 
strategy used by the other. 

Henceforth, we shall usally omit B’s payoff matrix, keeping in 
mind that it is just the negative of A’s payoff matrix, 

To explain the above concepts let us consider the following 


example : 
EXAMPLE 7.3.1 

Table 7.8 illustrates & game, where competitors A and B are 
assumed to be equal in ability and intelligence. A has a choice of 
strategy 1 or sttategy 2, while B can select strategy 3 or 4. 


Table 7:8 
Competitor B 
Strategy Strategy Minimum 
8 4 of row 
Strategy 1 
4 4 
Competitor A T M 
Strategy 2 +3 +5 3 


Mazimum of column 4 
Both competitors know the payoffs for every possible Strategy. It 
should be noted that the game favours competitor A sínce all values 
are positive. Values that favour B would be negative. Based upon 
these conditions, game is biased against B. However, since B must 
play the game he will play to minimize his losses. 
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The various possible strategies for the two competitors аге 

(1) A wins the highest game value if he plays strategy 1 all the 
time since it has higher values than strategy 2. 

(2) B realizes this situation and plays strategy 3 in order to 
minimize his losses since the value of 4 in strategy 3 is lower 
than the value of 6 in strategy 4. 


The game value must be 4 since A wins 4 points while B loses 4 
points each time the game is played. The ‘game value’ is the average 
winnings per play over a long number of plays.. The game illustrated 
in table 7-6 isa two-person zero-sum game since A wins 4 points in 
each play while B loses the same amount. A game is solved when the 
following has. been determined: 

(a) the average amount per play that A will win in the long run 
if A and B use their best strategies. As explained earlier, 
it is called the value of the game. 

(6) the strategy that A should use to ensure that his average 

gain per play is at least equal to the value of the game. 

(e) the strategy that B should use to ensure that his average 
loss per play is no more than the value of the game. 


7-4, Rules for Game Theory : 

The preceding two-person zero-sum game could be easily solved 
because of the distribution of values within the game matrix. How. 
ever, some specific rules must be employed to solve other two-person 
zero-sum games containing the same number or larger number of rows 
and columns. The. basic rules employed in solving such game are 
described below. 

75. Rulel. Look fora Pure Strategy (Saddle Point) 

Let us consider example 7-1.1 which has already been enun. 
ciated. It is easy to arrange the payments in a matrix form. 
Let positive number represent a payment from В to A and negative 
number a payment from A to B. We then, have the payoff matrix 
shown in table 7-9. 


Minimax and maximin values are also shown on the matrix. 
When player A plays his first strategy (namely L), lie may gain —3 
or 3 depending upon players B’s selected strategy. He can guarantee, 
however, a gain of at least min (—3, 3) — —3 regardless of B's selected 
strategy. Similarly if A plays his seconi strategy (namely M), he 
guarantees an income of at least min. (—2, 4} =—2; if he plays Мв 
third strategy (namely N) he guarantees an income of at least 
min(2, 3)--2. Thus the minimum value in each row representa the 
minimum gain guaranteed to A if he plays his pure (grand) strategies. 
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These values are indicated in the matrix under ‘Minimum of row’. 
Now, player A, by selecting his third strategy (N), is maximizing 
his minimum gain. This gain is given by max. {—3, —2, 2)—2. 
This selection of player A is called the mazimin strategy and his 
corresponding gain is called the maximin or lower value of the game. 


Table 7.9 
Player B 
Plans (choices) 
P Q Minimum of row 
Bins 3 —3 4 
Plans 
Player (choices) M! —2 4 —2 
A 
N 2 3 (2) maximin 
Maximum of (2) 4 


column minimax 

Player B, on the other hand, wants to minimize his losses. He 
realizes that if he plays his first pure strategy (namely P), he can lose 
no more than max. (—3, —2, 2)—2, regardless of A's selections. 
Similarly, if he plays his second pure strategy (Q), the maximum he 
loses is max. (3,4, 3)—4. These values are indicated in the above 
matrix by ‘Maximum ofcolumn'. Player B will select the strategy 
that minimizes his maximum loss. This is given by strategy P and 
his corresponding loss is given by min. {2,4}=2. Player B's 
selection is called the minimax strategy and his corresponding loss is 
called the minimaz (or upper) value of the game. 

Tt is seen from the conditions governing the minimax criterion 
that the minimax (upper) value is greater than or equal to the maximin 
(lower) value. When the two are equal (minimax value=maximin 
value), the corresponding pure strategies are called optimal strategies 
and the game is said to have a saddle point or equilibrium point. 
The value of the game is given by the saddle point and is equal to 
the maximin and minimax values. Thus the saddle point is the point 
of intersection of the two courses of action and the gain at this point 
is the value of the game. The game is said to be fair if maximin 
value=minimax value—0, and is said to be strictly determinable if 
maximin value=minimax value40. Note that neither player can 
improve his position by selecting any other strategy. Saddle point is 
the number which is lowest in its row and highest in its column. 
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In the above example, minimax value=maximin value=2. The 
value of the game is thus equal to 2. The game has a saddle point 
given. by theentry (№, Р; ofthe matrix. As the game value is 2, 
(and not zero), the game is not fair, though it is strictly determin- 
able. 


We summarise below the steps required to detect a saddle 
point : 
(1) At the right of each row, write the row minimum and ring 
the largest of them. 


(2) At the bottom of each column, write the column maximum 
and ring the smallest of them. 


(3) If these two elements are same, the cell where the corres- 
ponding row and column meet is а saddle point and the 
element in that cell is the value of the game. 


(4) Ifthe two ringed .elements are unequal, there is no saddle 
point, and the value ofthe game lies between these two 
values, 


(9) Tf there are more than one saddle points then there will be 
more than one solutions, each solution corresponding to 
each saddle point. 


We give below a few more examples of games, Saddle points, 
if they exist, have been ringed. Optimum strategies and game values 
are also indicated. 


B 
—4 3 No saddle point exists since there is no element 
A which is both the lowest in its row and highest 
CA а in its column. 
B 
Г 3 2 ^ (1) Strategies : A, row 1 and B, column 2, 
A | —2 —3 | —3 Saddle point : (1, 2). 
i —4 —5 J —5 Game value; +2. 
3 (2) 
B 


1 18 1l ) (A) Saddle point : (1, 1). 
—9 5 —11 | —11 Strategies : A, row 1; B, column 1. 
| * 
L 


| 
0 —3 13 J —3 Game value: +1. 
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B 
16 4 0 14 —2 7 —2 Saddle point : (2, 3). 


-10 8 6 10 12 (6) Strategies : A, row 2 ; B, column 3. 
2 64 814 2 Game value : 4-6. 


8102 2 0 0 
16 10 (6) 14 14 
_ Ifthere is no saddle point, neither player сап optimize his 
chances by using a pure strategy ; they must mix some or all of their 
courses of action, resulting in mized strategies. Methods of finding 
mixed strategies will be discussed later in this chapter. 
Note. Always look for a saddle point before^qttempting to 
solve a game. 
7.6. Rule 2. Reduce Game by Dominance 
If no pure strategies exist, the next step is to eliminate certain 
strategies (rows and/or columns) by dominance. The resulting game 
can be solved by some mixed strategy. To explain how dominance 
reduces the matrix, let us consider example 7.1.5. Table 7-3 is 
again written below as table 7.10. 


Table 7.10 
Colour chosen by Q 
wW B R 
wW 0 —2 7 
Colour 
chosen by B 2 5 6 
P 
R 3 —3 8 


This matrix has no saddle point. Evidently, player Q will not 
play strategy R since this will result in heaviest losses to him and 
highest gains to player P. He can do better by playing columns W 
ог В. Thus column R isto be deleted and strategy R is called 
dominated strategy. 

The dominance rule for columns is: Every value ~in the 
dominating column (s) must be less than or equal to the córresponding 
value of the dominated column. The resulting matrix ів 
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From table 7.11 it is clear that player P-will not play row W since it 
will give him returns lower than given by row B. Hence row W is 
dominated by row B and can be deleted. 1 

The dominance rule for rows is : Every value in the dominating 
row (8) must be greater than or equal to the corresponding value of 
the dominated row. The resulting matrix is 


Table 7.12 
Player Q 
Ww B 


"Er 


B 
Player Р 
R 3 | —3 


This 2x 2 matrix can be easily solved as discussed later. 

Dominance need not be based on the superiority of pure sirate- 
gies only. A given strategy can be dominated if it is inferior to an 
average of two or more other pure strategies. To illustrate this let 
us consider the following game. 


Table 7.13 
B 
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' This game has no saddle point. Further, none of the pure strategies 
of Ais inferior to any of his other pure strategies, However, 
average of A's first and second pure strategies gives us 
49 JT EEE A р). 
алу” 3 ae) 

This is obviously superior to A's third pure strategy. Therefore, the 
third strategy may be deleted from the matrix. The resulting 
matrix becomes 


Table 7.14 
B 
1 2 3 
1 6 1 3 
A 
2 0 9 7 


It should be noted thata game reduced by dominance may 
disclose a saddle point which was not found in the original matrix 
under rule 1 (look for a pure strategy or saddle point). This is not 
necessarily a true saddle point since it may not be the least value in 
its row and the highest value its column per the original matrix, 
"Therefore, this pseudo-saddle point is ignored. 


Note: Always lodk for dominance when solving a game. 
73. Rule3. Solve for a Mixed Strategy 


In eases where there is no saddle point and dominance has been 
used to reduce the game matrix, players will resort to mixed strate. 
gies. A few different methods will be described to optimize the 
winning of each player and to solve the game. One of the players 
must determine what proportion of time to play each row while the 
other must know what portion of the time to play each column. The 
payoffs obtained will be the expected payoffs and the value of the 
game will be the expected value of the game. 


78. Mixed Strategies (2х2 Games) 


Arithmetic and algebraic methods are used for finding optimum 
strategies ав well as game value for а 2х2 game. Each of these 
methods will be described in some details now. 
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7.8-1. Arithmetic Method for Finding Optimum Strategies 
and Game Value 

It provides an easy method for finding the optimum strategies 
for each player in а 2x2 game. It consists of the following steps : 

(i) subtract the two digits in column 1 and write them under 

column 2, ignoring sign, : 

(#) subtract the two digits in column 2 and write them under 

column 1, ignoring sign. 
(sit) similarly proceed for the two rows, 

These values are called oddments. They are the frequencies 
with which the players must use their courses of action in their opti- 
mum strategies. Let us consider example 7.1.9 and explain these 
steps with the help of it. The payoff matrix for A is seen to be 


Table 7.15 
Player B 


Since there is no saddle point, the optimal strategies will be mixed 
strategies. Using the steps described above we get 


Table 7.16 


Player A 


0:25 0-75 
Thus for optimum gains, player A should use strategy H for 25% of 
the time and strategy T for 75% of the time, while player B should 
use strategy H 25% of the time and strategy T 75% of the time, 


29—0.R. 
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To obtain the value of the game any of the following expres- 
sions may be used : 
Using A’s oddments 
1x2—3x1 | 


B plays Н; value of the game, V $331 


—1/4). 


1x—-143 a. =Rs.(—1/4). 


t 
B plays T; value of the game, V 341 


Using B's oddments 
A plays H; value of the game, V=Rs 


m Sper 
aec 
a 
( 


хс R1 


1x14-0 x3 
a jT 
The above values of V are equal only if sum of the oddments verti- 
cally and horizontally are equal. Cases in which it is not s0 are 
treated later. 

Thus the full solution of the game is 

A (1, 3), 

B (1, 3), pe 

V=Rs. (—3). 
This is the value of the game to A i.e., A gains Rs. — 1/4 i.e., he loses 
Rs. 1/4 which B, in turn, gets. Arithmetic method is easier than 
algebraic method but it cannot be applied to larger games. 
EXAMPLE 7.8.11 

Reduce the following game by dominance and find the game 
value : 


A plays T; value of the game, V= oo 


Table 7-17 
Player A 
п ш 


` Player A 
ш 


[Delhi M.Sc. (Math.) 1975, Kuru. M.Sc. (Math.) 1975] 


\ Е 
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Solution 


This matrix has no saddle point. We now try to reduce the 
size of the given pay off matrix by using the concept of dominance. 


From player A's point of view, row I is dominated by row III, 
Row I is, therefore, deleted resulting in the following reduced matrix: 


Table 7.18 ‘ 
Player B 


3 
Player A WI] 4 | 2 | 4 о 
0 


IV 


A 
© 
© 


From player B's point of view, column Iis dominated by III. 
Column I is, therefore, deleted and the following payoff matrix 
results : 


Table 719 


Player B 
II mt. IV 


IL | 4 2 4 


Player AU} 2 | 4 | 0 


IV] «4 0 8 


In the above matrix nò. single row (or column) dominates an- 
other row (column). However, column II is dominated by the &verage 
of calumns III and IV, which is 

244 
>= 

440 
Medal 
04-8 

T oe 4 
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Hence column I is deleted, resulting in the following matrix : 
Table 7:20. 
' Player B 
THES Hy. 


Player AML} 4 | 0 


IV| 0 8 


Again, row II is dominated by the average of III and IV rows, 
Shiah gives ( de : = )= (2, 4). Therefore row II is deleted 
and 2x 2 game matrix results. 


Table 7.21 
Player B 
ш IV 


II| 4 


Player A 
IV 


The above 2x 2 matrix has no saddle point. It can be solved by 
arithinetie method which consists of the following steps : 


(i) subtract the two digits in column III and write them under 
column IV, ignoring sign. 


(3i) subtract the two digits in column IV and write them under 
column III, ignoring sign. 


(tii) similarly proceed for the two rows. 


These values are called oddments and they give the frequencies 
with which the players must use their courses of action in their opti- 
mal strategies. Proceeding along these steps we get 
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\ 
\ Table 7:22 
Player B 
TEE a; 
2 
ш| 4 | 0 8 EN 
Player A 1 
I 0 8 4 
3 
8 "NN 
2 H 
3 3 
| Thus the complete solution to the given problem is 
| 
Optimal strategy for player A : (o, 0, a К x) ; 
Optimal strategy for player B : (o, 0, = à E ) 4 
.  8x440x4 8 
Value of the game (for A) : —$44 y 


EXAMPLE 7:8-1:2 


Reduce the following game by dominance property and solve it. 


Table 7-23 
Player B 


Player A III 6 5 7 


IV| 2 0 6 


Solution 


The above matrix has no saddle point. Row IV is dominated 
by row III. Deleting row IV we get 
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Table 7.24 
Player 3 
ACE eM RT E. 9 » 
1 BUDE 3 
Player A II 3 4 


Now, column 4 is t EHE 18 ааш aud 3, 2, also column 
5 is dominated by column 2. "Therefore, deleting columns 4 and 5 


we have 


Table 7:25 
Player B 
1 2 3 
leo 3 2 
Player A пуз 4 1 


In the above matrix, row I as well as II are dominated by row 
III. -"Phéréfore, we delete rows I and II and get 


Table 7-26 
Player B 
1 2 3 


||: 


Out of the three strategies available to player B, he will use 
No. 2 in order to minimize his losses. Therefore, the solution to the 
problem is 

Optimal strategy for A : III, 

Optimal strategy for B : 2, 

Game value (for A) : 5. 


Player A IIT 
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EXAMPLE 78-13 
\ Solve the following game by using the principle of dominance : 


Table 7.27 
Player B 
I II ш IV V VI 
1 
2 
Player A 3 
4 
5 
7 [Delhi M.Sc. (Stat.) 1968] 
Solution 


The above payoff matrix has no saddle point. From player A's 
point of view, row 1 is dominated by row 2 and row 5 is dominated 
by row 4. Accordingly, rows 1 and 5 are deleted. The following 
reduced matrix results. 


Table 7-28 
Player B 


ZEE 


From рікуег B's point of view, columns I and II are dominated 
by columna IV, V and VI, also column VI is dominated by column V, 
Therefore,columns I, II and VI are deleted, resulting in 
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Table 7.29 
Player B 
ш IV у 
2 1 3 2 
Player A 3| 7 —5 1 
4| 4 —1 2 


Now none of single row (or column) dominates another row (or 
column), However, column V is dominated by the average of columns 
Ш and IV, which is 


14-3 1 

Lg 2 

7—5 

па ар 

4—1 * 
pean ash 3/2 
poppe 


Accordingly, column V is deleted and the following matrix is 
obtained : 


Table 7:30 
Player B 
ш IV 
2 1 3 
Player A 3 zi —5 
4 4 =l 


Further, row 4 is dominated by the average of row 2 and 3. 
Hence row 4 is deleted. The resulting 2x 2 game is shown below. 


N = 
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\ Table 7.31 
\ Player B 
III IV 
\ 2 1 3 
Player A 
3 7 —5 


This 2x2 game has no saddle point. 
Soiving this game by arithmetic method we have 


Table 7:32 
Player В 


12 6 6/7 
Player A 
3; ax 1/7 
8 6 
4 3 
4" 3/7 j 


Therefore, optimal strategy for A : (0, 6/7, 1/7, 0, 0), 


Optimal strategy for B : (0, 0, 4/7, 3/7, 0, 0), 


1 
Game value : HET uda dpi. 


78.2. Algebraic Method for Finding Optimum Strategies 
and Game Value : 

While applying this method it is assumed that z represents the 
fraction of time (frequency) for which player A uses strategy 1 and 
(1—2) represents the fraction of time (frequency) for which he uses 
strategy 2. Similarly y and (l—y) represent the fraction of time for 
which player B uses strategies 1 and 2 respectively. 


Let us consider example 7:1-3 to explain this method, 


Since both armies have only two possible courses of action, the 
gain matrix for army A is 
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Table 7-33 
Army В 
I 2 
Attack the smaller Attack the larger 
air-base air-base 
Cee. toro 0 ee 
Defend 0 —3 
smaller 1 P The larger one 
air base Both survive берега 
Атту А 
Defend эе 0 
larger 2 | The smaller one ^ 
air-base destroyed Both survive 
bit. ets ү зл. + 


There їз no saddle point. Under this method, army A wants to 
divide its plays between the two rows so that the expected winnings 
by playing the first row are exactly equal to the expected winnings 
by playing the second row irrespective of what army Bdoes. In 
order to arrive at the optimum strategies for Army A, it is necessary 
to equate its expected winnings when army B plays column 1 to its 
expected winnings when army B plays column 2. 


ie, when 0z+(—1) (1—z)— —3z4-0(1—2) 
or wher. —1--z— —3z $e, 4ш=1 2 z—]1/4. 


Thus army A should play first row 1/4th of the time and second 
row 3/4th (—1—2) of the time. 


Similarly, army B wants to divide its time between columns 1 
and 2 so that the expected winnings are same by playing each column, 
no matter what army A does. Optimum strategies for army B will 
be found by equating its expected winnings when army A plays row 1 
to its expected winnings when army A plays row 2. 


ie., when 0-y—3(1—y)=—1.y+40(1—y) 
or when —3--3y— —y 
or when 4y=3, or when y=3/4. 


Thus army B should play first column 3/4th of the time and 
second column 1/4th (=1—y) of the time. These optimum strategies 
can be shown on the gain-matrix, which becomes 


Er den 
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\ Table 7:34 
Army B 
1 2 
1 FO far 
Army A „——— 
oped о | 
1 i 


The game value can be found either for army A or for army B. 

Game Value for army A: While army B plays column 1, 3/4 of 
time, army A wins zero for 1/4 time and —1 for 3/4 time; also while 
army В plays column 2, 1/4 of time, army A wins —3 for 1/4 time 
and zero for 3/4 time. 

~, Total expected winnings for army А are 


game value—2 (0: 1—1 x $) -4( —3x$+0x2) 
= -*9/16—316-— —12/16— —3/4. 

Game value for army B: While army A plays row 1, 1/4 of . 
time, army B wins zero for 3/4 of time ard —3 for 1/4 of time ; also 
while army A plays row 2, 3/4 of time, army B wins —1 for 3/4 of 
time and zero for 1/4 of time. 

Game value for army B-3(2x0—3x1)—2[2x (—1)+0 x3] 
=H-)+H-9 
=—3/16—9/16=—12/16 — — 2. 
Thus the full solution of the game is 

army А : (&, 3), 

army B : (5 1), 

game value : —3. 

79. Mixed Strategies (2x n Games or m x2 Games) : 

These are the games in which one. player has only two courses 
of action open to him while his opponent, may have any number. To 
solve such games, the first step isto look fora saddle point; if there 
is one, the game is readily solved. If not, the next step is to reduce 
the given matrix to 2x 2 size matrix by the rules of dominance, If 
the matrix can be reduced to 2x2 size, it can be easily solved by 
the arithmetic. or other methods described in section 7:8. If, how- 
ever, the given matrix cannot be reduced to 2 х 2 size matrix, it can 
be still solved by algebraic method, method of subgames and graphic 
method. Each of these methods will now be explained to some length. 
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79-1. ‘Algebraic Method for 2xn or mx2 games : 


The payoffs for a rectangular game can always be given in mxn 
matrix, where player A has m possible courses of action and player 
B hasn possible courses of action and the payoff matrix is (a4). 
This is shown in table 7-35 below. 


Table 7-35 
B 
1 2 А 3 5 n 
Se ey т. _*_ 
eu ац . a . An 
2 а аз E а В Gan 
4A i а Gig а а 
т DEM ата a ај Zu Omn 


=! 
It сап be shown mathematically that 


1: Each rectangular game has a specific value V. This value 
is unique. 

2. There exists for player A a best strategy X i.e., there exist 
frequencies 21, z,,..., z, auch that M+%+...t¢,=1 and 
such that if he plays strategy 1 with frequency хт, strategy 
2 with frequency za ..., strategy m with frequency 2m, 
then he can assure himself at least an expected gain of V, 
where V is the value of the game. 

3. Similarly for player B, there exists a best strategy, 


n 
Үе (у, Yar ..., yo), а yl, 
j= 


such that if he plays strategies 1, 2, ..., n, with frequencies 
Yı Yar +++ Yn respectively, he can assure himself a£ most a 
loss of V. 
It сап be shown that the unknown (frequencies) ту, za, 
Vy Уз» --- Yn and V can be found from the following relations : 


Sato 
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\ афа... Бъ =1, 2420, ў (11) 
Vet 91, 0020, 07:9) 
aiti +2344) +--+ атат) 2 У, for j=l, 2, ..., m, °..(7°8) 
Vida 4020434... Jnd V, for i=1, 2, ..., m. (7:4) 


Relation (7-3) actually represents n inequations, one inequation for 


: each j. Similarly, relation (7-4) represents m inequations. We, thus, 


have m 4-n—1 unknowns with m+n-+ 2 relations (with added restric- 
tions 20, yj 0 since negative frequencies have no meaning). 

The algebraic method is a direct method to solve for the un- 
knowns from relations (7-1), (7-2), (7:3) and (7:4). It must be borne 
in mind that each rectangular game hasa value, namely V, which 
exists and is unique. Therefore, the idea is to find such value V which 
satisfies all the four relations. The first obvious step is to assume 
that relations (7:3) and (7-4) are equalities. We shall consider an 
example to describe how algebraic method can help to solve 2x» or 
m x 2. games. 

EXAMPLE 7-9-1 : 


Solve the game for which the payoff matrix is given in table 


7:36. 
ТаЫе 7:36 
В 
1 2 
1| --2 —4 
A 2| —1 3 
3 1 2 


From the above discussion, we get the following relations for 
the unknowns ту, 25, тз; Ya» Уз and V : 


2-23 4-25 — L, (7:5) 
yl (1-6) 
ж(—2)-„а(—1)+(1)>У, (17) 
®(—4)+43)-+а4(2) 2 V, (Т8) 
yy 721-94 72)«&V, (19). 
010—1) +423) SV, (1-10) 


и(1)+»(2)<У. (111) 
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Thus we have six unknowns Zi 23,23; Yı, Ye and V and seven 
relations, 


Now the first step towards solution is to assume all the inequa- 
lities as equalities and we get 


titt d-23 221, - (7:112) 
Vi ysl, (713) 
—22,—5,--2, 2 V » (7:14) 
—À 3924 225 2 V, (7-15) 
—2y,—4y,=V, +-.(7-16) 
—yiT 3j, — V, (7:17) 
31-294 — V. i (7-18) 
Now considering equations (7:13), (7-16) and (7-17), 
=1—у,, 
—2y,—4(1—y,)=V ог —2y,—444y,=V or 2y, —4 V, 
and —#1+8%(1—уу)=У or —%i+3—3y,=V or —44,4+3=V. 


2y--4— 45,43 ie, 65,—7 or y,—7/6. 
This is unacceptable, since frequency y, cannot be greater than 1 
(07:1). Therefore, if we assume relations (7-9) and (7:10) as 
equalities, we do not get a solution, 


A general procedure is, then, to assume one inequality and the 
other relations as equalities. Tf we again meet with a contradiction, 
we assume other inequalities until a solution is finally reached. 

However, these computations can be made simpler with the help 
of the following theorems : 
Theorem 1 states that "Sf. 803 Etita... h Emam > V, then 
` yje0. 

ptem 2 states that: if WGatYatiat-..+Yndin<V, then, 
204—0. 

Let us apply these theorems to our problem, We, therefore, 
proceed as follows : 

(1) Thus if —22 —25 4-2,» V, then 31—0. Therefore, equations 

(7:16), (7-17) and (7-18) can be true only if y,—0, 
^o %+¥s=0, which is contradicted by equation (7-13). 

(2) Similarly, а contradiction is obtained jf ~tr 432,4 22, V. 

(3) If —2—49 «V, then 2,—0 and equations (7-12), (7-14) 

and (7-15) will lead to contradiction. Proceeding in this 


manner, we finally find that only the following relations 
lead to a solution : 


\ 
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\ 2, 4%,+2;=1, s (7:12) 
Wise ..47-13) 
—9223—2:+2;=У, ..47:14) 
—42,432,4+2%,>V, ..(7:15a) 
—2y,—4y2<V, ...(7-16a) 
2g 39V, (717a) 
yi 29 V- (7:18) 


From relation (7-15a), ya —0, so that yi=1l. Further, from 
relation (7:162), z, 0 and from relation (7-17a), x40, so 
thatz,—1. Substituting the values of y, and y, in (7-18), 
V=1. Therefore, the final solution is given by 
2, —0, 25 —0, t=1, =l, y=0 and Val. 
i.e., optimum strategy for A is, A (0, 0, 1) 
optimum strategy for B is, B (1, 0), 
game value= +1. 

Evidently, the algebraic solution of the game is very lengthy 
and the computations become much more complex as the number of 
possible choices for A & B increases. 

Remark. The above problem can be easily solved by locating 


the saddle point. However, it has been solved by algebraic method 
just to illustrate the method. 


719.2. Method of Subgames for 2x n ог mx2 Games 
We shall explain the method with the help of example 7-1-6, 
already enunciated. Table 7-4 for the problem is written again as 
table 7:37 below. 
Tabie 7:37 
Airline B 
1 2 3 


1 ms | —o | -s 


Airline A 
125 


130 | 150 
rp ei. SS | 

We see that the game has no saddle point, nor it can be reduced by 
dominance. This game can be solved by algebraic method described 


in section 7-9-1, but we shall solve this game h 
ает ere by the method of 


This 2 х3 game can be thought of as three 2x2 subgames £ 
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4 eee al (Ignoring column 3) 


Subgame 2: B 


A (Ignoring column 2) 
2| 125 150 
Subgame 3 : B 
2 3 
1| —650 —75 
А 


| (Ignoring column 1) 
2| 130 | 150 


Airline B which has more. number of columns (than the number of 
rows for A), has more flexibility, generally resulting in a better 
strategy. In orderto find optimum Strategy for airline B, all the 
above three 2x2 subgames must be solved for their Strategies and 
game values. We shall solve them by arithmetic method. 


Subgame 1 : B 
1 2 
IESU Shy 
1| 275 | -s 5 1 1/66 
A 
2| 125 E 325 65 65/66 
180 150 
There is no saddle point. 6 5 
36 30 


36/66 30/66 
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Thus strategy for A is, A (1/66, 65/66), 
в „ B (36/66, 30/66, 0), 


» э 


game value = Вз. (Paes) 
66 
—Rs. 127-30. 
Subgame 2 : B 
1 3 
1| 275 75. | 25 1 1/15 
A 


There is no saddle point. 225 150 


3 2 
3/5 2/5 
9/5 6/15 


Thus strategies are : A (1/15, 14/15), 
B (9/15, 0, 6/15), 
value of the game, V=Rs. (gem )-n«( шт ) 


675 


=Rs. (92 )= ве 135. 
Subgame 3 : В 
2 3 Row minimum 
заст atas ER 


i| —50 | imn] 2-75 


2| 130 | 150 (130) 


Column maximum (130) 150 
Thus this subgame has a saddle point (2, 2). Thus solution is 

A (0, 1), 2 

B (0, 1, 0), 

V —Rs. 130. 
Now, since airline B has the flexibility to play any two out of the 
courses of action available to it, it will play those strategies 
for which the loss occurring to the airline is minimum. As all the 

30—0.R. 
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values for the subgames are positive, airline A is the winner, Hence 
airline B will play subgame 1 for which the loss is minimum i.e. 
Rs. 127.30. 
Hence the complete solution to the problem is 
strategies : A (1/66, 65/66), 
B (36/66, 30/66, 0), 
game value V=Rs. 127-30. 

Remark: Subgame 3 has a saddle point, hence arithmetic 
method should not be applied to solve it. If it із applied, the resulting 
solution will be incorrect. 

79.3. Graphic Method for 2xn or m x 2 Games 

Graphic method is applicable to only those games in which one 
of the players has two strategies only. The advantage of this method 
is that it ів relatively fast. Consider the following 2 xn game : 


Table 7:38 
B 
Ó Уз В Уһ 
Tı а аш An 
A 
аа=1—| аз азу t Gen 


It is assumed that the game has no saddle point. 
Player A has two strategies ту and 2, (=1—2,), where 220, 


2,20. Expected payoffs for A corresponding to the pure Strategies 
of B are given below. 


Table 7-39 
i IR ЗАПОР: a 
B's pure strategies A’s expected payoff 
Cou ua ыы! eee РЕ ВЕ 
1 апа + G5(1—2,)— (Gy, — 23)23 ал 
2 Qrati + аз (1—21) = (033 — 33), 4-53 
n Oy + Gan (12) = (4in—4gn)1+ aon 


Thus A’s expected payoff varies linearly with ху. Now, according 
to the maximin criterion for mixed strategy, A should select that 
value of х; which maximizes his minimum expected payoff. This 
may be done by plotting the above lines asa function of zı This б 
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shown in figure 7.1. A number is allotted 
to each line corresponding to B's рше 
strategy. The lower boundary of these 
lines (shown by heavy lines)gives the 
minimum expected payoff to A as a 
function of ху. The highest point on 
thislower boundary (shown by a dot), 
then gives the maximin expected payoff 
to A and hence the optimum value 


Fig. 7.1 


к= (21). 

The two optimum strategies for B аге given by the two lines 
which pass through this mazimin point. Thus the 2x» game is re- 
duced to 2х2 game which сап be easily solved by the methods 
already described. 

The importance ofthe maximin point is that it is the highest 
level, on the average, at which B can hold A's winnings. Similarly 
it is the level at which А can hold B to minimize his losses. In other 
words, it just indicates how far one player can go before he is res- 
trained by his opponent's defensive strategy. It is the average payoff 
around which the game revolves. 

In the same way we can treat (m x2) games. For these (m x 2) 
games we shall get minimaz point which will be the lowest point on 
the upper boundary (instead of highest point on the lower boundary). 
Thus we conclude that any (2x) or (mx2) game сап be reduced to 
(2x2) game. To explain the graphic method we shall consider a few 
examples. 

EXAMPLE 7.9.3.1 
Solve the game given in table 7-40 by graphic method. 


Table 7:40 
B 

ЕД Уз Уз Ya 
msc tr S ee teal pra 
a| 7| 8s [Чї в 
A 
m| 12 8 18 4 
24 8 1 13 | —1 
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Solution. The first step is to T. for a saddle point. It docs 
not exist in this problem. The second step is to see if the game can 
be reduced by dominance. All the cell values in column 2 are less 
than the corresponding values in columns land 3. Hence columns 1 
and 3 are dominated by column 2 and the reduced matrix becomes 


Table 7.41 

B 
Ya 4 м 

| 
а 6 5 
ж; 3 6 

A 

Z3 8 4 
fa Mor Ta | Sel 


Again all the cell values for row 3 are higher than those for row 4. 
Hence row 3 dominates row 4 and the matrix is reduced to 


Table 7.42 
B 
Ye yi 1—03 
5 
1 6 
4 


"This matrix can be solved now by graphic method. B's expected 
payoffs corresponding to A's pure strategies are given below. 


A's pure strategies B's expected payoffs 
1 6%-Е5(1—)=аз-++5 
2 Зуз-Е6(1—у») = —3ys 4-6 


3 8ys-- 4(1—9;) —49 +4 
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> 
These three straight lines can be plotted as functions of y, as 
follows : h 


Draw two lines B, and B, parallel to each other one unit apart 
and mark a scale on each of them (Figure 7:2). These two lines 
represent the two strategies available to B. To represent A's first 
strategy, join mark 6 on B, with mark 5 on В, ; to represent A’s 
second strategy, join mark 3. on В, with mark 6 on B, ; and soon 
and bound the figure from above as shown 


1 32 


oN V) 9» 


Fig. 7.2 


Since player B wishes to minimize his maximum expected losses, the 
two lines which intersect at the lowest point of the upper bound show 
the two courses of action A should choose in his best strategy i.e, Ay 
and Ay. We сап, thus, immediately reduco the 3x2 game to 2x2 
game which can be easily solved by arithmetic method, The resulting 
2x2 game is shown in table 7-43 below. 


Table 7.43 
B 
2 4 
1| 6 5 |3 3/4 
A a e 
2| 3 6 1 14 
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Lj 
.. Optimum strategies are 


A (5100, 
B (0, 1, 0, 3/4), 


Ans. 
value of the game is, V — Boch Ox LM l i 


—— ub. 


Ipaq d 4 


EXAMPLE 7.9.3.2 
Solve the following 2 ҳ 5 game graphic method : 


Table 7:44 
B 
1 2 3 4 5 
a l| —5 5 0 4 -4 8 
A oe = EE [eet esee Jy FE гт > 
пес 2|. 8 |—4 |—I 85-5 


Solution. The first step is to look for а saddle point. It does 
not exist inthe present problem. The second step is to see if the 
game can be-reduced by dominance. In the present problem the matrix 
cannot be reduced by dominance. So, let us solve the matrix by 
graphio method. A's expected payoffs corresponding to B's pure 
strategies are 


B's pure strategies A’s expected payoffs 
1 —52x,48(1—2)=—1327,48 
ба —4(1—2,)— 9x, —4 
3 0.2, —1(1—2,)—2,—1 
4 


—12,4 6(1—2,)2- —723 4-6 
82, — 5(1—2,) - 132, 5 


a 


These five lines can be plotted as functions of ж as follows : 


Draw two parallel lines А; and A, one unit apart and mark a 
scale on each of them. These two lines represent the two strategies 
available to A. To represent B’s first strategy, join mark —6 on A, 
with mark 8 on Ag} to represent B’s second strategy, join mark 5 on 


A, with mark —4 on A, and go on (for the remaining three strategies) 
and ;bound the figure from below. 
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off, the two lines which intersect at the highest point of the bound 
show the two courses of action B should choose in his best strategy, 
which are B, and B,. We can thus immediately reduce the 2x5 
game to 2x2 game which can be easily solved, say, by arithmetio 
method. The resulting 2 x 2 game is shown in table 7-46. 


Fig. 73 : 
Since player A wishes to maximize his minimum expected pay- 
] 

Table 7-45 


9 94 
! A 
5 5/14 
H 13 
1/14 13/14 
Optimum strategies are 
A (9/14, 5/14), 
B (1/14, 0, 13/14, 0, 0), 
Ans, 


—5xl40x13 -5 


value of the game is, V= —HB UR 
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* 
. Note: If there happen to be more than two'lines passing through 
the maximin (or minimax) point, then any two lines having opposite 
' signs for their slopes will yield an alternative optimal solution. 


EXAMPLE 79-33: 


Solve the following 2x 4 game by graphic method. 
Table 7-46 


1 3 3 4 0 
A ——|—— E 
2 5 4 3 7 


Solution. This game does not have a saddle point. However, 


it can be reduced by dominance because column 2 dominates column 1° 


resulting in the reduced matrix shown in table 7-47. 


Table 7:47 


zi 1 3 4 0 
A m joe 


meml-z 2| 4 3 7 


This matrix can be solved by graphic method. A’s expected 
payoffs corresponding to B's pure strategies are 


B's pure strategies A's expected payoffs 
1 3x, 4 4(1—2,)  —2--4 
2 4r,-3(1I—2z,))—z,2-3 , 
3 02, 4- 7(1 —2,) = — 724 4-7 


These three straight lines can be plotted as functions of ау. The 
method of plotting them has already been described; and they appear 
ав shown in figure 7,4, ` 
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х,20 ^" Ya a X 


Fig. 7-4 


Figure is to be bound from below as shown. All the three lines 
pass through the maximin point. As mentioned earlier, any two lines 
having opposite signs for their slopes will yield an alternative optimal 
solution. This means that the combination of B, and B, must be 
excluded as both have the same sign for their slopes. So the game 
reduces to two 2x 2 games which can be easily solved, say, by arith- 
motio method, 


(i) 2 3 


ONS Wa I coi 1/2 


1/2 1/2 


A's optimum strategy: А (4, 1), 
B's optimum strategy : В (0, 1, 4. 0), 


3x144x1 7 
"bouge 


game value, V— 2 4 
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1 4 0 |4 1/2 4/8 
А A's optimum strategy : А (4/8, 4/8), 


2 3 7 |4 1/2 4/8 B's optimum strategy : 
B (0, 0, 7/8, 1/8), 


7 1 
7/8 18 
е 3 7х4+1х0 


game value, V=- 


7 
TE ee кен: 


‚ Note that the average of above 2x2 matrices is also an optimal 
solution which mixes all the three strategies of B i.e. 2, 3, and 4. This 
_ is shown in the matrix below. 


Table 7:48 
B 
243 3--4 
3-4 . 7 [440 _ 
бүт Undo rese e 
A HUM, 
44-3 7 347 
t= > аб (7/2) 
(7/2) 5 


This matrix has a saddle point. Value of the game is 7/2. А should 
use strategy 2 and B should use a combination of strategies 2 and 3. 

Note. Since the above matriz has a saddle point, it should not 
be solved by arithmetic or other method. If these methods are applied, 
the solution obtained will be incorrect. 
710. Mixed Strategies (3x3 Games) 

To solve 3x3 or higher games also, the first step is to look for 
a saddle point, if there is one, the game is readily solved, If not, the 
next step is to reduce the given matrix to 2x2 size matrix or 2xn 
(or m x 2) matrix by applying the rules of dominance. If the matrix 
can be reduced to 2x2 size, it can be easily solved by the methods 
described under section 7-8. If the matrix can only be reduced to 
nx2 (or mx?) size matrix, it can still be solved by applying the 
methods described under section 7-9. However, if the final matrix is 
of 3 х 3 size, it can be solved by algebraic method, method of matrices, 
method of linear programming.and by iterative method of approximate 
solution, е } 
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Algebraic method has already been described for 2x n (or mx 2) 
games under section 7-9. The method can be extended to 3x3" 
games and will not be discussed here. The remaining three methods 
will now be described in some details. 

7.10-l. Method of Matrices (or 3x3 Games) 

This method will be illustrated with the help of an example. 
EXAMPLE 7-10-1. 

Solve the game given by table 7-49. 

Table 7:49 - 


9 qw) Л) 

Solution. The first step is to look for a saddle point. It does 
not exist in this problem. The game value lies between 5 and 7. The 
next step is to see if the given matrix can be reduced by dominance. 
We see that the given matrix cannot be reduced. So let us solve this 
matrix by the method of matrices. Subtract cach row from the 
row above (i.e. subtract 2nd row from the first and third row from 
the second) and write down the values below the matrix. Similarly 
subtract each column from the column to its left (i.e., subtract 
second column from the first and third column from the second) and 
write down the results to the right of the matrix. Thus we get table 
7-50. 

Table 7:50 


476 


Next, calculate the.oddments for A,, 


Oddment for А; = determinant | 10 
| —2 

» »  Ag=determinant | 6 
Weer 

у »  A,=determinant | 6 

| a0 

» »  JB;-determinant | 2 

. - 8 
А »  B,=determinant | —2 

4 

» , - B,=determinant | —2 

| 4 
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As, Ag and By, By, By. 


ЕЗЩ 104 «6, 

1| 
S 12-6 в, 

1| 

6 | --—12-4-60—48, 
te 

6 | =—10448--38, 
—5 | 

6| = 24-10=14, 
S 5. 

Sy 1688. 
—8 | 


Next, write down these oddments (as shown in table 7-51) neglect- 
ing their signs. Since both the sums of oddments are same (60 each), 


this is a solution to the game. 


If the sums are different, both players 


do not use all of their courses of actions in their best strategies and 


this method fails. 


Table 7:51 
B 

1 2 3 
77 Xs ЭЙ [6 
ANG AGIOS Fae i | т. band Е в 
С ber | an 
Ж с а (307 

19 2754 
19/30 . 7/30 · 4/30 


Thus optimum strategies are 


А (3/30, 3/30, 24/30), 
 B(19/30, 7/30, 4/30), 


game value, V= 


1+1+8 
2% 8 
‚=з 


Note. The above method can be 


7x149x145x8 


1 1/10 3/30 
1 1/10 3/30 


8 8/10 24/30 


74+9+40 56 |Ans. 


applied only when sum of 


vertical oddments is equa! to the sum of horizontal oddments i.e., 
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if both players изе all their plays in their best strategies. The method 
breaks down when the players do not use all their courses of action 
in their best strategies. In such a case the method of linear program- 
ming may be applied. 
710-2. Method of Linear Programming : РА 
Game theory bears а strong relationship to linear prégramming, 
since every finite two person zero-sum game can be expressed as a 
linear programme and conversely gvery linear programme can be 
represented as a game. Linear programming is the most general 
method of solving any two-person-zero-sum game. If there is no 
saddle point, dominance is unsuccessful in reducing the game and the 
method of matrices also fails, then linear programming offers the best 
method of solution, We shall describe this method with the help of 
two examples. 


EXAMPLE 7.19.21. 
Solve example 7-1-7. 


Solution, Table 7,5 for this example is expressed again as 
table 7.52 below. ^ 


Table 7.52 
Caltex 
B 
uy Ys Уз 
а 4 1 -—8 E 
Indian Oil Со m| 3 1 6 | (1) 
A —j— — 
2, | —3 TER Wena sug 
Бача А 
(4) (4 6 


Let us denote the Indian Ой Co. by A and Caltex by B. Let 
21, X, X; and y, y, уз be the probabilities by which А and B 
respectively, select their pure strategies. The first step is to look for 
saddle point. It does not exist in this problem. The value of the 
game lies between | and 4. The next step із to see if the given 
matrix can be reduced by dominance We find that it cannot be 
reduced. Solving it by the method of matrices we get table 7.53. 
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Table 7.53 


2 1 4 | 47 
-À T 3 —5 | 46 
2 3 6 | 23 
: 1 0 —9 
6 —3 8 
27 62 3 | 92/116 


Since the sums of the oddments of A and B are not equal, the prub- 
lem cannot be solved by the method of matrices. The method of 
linear programming will be used to solve it. 


Let the value ofthe game (to A)be V. Consider the game 
from B's point of view. B is trying to minimize V. Then, 


against A, 4y,--ys —3y «V, 

against Аз, 3yi--ys +6ys<V, 

against Аз, —3y; 4-4ys —2y,« V, 
э-Ез-Е9з==1, (Sum of probabilities must be 

equal to 1) 


, where уу, уз, ya 20. 


Divide each of above relftions by V. Note that this division is 
valid only if V 50. If, however, V<0, the direction of inequality con- 
straints must be reversed, and if V—0, division would be meaning- 
less. However, both these cases can be easily solved by adding & 
positive constant K (where K 7 the negative game value) to all the 
entries of the matrix, thus ensuring that the game value for the 
revised matriz is greater tham zero. After obtaining the optimal 
solution, the true value of the game can be obtained by subtracting 
K from the game value so obtained. 


In general, if the maximin value of this game is non-negative, 
then the value of the game is greater than zero, provided the game 
does not have a saddle point, 


Since maximin value is lin the present example, we get the 
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following relations by dividing by V : 
ЕД Уз Y 
4. у у —3. V «l1, 


V uv V 
h.c VL oia ыл] 
V У Lum um 


Putting a =Yj, j=1, 2, 3, we get 


4Y,+ Y,—3Y;«l, 
ЗҮ, Y.+6Y;<1, (7.19) 
—3Y,--4Y,—2Y,« 1, 


1 
YicYer Ys vs (7.20) 
where Y, Ys, Y420. 


Since B is trying to minimize V, he must maximize ӯ . Thus the 
problem is to maximize objective function (equation 7-20) subject to 
constraints (7.19) which can be done by simplex method under the 
following steps : 

Step 1: Make the Problem as №5 Co-ordinate Problem 


In order to solve the problem by simplex method, the set of 
inequalities (7.19) are converted into equalities by introducing new 
non-negative variables (slack variables) S,, S, and S,in them. The 
slacks contribute zero to thé objective function and the following 


equations result. 
4¥,+Y,—3Y,+48,=1, 
3Y,+Y,+6Y,+S,=1, 
—3Y,+4Y,—2Y,+48,=1, 
and it is desired to maximize 1/V=Y,+Y,+Y, +08, 4-08, +08,, 
where Yı, Ya, Y, Si, Sa, S30. 
Step2: Make N-Co-ordinates Assume Zero Value 
The initial feasible solution is obtained by putting decision 
variables Үү, Ү,, Үз, each equal to zero ; and we get S,— 1, $,—1 and 
S,—1 as the first feasible solution. The above information is ехргевв- 
ed in the form of simplex matrix or table 7.54, 
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Table 7.54 
Objective function cj 1 — UMEN COEM i 
€ variable in 
eurrent solution Yi Ni Уш Sy Ёш. 8. b 
Өзү А 4 1 —3 1 0 0 1 
0° S, аа 0702 099 1^ 0 1 
0 8 Е MEM X 1 


Step3: Perform Optimality Test 


Find с Ез, where Ej;=Zeay. ІҒ с, Ез is positive under any 
column, at least one better solution is possible. Inserting the values 
ef E; and c, — E; in table 7.54 gives table 7.55. x 


Table 7.55 
Objective function c; 1 1 1 077.0 0 2 


e, variables in ye vgs Ү;. BL B, 085.506 
current. solution 


0 в: (4) bx: 1 0 1 {кеу row 

0 B Gp eet eS IDEST 0:5: 1/8 

0 КА —3 4 -2 0 0 11 –13 

Е; Хеш, 0 0 0 0 0 0 

cj —E, 1 1 1 0 0 0 . First feasible 
tK solution 


———————————————— 
Since there ¢ tie in the c,—E, row, column Y; is arbitrarily selected 
to be the key column. 


Step 4: Iterate Towards an Optimal Solution 

‘Y,!-column is the key column. Mark it:K'. Thus Y, is the 
incoming variable. Find the :#’-column. The minimum positive ratio 
is 1/4 and the row containing it is marked as key row. The key 
element is (4). Make this key element as (1). This is shown in table 


Table 7.56 
ĉj 1 1 L 0 0 
e, curentsolution Y, Ya Үз S, 8, 8, b 
variables 
0 ИЕ ТУ 
0 8, 3 1 6-509 1 0 1 
0 Sa SER Ae T Цу чут MY 
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Make all the elements in key column zero except the key elemept 
which is unity. This is shown in table 7.57. The new table will 
have S, replaced by Y,. This completes the first step. The resulting 
table 7.57 is shown below. 


Table 7.57 

су 1 UE Tat 0530 aie Ө 

€, current solution Y, — Y, Y, бу 8,5 å 
variables 
1 Y, 1 AGT) 3:07 00: X 1/8 
0 S: 0 1 (33/9 — 1 0 { 133K 
0 S; 0 19/4 —17/4 0 1 74—717 
Ej= Уе) 1 E Rr Lin LET) 
cj — Ej Cig biu TS cbe 0 
tK 2nd feasible solution 


Repeat step 3 for table 7:57. On. findiag the value of cj — Ej 
for various columns we find. that it is positive for some of them. 
Hence at least one better solution exists. The key column and key 
row have also been marked in table 7-57. Key element is (33/4). In 
table 7-58 the key element has been made unity. 


Table 7:58 
ej 1 1 1 OT One 
e; current solution Ma {+ Y, 8 8, 8, b 
variables 
1 ү, шо ар оом 
0 8, 0 1/33 (1) —1/ 4/33 0 1/33 
0 8, 0.194 —174 {+ 0 1 7A 


Step 6 ; 

Make all the elements in key column zero except the key 
element which is unity, The resulting matrix will have S, replaced 
by Y,. This is shown in table 7-59. 


Table 7:59 
с} 1 1 1 OOF О = 

current solution Y, YQ. Ву ЕВ; зано 
е variables 
1 Y 1 3/11 0 SEV TAY 0. 9/1 3 
1 Xs 0 1/33 1 —1/1 4/33 0 1/33 1 

161 62 
0 8, 0 33 ) © 4/11 17/33 1 62/33 igi ^E 
Е;= Zeya, 1 10/83 1 1/11 7/33 0 
c; —Ej 0 33/33 0 —1/11—7/33 0 


4K Third feasible sdlution 
31—0.R. 


т 
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Step 7 
Repeat step 3 for table 7-59. On finding the value of c;-— E; 
for various columns we find that it is positive for ‘Y,’-column. Hence 
‘at least one better solution exists, Key column and key row have 
also been marked in table 7:59. Key element is (161/33). In table 
7:60 the key element has been made unity. 


Table 7:60 
с DESI о о о 
e, current solution Y, Y, Y, 8 8, 8, b 
variables 

1 Y, E S MESI. o sn 
L Y; 0 1133 1 —I/ll 4/33 0 1/33 
0 8, 0 (1) 012/61 17/161 33/161 62/161 
Step 8: 


Make all the elements in key column zero except the key 
element which is unity. The resulting matrix will have S, replaced 
by Ya. This is shown in table 7-61. 


Table 7:61 
с) ПЕАТ 0 0 0 
e; current solution Y, Y, Y, 8 S, S, 6 
variables 

1 Yi 1 0 0 26/161 10/161 —9/161 27/161 
1 Y, 0 0 1 —165/161 19/161 —1/161 3/161 
1 Y, Ares PC 12/161 17/161 33/161 62/161 
By=Zejai; 1 L 1 23/161 46/161 23/161 

5j— Bj 0 0 0 —23/161 —46/161 —23/161 


Optimal solution 


Since c; — E; is negative or zero under all columns, the solution 
given by table 7:61 is the optimal solution. 
Я 27 62 3 
ws Yid Yir and Үз=үєү, 
27 , 3 ,02 92 4 
161 "dep iol T 7C 


E 
v =Y, +Y: +Y;= 


~ Value of the game, V= = 


xd V-Y, 2. W=Y,.V= 


277 (2T 
161" 4 92 
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yv. 92,7 31 62 

н ier X a 74g 95 
3 7 3 

%= 161% T 


A's best strategies appear in the c;—E; row under Sı, S, and S, 
respectively (in table 7-61) with negative signs. 
23 46 3 


2 
х=, 61 and X= 


Best strategies for A (Indian Oil Co.) are (1/4, 1/2, 1/4), 
best strategies for B (Caltex) are (27/92, 62/92, 3/92), 
value of the game (for A), V=7/4. 


EXAMPLE 7.10-2.2 


Solve the game shown in table 7-62. 


Table 7:62 
B 
1 2 3 
—————— 
1| 8 —4 2 
A 2 1 —3 —7 


Solution 


Let 2, 2, % and yy, ys, Уз be the probabilities by which A and 
B respectively, select their pure strategies. The first step is to look 
for saddle point. This step 1s represented in table 7-63. 


РА 


; / 
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Table 7-63 
B 
1 2 3 
1 3 | —4 2 —4 
A 2 1 |—8 |—T7 —7 


3|22 | 4| * | C» 


, (3) 4 7 
Evidently, the game has no saddle point. The value of the game lies 
between —2 and +3. The next step is to see if the given matrix 
сап be reduced by dominance. We find that it cannot be reduced. 
Solving it by the method of matrices we get table 7-64, 


Table 7.64 


2$; 5 7 —6 12 
A a 2 4 4| 5 
zy 3 —6 —3 52 
з ,—7 —14 
кеш кеси дере a qs cffe XM RR RUN 
77 55 11 143/121 


Since the sum of the oddments of A and B are not equal, the problem 
cannot be solved by the method of matrices, The method of linear 
programming will be used to solve it. Since value of the game lies 
between —2 and +3, it is possible that the value of the game (V) 
may be negative or zero, because —2< V«3. 


Thus a constant K is added to'allthe elements of the matrix 
which is at least equal to the negative of the maximin value £e, K 
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must be>2. Let K=3. The given matrix is thus modified to the 
one shown in table 7:65. 


Table 7-65 


The value of the game (to A) is V. Consider the game from B's point 
of view. В is trying to minimize V. 
Then, against Aj, 6y,— y,4- by, «V, 
against Ay, 4j, --0y, — 4y,« V, 
against. As, yj - 7j; -10y,« V, 
A+ Yet Ys=1, (sum of the probabilities 
must be equal to 1) 
where ~ Yo Yor Yo oO. 
Dividing each of the above relations by V, 


V WE +108 <1 
yi ys y 
Bde tur 
where Ya» Js; У 20. 


Putting V Y, 421, 2, 3, we get 


6Ү,-- Y,+ 5Y,<1, 
4Y, — 4Y,«l, (1:21) 
Y,+7Y,+10Y,<1, 
1 
YitVst+ Y=» 47:22) 


where Yu Y, Y.20. 
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Since B is trying to minimize V,he must maximize Ў. Thus the 


problem is to maximize objective function (equation 7-22) subject to 
constrain's (relations 7-21), which ean be done by simplex method 
under the following steps : 


Stepl. Make the Problem as N +S Co-ordinate Problem 


In order to solve the problem by,simplex method, the set of 
inequalities (7-21) are converted into equalities by introducing new 
non-negative variables (slack variables) бү, S, and S,inthem. The 
slacks contribute zero to the objective function and the following 

, equations result : 
6Y,— Y, 5Y,+8,=1, 
4Y, — 4Y,4-8,—1, 
Yi £7Y44.10Y, 48,21, 


and it is desired to maximize 1/V—Y, +Y: +Y 4-08, 4-08, 4-08, 
where Yj, Үз, Y, Si, Ss, 8,20. 


Step2. Make N Co.ordinates Assume Zero Value 


The initial feasible solution is obtained by putting degjsion 
variables Y,, Ү,, Y,, each equal to zero and we get 5,1, S, l'and 
§,=1 as the first feasible solution. The above information is express- 
ed in the form of a simple matrix or table 7-66. 


Table 7-66 


үсте eee ee NA 
Objective function су 1 1 i0. 0 0 
е; Variables in current Veep eee Y; ОВ, 2 Se ~ 8, b 


solution 
0 8, ОБ mol Oca. 0 
0 8, 4 0 —4 0 1 0 1 
0 8, EN PRESTO sapit) 


Step 3. Perform Optimality Test 


Find c;— Еу, where Е;= е у. If c;—E; is positive under any 
column, at least one better solution is possible. Inserting the values 
of E; and су – E; in table 7-66 we get table 7-67, 


^ 
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Table 7-67 
1 1 1 0 0 0 


6j 


e; current solution Y, Y, Y, 8, 8, 8, b 6 
variables 
0 8, (0 —1 5 1 0 01 I/6key row 
0 8, 4175 99 08 ie dr gent jd 
0 8, 1 TOET 0 0 П hat А! 
Ej= ей) 0 0 0 0 0 0 
cj—E; lx ОО 0 
M First feasible solution 


Since there +з tie in the cj — Ej row, column Y, is selected arbitrarily 


as the key column. 
Step 4. Iterate Towards an Optimal Solution 

«Үү column is the key column, Mark it ‘K’. Thus Y, is the 
incoming variable. Find the *9' column, The minimum positive 
ratio is 1/6 and the row containing it is marked as key row. Tho key 
element is (6). Make this key element as unity. This is shown in 
table 7-68. 


Table 7:68 
ĉj 1 T 1 0 0 0 
e; current solution Уг. y B a dues. b 
variables 
0 A (1 —1/6 5/6 1/6 0 0 1/6 
0 Sa 4 0 —4 0 1 0 1^4 
0 85 т то ОО НКИ 


Make all the elements in key column zero except the key element 
which is unity. This is shown in table 7-68. The new table will have 
S; replaced by Y;. This completes the: first stage. The resulting 
table 7-69 is shown below. 


Table 7:69 
©; ise BO Р ӨЛӨ i 
e, current solution Yi Y, Y, S, 8, 8, b 0 
variables 

1 Ya 1-1/6 5/6 1/6 0 0 1/6 —l 
OCT CRI 0 2/3 22 /3 1 0 = т 
0 8з 0(43/6) 5556—16 0 1 5/6 5/43<K 
Е)= Хе) 1-16 5/6 1/6 0 0 
с;—Е; 0 7/6 16-160 0 

t 

K 2nd feasible solution 


E 
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Step 5 

= Repeat step 3 for table 7-69, On finding FA of cj — Ej 
for various columns, we find that it is positive fór some of them. 
Hence at least one better solution exists, The key column and key 
row have also been marked in table 7-69, Key element is (43/6). In 
table 7-70, the key element has been made unity. 


Table 7.70 
€; quid DENT 1 0 9 o ESSA = 

e, current solution Y, Y, Y, 8, & 8, b 

variables ; 
1 Y, 1-1/6 5/6 16 0 о 16 
0 8, 0 2/3 —22/3 —/5 1 о spa 
0 S, O (1) 55/43 —1/43 0 6/43 5/43 
Step 6 


Make all the elements in key column zero except the key ele- 
ment which is unity. This is shown in table 7-71. The new table 
will have S, replaced by Y, The resulting table 7-71 is shown 
below. 


Table 7.71 
6j quy 1 0 90 0 
e Cav. qi es Y, 8, 8, S; b 
У, 1 0 4543 7/43 0 13 8/43 
352 28 4 85 
bos Br B onera КЕД ce 173 
55 1 6 5 
JO YS Bol ud ug on zB 
100 6 7 
By=Zeiay Y 1. x go a 
К 57 6 7 
—E. z 
po SON ea r$ -5 


Optimal solution 
Since c; —E; is not Positive under any column, the solution 


given b 
table 7-71 is the optimal solution. 4 


ав 5 

D Yi Yi Y,—0, 
1 8 6 13 
Ед 0 + =. 


y. Value of the game for the modified matrix, Var : 


а єє 
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n ¢= УУ, 
8.43 8 
yi Yi. V=55 Xi3 713* 
5.43 5b 
YoYo Ус Xis i3" 
уз=Үз- V=0. 


A's best strategies appear in the c; —E, row under §,, S}, S; respec- 
tively (table 7-71) with negative signs. 
AO X,=6/43, X,=0 and X,— 7/43. 
m X, V=6/43 x 43/13 —6/13, 
%=X,. V=0, 
%=X, V=7/43x43/13=7/13. 
.. Best strategies for A are (6/13, 0, 7/13), 
best strategies for B are (8/13, 5/13, 0), 
value of game for the given matrix —43/13—3- 4/13, 
EXAMPLE 7.10-2.3 
Write both primal and dual L.P. problems corresponding to the 
following rectangular game : 


Table 7.72 


. 
no 


Solution 

Let 21, z, ту and y, Ya, ys y, be ће probabilities by which, 
Aand B respectively, select their pure strategies. Then we can 
write 


У 


Table 7.73 
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Let the value of the game be V; Consider the вате from Y's point 
of view, Не is interested in determining strategies Ур Yo, Ys and y, 
that will minimize his maximum expected loss V. /Thus 


against Ху, 54,+7y.+4y,+ 10y, «V, 
against Xy, 4j, -3y,-- T+ 0, « V, 
against Xa, — y;--2y,-E5y,4- Oy, V, 


A+ Yt Y+ (yl, (Since sum of 
where V» Yas 0з, Yy all ^20. probabilities 
must be unity) 


Since maximin value of the game is greater than zero, divid ing by V 
we get the following relations : , 


Yı y: Ys Yı 
5 B +7 yt+4 y +10 usb 


ЕД Ya Ys и 
4-у+3 vy +9 SL 


u Уз Уз Ya 
wot y К-ү 8 EL 


EH Vs Уз % 1 
уды нуны уле сү тү, 
where У У Ys, Yy all 20. 


Putting ES —Y;, j- 1, 2, 3, 4, we get 


5Y,+7Y,44Y,41/Y,<1, 
4Y,+3Y.47Y,4 9Y,<1, ...(7.28) 
Yi+2Y,+45Y,4 6Y,<1, 


ҮҮ d, (7.24) 

where Yi, Ya, Yo, Y, all 50. «+.(7.25) 
Since Y is trying to minimize V, it must maximize xg Thus 

the problem is to maximize objective function (equation 7.24) subject 


‚ to constraints (7.23) and the non-negativity restriction (7.25). 
Similarly, an L.P. problem can be developed 
X is interested in determining etrategies ту, Za, Ts 
his minimum expected gain V. Thus 
against Y,, 5244-42, 22V, 
against Y,, Tz, 3244 22,5 V, 


for X's strategies. 
that will maximize 


bd ас 
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against Үз, 4m, 72,4 52,2 V, 
against Y,, 102; 925-67; V, 
tit t+ %=1, 


where ж, Tq, 75, all DO. 


Dividing by V and substituting X =X;, i=l, 2, 3, we get 


5X, 4X, X21, 


7X,+3X,42X,>1, 
4X,47X,45X,>1, ае 
10X,+9X,46X,>1, 
1 
Kit Sate Poy NU 
where Ху, Xa, X, all 230. » (7:28) 


Since X is tying to maximize V, he must minimize e Thus the 


problem is minimize objective function equation (7.27) subject to 
constraints (7.26) and the non-negativity restriction ` (7.28). If 
programme for X is regarded as primal, that for Y is dual and vice- 
versa, 


7.10.3. Iterative Method of Approximate Solution 


Iterative method can be applied to solve 3x3 or higher games 
which cannot be solved by the method of matrices and are extremely 
tedius to be solved by method of linear programming. This method 
gives an approximate solution for the value of the game and the true 
value can be determined to any degree of accuracy. Optimum 
strategies can also be determined but not so satisfactorily, The 
method assumes that each player acts under the assumption that 
past is the best guide for the future and will play in such a manner 
so as to maximize the expected gain or to minimize the expected 
loss, 


EXAMPLE 7,10-3.1 


Find the value and optimum strategies of the rectangular 
game where payoff matrix is-given in table 7.74. Use iterative 
method of approximate solution, 
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Table 7.74 
B 
1 2 3 


/ 


3 0 3 0 


Solution. In this method, player A selects any row arbitrarily 
and places it below the matrix, Let he select row 1. Player B exa- 
mines this row and chooses а column corresponding to the smallest 
number in the row. Let it be column 3. Column 3 is then placed to 
the right of the matrix. 


Player A examines this column and chooses a TOW correspon- 


ding to the largest number in this column, This is row 2. Row 2 is 
then added to the row last chosen and the sum of the two rows is 
placed beneath the row last chosen, 
Player B chooses a column corresponding tó the smallest 
Table 7.75 
B 


1| 2|.0 "|9002 4 (6) 8) q9 (20) 10 | 5. 


od RCH (4) 4-474444 san rs 
3| 0| 3 0/0 3(6)(6)(6) в в бу]. 5 
0 
2 0 (0) 
2 (0 4 
2 (0 8 
(2) 3. 8 
(д 65:58 
(2). 9.8 
Саа 
(60 9 s 
8 9 (8 
10 9 (8) 
ыз SN 
Bro M 
107 10 19 
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number in the new row and adds this column to the column last 
chosen. In case of a tie the player should choose the row or column 
different from his last choice. The procedure is repeated for a number 
of iterations. Ten iterations have been shown for the present example, 
The smallest number in each succeeding row and the largest number 
in each sueceeding column have been ringed. The approximate 
strategies are determined by dividing the number of ringed numbers 
in each row or column by the total number of ringed numbers. 
Thus, A's approximate strategies are. (4/10, 3/10, 3/10) and B's 
approximate strategies are (5/10, 2/10, 3/10). 

The upper bound for the game value is determined by dividing 
the highest number in the last column (12), by the total number of 
iterations t.e., 10 in this case, Similarly, the lower bound is deter- 
mined by dividing the lowest number in the last row (8), by the total 
number of iterations, 10. Thus 


8 12 
10 << 10: 
The approximate solution gets better with further iterations. 


711, Summary of Systematic Methods for Solving Two- 
Person Zero-Sum Games 


1. Look fora saddle point or points. Ifone is found, the 
game is readily solved. - 

2. Look for dominance. If dominance is found, delete the 
dominated row(s) and/or column(s). Each matrix so 
formed must be checked for dominance. 


3. If the size of the reduced matrix becomes (2x2) with no 
saddle point, it can be solved by arithmetic and algebraic 
methods described in section 7-8. 

4. If the size of the reduced matrix becomes (2 x n) or (m x 2), 
use graphic method to reduce it to (2x2) size matrix and 
then solve it by arithmetic or algebraic method. 

If graphic method is not to be applied, the game can still 
be solved by algebraic method and method of subgames. 
All these methods are described in section 7:9. 

5. If the reduced size of the matrix becomes (3 x 3) or higher, 
algebraic method, method of matrices, simplex method of 
linear programming and iterative method of approximate 
solution-can be used for solving it. These methods are 
described in section 7-10. 
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712. n.Person Zero-Sum Games 


tions. For example, for a player A, B, C and D the following coali- 
tions can be formed : 


A against B, C, D д 
B against A, C, D 7 
C against A, B, D ; 
D against A, B, C х 
А, B against C, D ; 
A, C against B, D ` 
A, D against B, C. 
If the value of the game for B, С, D coalition is V, then the 
value of the game for A із —V, since it is zero-sum game. Thus ina 


four-person zero-sum game there will be seven values or characteristics 
for the game, which are obtained from the seven different coali tions. 
EXAMPLE 7.12.1 

Find the values of the three-person zero-sum game in which 
player A has two choices X; X,; player B has two choices Y,, Y, 


and player C also has two choices Z, and Z, The payoff matrix is 
Shown in table 7-76, 


Table 7.76 
Choice Payoff 
col Dose mtd 


A B С А B DESC 
Xy 2 3 2 i9 
X, Y, 7. 0 2 1 
De y c a Mec s 4 
X, Y, 7: 1 3 zn 
XQ ta 97: TTE 0 
с Де dy Д Al 1 3 
Pegi: fe Vide Wize lis «d 9:0 2 


X, Ys 2, 0 2 1 
Solution. There are three possible coulitions : 


1. A against B, О; 
2. B against A, С; 
3. Cagainst A, B. 
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We shall solve each of the resulting game. 
1. A against В, С. The payoff matrix in A's terms is shown 
in table 7-77. : 
Table 7:77 
Yi; Z, Y, Z: Ys 21 Ү,, 23 


4 (0) 1 1 

The first step isto look fora saddle point. The game has a 
saddle point. Thus we have the following solution for A against 
B,C: 

A’s best strategy is X;, 

B's and C's best combination of strategies is Y, Za, 

value of the game for A is zero, 

value of the game for B, C is zero, 

2. B against A, С: The payoff matrix in B's terms is shown in 


table 7.78. 
Table 7.78 


A,C 
Xi, Z XQZ, Xe, 2 Xa 23 


NT 2 2. |-1 1 
B Bios | ND бес PSN feda: 2 


ac eet ү „ү о Р: 


The first step is to look for saddle point, In this game there is none, 
Thenext stepis to reduce tho game by the rules of dominance. 
Columns X;, Z, and X;, Z; will be dominated and should therefore 
be deleted, - The resulting reduced matrix is shown in table 7.79. It 


has no saddle point. 
Table 7.79 
A,C 


X, Zy 5 X, AZ 
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Solving this 2x2 game by the arithmetic method wo get the follow- 
ing result ; 


B's best strategy is to play choice Y, with a frequency of 1/4 
and choice Y, with a frequency. of 3/4. A'sand C's best Strategy is 
for О to play Z, and for A to play X, with a frequency of 1/4 and X, 
with a frequency of 3/4. 


2 3 
И 1 
Value of the game for B= m ro ee 
wt. 


value of the game for A, C=1 JEA 
3. C against A, B. The payoff matrix in C's terms is shown in 
table 7.80. 
А; ТаЫе 7.80 
А, В 
X, Y, X, Y, X,, Y, X, Ya 
ch E ice as A AN 


—2 4 0 2 


' The first step is to look for saddle point. In this cage there is none, 
The next step is to reduce the game by the rules of dominance, 
Columns X,, Y, and X,, Y, are. dominated by column X,, Y, and the 
resulting reduced matrix is shown in table 7.81, 


Table 7.81 


5/8 3/8 


This 2x 2 game has no saddle point, Solving it by the arithmetic 
method we get, the following results : 


A's and B's best Strategy is for A to play X, and for B to play Y, 
with a frequenoy of 5/8 and Y, with а frequency of 3/8, 
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10 i» 12 
"ul Nc 918 
value of the game for e is= STET -1 


value of the game for A, B——]. 
Therefore, the characteristics of the game are 
V (А) =0, У (В, С) = 0, 
У (В)=—1/4, У (А, С)= 1/4, 
У (0) 1/4 V (A, В) —1/4. 


7.13. Limitations of Game Theory and Concluding Remarks 

The basic limitation of game theory is that it is difficult for the 
players to find the values of the payoff matrix accurately. Incorrett | Y 
figures in the matrix will result in misleading output. It is not difficult — . — 
to establish that one outcome is better than the other, but it is quite М 
another thing to state exactly how much more, 


Secondly, most of the decisions made by the managements can- 
not be categorised as two-person games as the Govt. or Society is 
invariably present as third or fourth party. 

Further, the two parties involved in the game may not have 
equal intelligence or equal knowledge. 

Game theory has not still reached its full. potential. It is very 
likely that game theory will be used more and more for solving OR 
marketing problema as more firms employ computers to simulate 
their operations. The wedlock of game theory with simulation to 
solve marketing management problems will give game theory the 
required thrust to become an important. tool for quantitative decision 
making. ` 


7.14. Bibliographic Notes 

The theory of games has quite a wealth of literature. The 
literature varies, ranging from purely mathematical studies to text 
books dealing with fundamentals and applications of this theory. 

A fine mathematical treatment of the general theory is made by 
Mckinsay [4] in his “Introduction to the Theory of Games". The 
book deals mainly with two-person games. Relationship between 
game theory and linear programming is also discussed, 

Some of the most important basic research developments in 
the field of game theory are presented in the two volumes edited by 
Kuhn and Tucker [2]. The work is intended for mathematicians, 


32—0.P. 
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A very elementary introduction to the theory of games'is given 
in the book by J. Williams [13]. 

The book entitled,«Theory of Games and Economic Behaviour", 
written jointly by J. Von Neumann and О. Morgenstern [12], deals 
with the theory of games and its applications in-economics. The 
book needs quite a good mathematical knowledge on the part of 
reader. 

Undoubtedly, the best book on the Subject at present is by 
R. Luce and H. Raiffa [3]. This book can be understood by the 
reader without much mather-atical training. It deals with game 
theory and its applications. 

"Theory of games and its links with theory of linear program- 
ming are also dea!t in a small book by 8. Vajda [11]. 
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EXERCISES 
Section 7.5 


1. The following games have saddle point solutions. Determine 
the saddle point and optimum strategies for each pre 


ta) qoc pee eR 
4 6 4 (b) 

x Uem X | oe | eee 
2 | 10 0 

B 
Oiee (4) 
1 4 4 4 
A орана Jey dhe mune SR 

Ee: 4 4 
=з | —$ 


(Ans. (a) 8.Р.=4, Xs, Үү or Ys. 
(b) S.P.—4, Xs, Ys. 
(c) S.P.—1, Ai, By. 
(d) S.P.—4, A, or A; ; B, or B,) 
2. Determine the optimum strategies and values of the 
following games : 
B 


(a) 
-3 NC 9 


EEE 


аА DAW В B. Sc. (Math.) 1972] 
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(c) 


x 
(4) 
10 4 2 9 1 
А v) 6 5 7 8 
3 5 4 4 9 


(Ans. (а) Aj, B,; V—6. 
(0) Xa Y ; V—4, 
(с) 0€V«7. 
(d) Ay B, ; V5) 
3. Findthe value of the games shown below. Also indicate 
whether they are fair or strictly determinable. 
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B B 
DERE Шш. oue с =шу 
(| 1 9 6 0 5| 6 | —2 | —3 8 
2 3 8 —1 —1 —2 —7 0 
A ie A 
| PIGET EB ри. ес FEN o 
—5 | —2 | 107| —8 8 9 |—6 |—7 
7 4-а Eos 9 B. lee, 7 


(Ans. (а) V=0; Ay Ba; fair. 
(b) V5 —3 ; Aj, Ba; Strictly determinable) 


4. Find the range of values of p and g во that the entry (2, 2) 
is a saddle in the following games : 


E n eredi 
(Ans. (а) »26, 1<6. 
(6) »25, @<5) 

Section 7-8-7-9. 
5. Two players A and B mateh coins, If the coins match, then 
А wins one unit’ of value ; if the coins do not match, then B wins one 
unit of value. Determine optimum strategies for the players and the 
value of the game. [Delhi M.B.A. 1972] 


(Ans. A (Ь 4), B 45 7=0) 
6. Solve the game whose payoff matrix is 
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by arithmetic method and verify the results by algebraic method, 
Calculate the game value. 
(Ans. A (1/4, 3/4), B (1/2, 1/2 ; V=3-5) 
7. Ina game of matching coins with two players, suppose A 
wins one unit of value when there aretwo heads, wins nothing 
when there are two tails, and loses 1/2 unit of value when there are 
one head and one tail. Determine the payoff matrix, the best stra- 
tegies for each player and the value of the game to A, 
[Kuru, M.Sc. (Math.) 1577 ; Delhi M.B.A. 19711 
(Ans. A“1/4, 3/4), B (1/4, 3/4) ; V=—1/8) 
8. Use dominance property to solve the following game bet- 
ween two players A and B : 


B 
——M— 
6 8 6 
A 
4 12 2 


[Meerut M.Sc. (Maths.) 1927] 
(Ans. A, By V=6) 


9. Solve, by using dominance property, the following game : 
] B 


A II 6 2 7 


ш 6 1 6 


[Meerut M.Sc. (Math.) 1974] 

(Ans. А (2/5, 3/5, 0), B (1/2, 1/2, 0) ; V=4) 

10. Reduce the following game to 2x2 game. Solve it by 
arithmetic method and verify by algebraic method. 


—2 —4 3 4 


x 
—6 —ő 2 1 


(Ans. X (1/3, 2/3), Y (1/5, 4/5, 0, 0) ; V— —18/5) 
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11. (a) Explain the following : 

Competitive games ; zero-sum games ; strategy ;~two-persons 
zero-sum game. 

(b) Find the solution of the following game : 


[Sambalpur Univ. May, 1977] 


6) 310 9 үх 43 
( Ans. А (is: x): B(rs «9 g) Y= *) 


12. (a) Explain clearly the following terms : 
(1) Strategy. : 
(2) Pay off matrix. 
(3) Saddle point. 
(b) Find the best strategy and the value of the following 
game : 


| 
B к 
I п ш 
а а амаг ава +С АЙ. 
І —1 -2 8 
AK IE 7 5 -1 
ш в | 0 12 
(жеры. lush aL 
[Baroda Univ. April, 1978] 
13 6 15 5) y 10 
( 4m. a(o, ЫШ) x): B (» as mhte) 


13. (a) What is game theory 2 Include in your answer various 


approaches in solving for strategies and game values. 
[Baroda Univ. B.E. May, 1975] 


(b) Describe the role of ‘Theory of games’ for scientific decision 
making. 
(є) Describe how a ‘Two-person zero-sum game’ can be solved by 
linear programming. 
[Punjab Univ. B. Sc. (Prod.) Engg. 1977) 
14. Consider the game 
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B 
1 2 3 
* 
1 5 50 50 
A 2 1 1 0-1 
3 10 1 10 


Verify that the strategies aN 0, i for player A and 
g y 


6 6 
c 0) f i I 
P Erro ) or B are optimal and find the valuc of the game. 


( Ans. V— 5) 


15. Find the optimum strategies for X and Y and the value of 
the game : 


SEIT 14. 5 29 
(а. х(5. 10:0), Y (1:0 то )›+У=—ту) 


16. Find the optimum strategies for Y and the value of the 
game. 
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6 H 4 
(а. у( 00,07 > T) у=) 
17. Aand В play а gamein which each has three coins: 
5 paise, 10 paise, and 20 paise. Each selects à coin with the know- 
ledge of other's choice. If the sum of the eoins is an odd amount, A 
wins B's coin, if the sum is even, B wins Á's coin. Find the best 
strategy for each player and the value of the game. 


[Meerut M. Sc. (Maths) 1976] 
(Ans. А (4, 1, 0), В ($ $, 0), У=0) 
[Hint. The payoff matrix for A is 


B 
„єк 302620 
A Б тог 10 
БТЕ 20 Rog, 


This matrix can be solved for optimal strategies]. 
18. Consider the following payoff matrix for two firms. What 
isthe best mixed strategy for both the firms and also find out the 


value of the game. 
Firm 11 


No Medium Large 
advertising | advertising | advertising 


No advertising 60 50 40 
Firm I Medium advertising 70 70 50 
Large advertising 80 60 75 


E 
[Delhi M.B.A. 1973) 
3 4 5 2 450 
(а. а (0.4 oT) (т. T)'- ^) - 


19. Two separate firms, А and В, for years have been selling в 
competing product which forms a part of both firms' total sales. 
The marketing executive of firm A raised the question, «What should 
be the firms’ strategies in terms of advertising for the product in 
question ?" The market research team ofthe firm A developed the 
following data for varying degrees of advertising : 
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(2) No advertising, medium advertising, and large advertising 
for both firms will result in equal market shares. 


(5) Firm A with no advertising: 40% of the market with 
medium advertising by firm B and 28% of the market with 
large advertising by firm B. 


(с) Firm A using medium advertising: 70% of the market 
with no advertising by firm B and 45% of the market with 
large advertising by firm B. 


(4) Firm A using large advertising : 75% of the market with no 
advertising by firm B and 47-5% of the market with medium 
advertising by firm B, 

Based upon the foregoing information, answer the marketing 

executive's question. 


; 20. In an election for M.L.A., two political parties A and B are 
_ thinking of nominating a candidate in a closed session, whose results 


~ аге to be announced simultaneously. The following odds are offered _ 


- for the various possible combinations of candidates: 
3 ; 
Party A Odds Party B 


Sharma 3:1 Singh 
Sharma 4:1 Gill 
Sharma 1:3 Bajwa 
Goel. ($0 Singh 
Goel 3:2 Gill 
Goel 1:4 Bajwa 
-Kapoor 4:1 Singh 
Kapoor 1:4 Gill 
Kapoor ел Bajwa 


The parties want to select candidate in accordance with standard 
minimax criterion. What are the optimal strategies for party A and 
B? 

(Ans. A (Sharma), В (Вајта); V=—0-50) 
[Himt: If the payoff for a party are taken as its probability of 
winning, the two payoff matrices in the ‘game’ would be 
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Party B 
Singh Gill Bajwa 


Sharma | 0-75 0-80 0:25 


Party A Goel | 0-30 0-60 0:20 | and 


Kapoor | 0-80 0-20 0:25 


Payoff matrix for party A 


Party B 
Singh Gill Bajwa 


Sharma | 0-25 0-20 0-75 


Party А Goel | 0:70 | 040 | 080 


Kapoor | 0:20 0:80 | 


Payoff matriz for party B 


With these payoff matrices, the game is not zero-sum. The game 
can be converted to zero-sum by taking the payoffs to be differences 
between the corresponding win probabilities. : 
The payoff matrix for party A becomes 
Party B 
Singh Gill Bajwa 


Sharma 0-50 0-60 | —0-50 


Party А -Goel | —040.| 0:20 | —060 


Kapoor 0-60 | —0-60 | —0-50 


[This matrix can be solved for optimal strategies.] 

21. А steel company is negotiating with its union for revision 
of wages to its employees. The management, with the help of a 
mediator, has prepared a payoff matrix shown below. Plus sign 


$ 
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3 


represents wage increase, while negative sign stands for wage decrease. 
Union has also constructed a table which is comparable to that 
developed by management. The management does not have the 
specific knowledge of game theory to select the best strategy (or 
(strategies) forthe firm. You have been called'to assist the manage- 
ment on the problem. What game value and strategies you suggest 
for the opposing groups ? 


Additional costs to Steel Co. (Rs.) 
Union strategies 


U, U, U, U, 


€, | 42:50 | 42-70 | +3-50 | —0:20 


€, | +200 | +160 | +0-80 | +0-80 


Steel Co. strategies C, | --1-40 | --1-20 | +1-50 | -- 1:30 


С, | +300 | 41-40 | 41-90 0 


[Hint. Solve the matrix by the arithmetic method by reducing 
it to 3x 2 matrix by using the principle of dominance]. 


(4. С gp $0 G= ду» 01-0; U, 20, U=}, U,-0, U- 
V-126 ) 


22. Ina well known children’s game each player says ‘stone’ 
ог ‹воїввогв' or paper’. If one says ‘stone’ and the other ‘scissors’, 
then the former wins a rupee. Similarly scissors’ beats ‘paper’ and 
‘paper’ beats ‘stones’, i.e., the player calling the former word wins a 
rupee. If the two players name the same item, then there is a tie i.e., 
there is no payoff. Write down the payoff matrix, find the value of 
the game and hence write down the optimal strategies for both the 
players. 

[Bombay B.Sc. (Stat.) 1977] 


Section 7.9.3 


23. Solve the following games by reducing them to 2x2 games 
by graphical method : 


The Theory of Games 509 


(a) B 


(0) 


(Ans. Ay, By V=—4) 
è 


24. Solve the following 5x 2 games graphically : 


B 
(а) (0) 
2 3 
6 7 
A —6 | 10 A 
—3 |—2 
3 2 


se 
(Ans. (a) As, By; V—6. 


5 7 9 зу 9 
à) A (2:99 0, 5) B (1s i) v=-4) 
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Section 7.10-1 
25. Solve the following problem by the method of matrices : 


B j| 
3i i 
1 0 2 | 
А 3 0 0 
0 2 1 


(Ans. Aq, 3, 4), Bd, b 4); V=1) 


26. Solve the following 3x3 game by the method of | 
matrices : 


27. Solve the following rectangular game by the method of 
matrices ; 


- 


B 
3 —1 1 2 
Aj —2 3 2 3 
2 —2 —l 1 


[Delhi B.Sc. (Math.) 1974) 


С 7 1l 1 
( Ane. a (— E +) B(y HU ) у=) 
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28. Solve the following game by linear programming : 


БЕТ Б / 9X. on TT 
(= (a то п) or я в) Yon) 
29. Write both the primal and the dual L.P, programs for the 
following payoff matrix : 


* 
[Delhi M.Sc. (Math.) 1920] 


(а. Primal : Minimize b LXX 
s.t. 2X,--X;21, X21, X423, 
—2X,42X, 2l; Xj, X,20. 
Dual : Maximize 4p e Yi Ya Yid Yo 


s.t, 2Y,-- Y, —2Y,«1, Y; -3Y,-2Y, 2l; 
Yy Ys Ya, Y, 20) 
30. Solve the following 3X 3 game by linear programming ; 


Paper B 
1 —1 ES 
Player А | —1 —1 3 
zb 2 =l 


[Kuruk. M.Sc. (Math.) 1975] 


6 3 4 6 4 3 1 
(а А (zs: ие x) 8 (0 s 5): Y--i) 
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31. Solve exercise no. 27 by the method of linear programming. 


1 4 4 7 ll —1 
(КОР белү ен: ү vi) 
32. Write both the primal and dual L.P. programmes for the 
payoff matrix shown below. 


(An. Primal : Minimize о ее 


subject to 3X,+2X,+44X,>1, 
5X,+6X,+7X,>1, 

2X,--5X,--3X,21, 
8X,+X,+9X;>1, 

Xj, X, X;>0. 


Dual : Maximize + =Ү+Ү,+Ү,, 
subject to ЗҮ,+5Ү,+2Ү,++8Ү,<1, 
2Ү,+6Ү,--5Ү,+ Y,<l, 
4¥,4+7Y.+3Y,+9Y,<1; 
Es Y, Yp Y,>0). 


Write both the primal and dual L.P. programmes for the ` 


33. 
Solve the game by simplex method. 


following rectangular game. 


1 —1 3 
3 5 -8 
6 2 -2 


34, There are two competing departmental stores R and C in a 
city. Both stores have equal reputation and the total number of 
customers is equally divided between the two. Both the stores plan 
to run annua; discount sales in the last week of December. 
they want to attract more number of customers by using advertise: 
ment through newspaper, radio and television. By seeing the market 
trend, the store R constructed the following payoff matrix where the 


For this 
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numbers in the matrix indicate а gain ога 1088 of customers. Find 
optimal strategies for stores E and C by L.P. method. 


Store О 
40 50 —70 
Store В | 10 25 —10 
100 30 60 


[Punjab Univ. B.Sc. (Mech.) Engg. 1978] 


1 4 13 2 » 
(Ans. R (5 0, =) с (o. m 5) ү =34.) 
Section 7.10-3 
35. The matrix of a certain 3x3 game is given below. 


Y 
2 0 1 
X| 0 2 1 
3 0 0 


Obtain an approximate solution by iteration. 


UI psc MT аль 2 
(а. X (g: io^ i) Y (s: w б)1<*<12.) 
36. Solve exercise по. 25 by iterative method of approximate 
solution. 
(Ans. A (4, 4,4), В (4, $ y VL) 
37. Use iterative method to find approximate solution for, the 
following game : 


x: 
3 4 5 —2 3 
X12 —2 1 0 —2 
1 —1 2 1 6 


33—0.R, 


8 


Dynamic Programming 


While considering the situations of allocation, transportation, 
assignment, scheduling and planning, it was assumed that the values 
of decision variables do not change over the planning horizon. Thus 
these problems were of static nature and were solved as specific situa- 
tions occurring at a certain moment, However, we come across a 
number of situations where the decision variables vary with time, 
and these situations are considered to be dynamic in nature. The 
technique dealing with these types of problems is called dynamic 

programming. It will be shown in the body of the chapter that time 
element is not an essential variable, rather any multistage situation 
in which a series of decisions are to be made is considered a dynamic 
programming problem, 
81. Introduction 

Dynamic programming is a mathematical technique dealing 
with the optimization of multistage decision problems. The technique 
was originated in 1952 by Richard Bellman and G.B. Dantzig, and 
was initially referred to as the stochastic linear programming To- 
day dynamic programming has been developed as & mathematical 
technique to solve a wide range of decision problems, and the tech- 
nique forms an important part of every operation researcher's tool 
kis By this technique decisions regarding a certain problem are 
typically optimized in stages rather than simultaneously. The original 
problem is broken into sub.problems (stages), which can then be 
handled,more efficiently from the computational viewpoint. Alter- 
natively, the situation may be such as to require а series of decisions 
with the outcome of each depending upon the results of the previous 
decision in the series. For example, a production manager may not 
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neglect plant maintenance to obtain greater output in present month, 
instead, he may like to sacrifice the present production to obtain 
greater production next month. Thus, individually, each decision in 
the series may not be optimal. A sacrifice at one stage may result in 
greater gains at some other stage. The technique of dynamic pro- 
gramming aims at optimizing the decision for the situation as a whole, 
and the decisions for the stage may-be sub-optimal. 

Though the originator of the technique, Richard Bellman, him- 
self, has said, “we have coined the term ‘dynamic programming’ to 
emphasize that there are problems in which time plays an essential 
role", yet, in many dynamic programming problems time'is not a 
relevant variable. For example, a decision regarding allocation of a 
fixed quantity of resources to a number of alternative users constitutes 
one decision to be taken at one time, but the situation can be handled 
as a dynamic programming problem. For instance, suppose a company 
has marked capital C to be spent on advertising its products. through 
three different medias i.e., of newspaper, radio and television. In 
each media the advertisement can appear a number of times per week. 
Each appearance has associated with it certain costs and returns, 
How many times the product should be advertised in each media so 
that the returns are maximum and the total cost is. within the pre- 
scribed limit ? In this situation time is not a variable, but the 
problem can be divided into stages and solved by dynamic pro. 
gramming. З 
8.2. Examples on the Applications of Dynamic Programming 

Before we diseuss the technique of dynamie programming, it, 
will be worthwhile to be familiar with the type of situations in which 
this quantification technique may be applicable. To meet the objec- 
tive, a few examples illustrating the nature of situations are given 
below. 

EXAMPLE 82.1 (Capital Budgeting Problem) 

A manufacturing company bas three sections producing automo- 
bile parts, b-cycle parts and sewing machine parts respectively. The 
management has allocated Rs. 20,000 for expanding the production 
facilities. In the auto-parts and bicycle parts sections, the produc- 
tion can be increased either by adding new machines or by replacing 
some old inefficient machines by automatic machines. The sewing 
machine parts section was started only a few years back and thus the 
additional amount can be invested only by adding new machines to 
the section. - The cost of adding and replacing the machines, along 
with the associated expected returns in the different sections is given 
in table 8:1. Select a set of expansion plans which may yield the 


. maximum return. 
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Table 81 
Alternatives | — Auto-parts Bicycle parts Sewing machine 


section section 


Cost | Return| Cost | Return 
(Rs.) (Rs) (Rs.) (Rs.) 


1. Мо ez- 

pansion | 0 0 0 0 
2. Add new 

machines | 4,000 | 8,000 8,000 12,000 
3. Replace 

old mjes | 6,000 | 10,000 | 12,000 | 18,000 


parta section 


Cost Return 

(Rs.) (Ra.) 
0 0 
2,000 8,000 


EXAMPLE 822 (Selection of Advertising Media) 


A cosmetics manufacturing company is interested in selecting 
the advertising media for its product and the frequency of advertising 


in each media. The data collected over the past two years regarding 


the frequency of advertising in three medias of newspaper, radio and 
television and the related sales of the product gives the following 


results + 
Table 8:2 
Expected sales in thousands of rupees 
Frequency/week Television Radio Newspaper 
1 220 150 100 
2 275 250 175 
3 325 300 225 
4 350 320 250 


The cost of advertising in newspaper is Rs. 500 per appearance, 
in radio and in television, Rs. 1,000, and Rs. 2,000 respectively per 
appearance. The budget provides Rs 4,500 per week for advertise- 
ment. The problem is of determining the optimal combination of 


advertising media and advertising frequency. 
EXAMPLE 82.3 


(Production Scheduling Problem) 


The mannfacturing capacity of a factory is 3,500 units/month in 


regular time and 1,500 units/ month їп overtime. 


Requirements for 


^N 
ах 
Ж: 


the first, second and third months are 3,000, 5,000 and 4,500 units. It 
is estimated that the cost of production is Rs. 10 per unit in regular 
time and Rs. 12 per unit in overtime in the first month, Rs. 14 and 
Rs. 16 respectively in the second month and Rs. 19 and Rs. 22 respec- 
tively in the third month. Cost of storage is Rs. 3 per unit per month. 
Production Manager is faced with the problem of deciding the produc- 
tion schedule for the three months so that the total cogt of production 
and storage is the minimum. 

EXAMPLE 82.4 (Employment Smoothening Problem) 


A firm has divided its marketing area into three zones, The 
amount of sales depends upon the number of salesmen in each area. 
The firm has been collecting the data regarding sales and salesmen in 
each area overa number of past years. The information is sum- 
marized in table 8:3. For the next year firm has only 9 salesmen and 
the problem is to allocate these salesmen to three different zones so 
that the total sales are maximum. 


Table 8:3 
Profits in thousands of rupees 
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No. of Zone Zone Zone 
Salesmen 1 2 3 
0 30 35 42 
1 45 45 54 
2 60 52 60 
3 70 64 70 
4 79 72 82 
5 90 82 95 
6 98 93 102 
7 105 98 110 
8 100 109 110 
9 90 100 110 


83. Need of Dynamic Programming 


In the situations cited above we have noticed that the decision 
making process consists of selecting a combination of (decision) plans 
froma large number of alternative combinations, The number of 
alternative combinations is usually very large. For example, in the 
case of selecting the advertising media and the frequency of advertising 
in each media, a very large number of combinations is possible. The 
problem can be solved by first making an exhaustive list of the dif- 
ferent combinations and then selecting the one which gives the frgest 
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^ 
return and also satisfies the budget constraint. Thus before making 
a decision, it is required. that 

(i) all the decisions of a combination are specified before a deci- 
&ion is evaluated. 2 

(ii) the optimal policy (combination of decisions) can be selected 
only after all the combinations are evaluated. 

This enumerative method being too much time and effort 
consuming is inefficient because 

(a) all combinations may not satisfy the limitations (such as the 
limitation on capital allocated) and thus may be infeasible. 


(6) the number of combinations may be too large to allow 
exhaustive listing. 


(c) in large problems due to the number of combinations being 
large, with each combination encompassing the entire decision 
problem, the decision process may become infeasible from computation 
viewpoint. 

The dynamic programming approach deals with such situations 
-by breaking the total problem into sub-problems or stages. Only one 
stage is considered at a time and the various infeasible combina- 

tions are eliminated. The solution is obtained by moving from one 
stage to the next and is completed when the final stage is reached. 


" 


8-4. Distinguishing Characteristics of Dynamic Program- 
ming 

The important features of dynamic programming which disting- 
uish it from other quantitative techniques of decision making can be 
summarized as follows : 

1. It involves a multistage process of decision making. The 
stages may be certain time intervals or certain sub-divisions of the 
problems, for which independent feasible decisions are possible. 

2. In dynamic programming the outcome of decisions depends 
upon a small number of variables; that is, at any stage only a few 
variables should define the problem. For example, in the production 
smoothening problem, all that one needs to know at any stage is the 
production eapacity, cost of production in regular and overtime, 

' storage costs and the time remaining to the last decision. 

3. А stage decision does not alter the number of variables on 
which the outcome depends, but only changes the numerical value of 
these variables. For the production smoothening problem, the number 
of variables which describe the problem i.e., production capacity, 
production costs, storage costs and time to the last decision, remain 
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the same at all stages. No variable is Aded or dropped. The effect 
of decision at any stage will be to alter thèused production capacity, 
storage cost, production cost and time remaining to the last decision. 


4. Principle of Optimality. Dynamic programming is based 
on Bellman's Principle of Optimality, which states, «Ап optimal 
policy (a sequence of decisions) has the property that whatever the 
initial state and decision are, the remaining decisions måst constitute 
an optimal policy with regard to the state resulting from the first deci- 
sion”. This principle implies that a wrong decision taken at one 
stage does not prevent from taking of optimum decisions for the 
remaining stages. { 


8.5. Dynamic Programming Approach 


Before discussing the solutions to numerical problems, it will be 
worthwhile to know a little more about some fundamental concepts of · 
dynamic progamming. The first concept is stage. As already discuss. 
ed, the problem is broken down into sub.problems and each sub. 
problem is referred to ds a stage. / stage signifies a portion of 
decision problem for which a separate decision can be made, At each 
stage there are а number of alternatives and the decision making 
process involves the selection of one feasible alternative which may 
be called as stage decision. The stage decision may not be optimal 
for the considered stage, but contributes to make an overall optimal 
decision for the entire problem. 


The other important concept is state. The variables which 
specify the condition of decision process and summarize the current 
«status’ of the system are called state variables. For example, in the 
capital budgeting problem, the capital is the state variable. The 
amount of capital allocated to the present stage and the preceding 
stages (or the capital remaining) defines the status of the problem. 
The number of state variables should be as small as possible. With 
the increase in number of state variables, increases the difficulty of 
problem solving. 3 


In a decision making process, at each stage, a decision is made 
to change the state of the problem, with the aim of maximizing the 
return. At the next stage, decisions are made using the values of thy 
state variables that result from the preceding stage decisions. The 
procedure is best illustrated with the help of an example. 


EXAMPLE 8-5-1 à 3 
Let us consider the employment smoothening problem (example 
8-2-4). The problem is of allocating 9 salesmen to three marketing 
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zones 1, 2 and 3 in such a way that the total profits of the company 
are maximized. In this example the stages are three zones and the 

. state variablesare the numberof salesmen. We start with zone 1. 
The return corresponding to the different number of salesmen allocat- 
ed to zone 1 as given in table 8-3 are reproduced in table 8-4. 


Table 8-4 

Zone 1 
No. of salesmen "ULIS 6006. 7 8 9 
Profits (in thousands 
of rupees) 30 45 60 70 79 90 98 105 100 90 


Now we consider the first two zones, zone 1 and 2. Nine sales- 
men can be divided into two zones in 10 different ways ; as 9 in zone 
1 and none in zone 2, 8 in zone 1 and 1 in zone 2, 7 in zone 1 and 2 
in zone 2, .... Each combination will have associated with it certain 
returns, This is given in table 8-5. 


Table 85 
Zones 1 and 2 


No.of Zone x, D NS der Tal OC Xe der с А | 
salesmen 1 


Zone. 92340. ы 2229. 455-360 7. д 
2 


Profits Zone f(x, 90 100 105 98 90 79 70 60 45 30 

(in thous. 1 

ands of 

rupees) Zone f(a) | 35 45 52 64 72 82 93 98 100 100 
2 


S EE. CLAU TEC TSQICENCUT Т лл —————.. 
Total |195 145 157 162 162 161 163 158 145 130 


Nic NBI A ech „ы шу Eus О ТОССО СЕА PED TERN 

In the above table x, and z, denote the number of salesmen in 
zones l and 2 and fy (z,) and f, (z;) denote the profits from zone 1 
and zone 2 respectively. If S denotes the total profits from each 
combination, then the various alternatives are 


S=f, (9)+/, (0), 
S=f: (8. (1), 
S=f,(0) +r (9). 
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In the general form, S— f, (х) + (8— 2). 
or S-fi (z)-f: (4—3), 


where A is the total number of salesmen. The objective is. to maxi- 
mize the profits. 


i.e., maximize S=F (A)—[fi (x) +f2 (А—2)). (8:1) 


Here, F (A) is the maximum profit that сап be achieved by 
allocating A salesmen to the two marketing zones, 1 and 2. Equation 
(8-1) сап be applied to determine the optimum distribution of any 
number of salesmen i.e., A=9, 8, 7, 6, etc. This can be best done in 
the tabular form as shown in table 8 6. 


Table 8-6 
N Zone | 0 1 2 3 4 5 6 75-8 9 Nore: 
NI sales- 
Zone N Е men - 
2 N| 30 45 60 70 379 90 98 105 100 90 Profits 


0 35 | 65* 80* О5* 105* 114 125* 133 140 135 125 


АУА РОАН ЕА 
1 45 | 75° 90° 105 1156 124 135* 143* 150 145 
Pd 


7 el inci 
2.052 [m o^ 12^ 122^ 1817-142” 1607 164 
uL Ae da a PERLE RM 
3 64 94 109 124 134 143* 154* 162 
ИУ A A 
4 72 | 102 117 132 142 ist” 162” 
nS Refs у 
5 82 | 112 127 142 152 161 
PFI шу" 
6 93 | 123 138 153 163* 
ЖО da Nd 
7 98 | 128 143 158 The numbers marked* are the 
vA maximum along each diagonal. 
8 100 130/145 + . 
7 
9 100 | 130 
No ofP 
sales- r 
meno 
fi 
t 
з 


Expected profits are computed for all the possible combinations. 
For a particular number of salesmen, the values of profits for different 
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combinations сап be read along the diagonal, For instance, if four 
salesmen are to be distributed between two zones, the values of sales 
for the combination 440, 34-1, 242,143 and044 can be read 
along diagonal 4—4, The maximum profit of Rs. 1,15,000 for four 
salesmen results from the combination of three salesmen in zone 1 and 
one in zone 2. Similarly, for five salesmen, a maximum profit of 
Rs, 1,25,000 can be obtained if all the five are assigned to zone 1 and 
none to zone 2. The optimum returns for the various combinations 
are tabulated in table 8.7. 


Table 8.7 


Maximum returns from optimum 
allocation of salesmen in Zones 1 and 2 


No. of sales" 
men A 0 1 2 3 4 5 6 7 8 9 
Total profit» 
Aet fta 65 80 95 105 115 125 135 143 154 163 
(29-2) 0+0 0+1 042 043 143 045 145 344 345 643 
142 14-6 

Now we move to the next stage. and consider the distribution 
of 9 salesmen into three zones, zones 1, 2 and 3. The decision at this 
Stage willresult in allocating certain number of salesmen to zone 3 
and the remaining to zones 1 and 2 combined, and then by following 
the backward process they will be distributed in zones 1 and 2. 
For instance, if we assign 4 sallesmen to zones 1 and 2, and the 
remaining 5 to zone 3, then the best profits would be 


S=F (4)--f; (5), 


where F (4) is the optimum sales given by four salesmen in zones 1 
and.2, and f,(5) are the profits corresponding» to 5 salesmen in 
zone 3. 


In the general form we can write 
S=F (x) +f, (A—2), 
where 2: is the number of salesmen allocated to zones 1 and 2 and 
(А —х) to zone 3. The objective is to finda combination of x and 
(A—z) which maximizes the value of S. 
i.e., maximize S—F (A)=[F (z)4-f, (A —2)], 
OSKIA. 
If we use subscript 2 for the first two zones, such that 
F, танаа Ui (2) -fs (А,--2)], 


<г<А,; 
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with A as the number of salesmen assigned to first two zones, 
then, Ез (Аз) Maximum [Fs (Ag) - fs (Aa— Аз)], 
0«r« A;. 


The computations for selecting the optimum combination of A; 
and (Аз Аз) with A,=9, can be carried in the same way as for the 
first two zones. This is given in table 8.8. 


Table 8.8 
No. of salesmen in Zone 1--Zone 2 


No.of 0 1 2 Б] 4 5 6 7 8 9 
salesmen in 


zone 3 65 80 95 105 115 125 135 143 151 163 
0 49 | 107* 122* 137* 147 157 167 177 185 196 205 
vno aiiis, METIS NE ANNES LAT SPA 54 
1 54| 119^ 134 149* 159* 169* 179* 189 199 208 
PPM d 2 si 
2 60 | 125 140 155’ 165” 175 185” 195” 209^. 
PEI ARCA ON PEINE A 
3 70 | 135 150 165 175 185 195 205 
FL. J ELF aa DAE 
4 g2 | 147 162 177 187 197 207 
Е АА 
5 95 | 160 175 190* 200* 210* 
AMT EES POR 
6 102 | 167 182 197 207 The numbers marked 
P RD TA * are the maximum 
7 110 | 175 190 205 along each diagonal 
d 
8 110 | 175 190 
/ 
9 110 | 175 


The optimum combination as we see along the diagonal 9.9 is 5 
salesmen if zones 3 and 4 in zones land 2 combined. This gives a 
maximum profit of Rs. 2,10,000. Now proceeding backwards, from 
table 8.6 we find that the optimum division of four salesmen in the 
first two zones is 3 in zone 1 and one in zone 2. Similarly, we can 
determine the optimum allocation of any other number of salesmen 
inthe three zones. For example, 5 salesmen will give the optimum 
profit of Rs. 1,69,000 when distributed as one in zone 3, three in 
zone 1 and one in zone 2. 
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The problem can be extended to four marketing zones. 
Е, (А,)= Max. [F, (As) ths (А;—А,)], 
Oc x« A,. 
For » marketing zones the equation can be written as 
Е, (4,) — Max. [Fn (Ana) -/, (A,—A,,_,)], 
Ocz«A,, 
52:2, 3, 4,.... 
If £i, £a, 25, ..., z, are the number of salesmen assigned to zones 
1, 2, 3, ..., n, then the equation for determining the maximum profit 
can be expressed as 


Р, (A,)= Max. [Л (11) +. (23) H.+ f (2)]. 
Oc z,«A,. 


Thus the solution is obtained by a step by step analysis, The 
algorithm used utilized the result obtained at a particular stage to the 
solution at the subsequent Stage. The process is of recursive nature 
and the equation formulated for the maximum profits may be referred 
to as the recursive equation. The real life problems are usually too 
cumbersome for manual computations and can be handled: only with 
electronic computers. 


EXAMPLE 8.5.2 : Solve Example 8.2.1. 

| Solution : In this example each department of the firm can be 
regarded as a stage. At each stage a certain number of alternatives 
are possible for expansion of the department. The effect of each Stage 
decision would be to alter the capital allocated, or we may say that 
capitalis the state variable in this problem. Let us consider the 
first stage i.e., expansion of auto-parts section, There are three 
alternatives, no expansion, add new machines, #па replace old machi- 
nes. The amount which may be allocated to stage 1 may vary from 
0 to Rs. 20,000 ; of course, it will be overspending if it is more than 
Rs, 6,000. The values of the Various alternatives can best be evaluat- 
ed in the form of a table (table 8.9). 


When the capital allocated is zero or Rs, 2,000, only first alter- 
native (no expansion) is possible. Return is, of course, zero, When 
the amount allocated is, say, Rs. 6,000, all the three alternatives are 
possible, giving returns of zero, Rs, 8,000 and Rs, 10,000. So we will 
select the alternative 3 with a return of Rs. 10,000, To express the 
decision process mathematically : 

Let the capital allocated to Stage ! be z, with Os z«C, where 
C is the total capital available. 
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Table 8.9 
Stage 1 
: 
State Evaluation of alternatives (Values Optimal 
LA in thousands of rupees.) solution 
1 2 3 
itt os 
Cost €, 20 | Cost Cj,—4 | Cost C,,—6 | Optimal | Deci- 
Return Retura Return return sion 
Ry=90 R8 R,-10 

0 0 = — 0 1 

2 0 = = 0 1 

4 0 8 = 8 2 

6 0 8 10 10 3 

8 0 8 10 10 3 
10 0 8 10 10 3 
12 0 8 10 10 3 
14 [U 8 10 10 3 
16 0 8 10 10 3 
18 0 8 10 10 3 
20 0 8 10 10 3 


Lot us express the cost of alternative j (j=1, 2, 3) at stage 1 as 
C; and the return which is a function of Cj; as Ry; (0;;). 

Now, if fı (21) is the return from optimal policy at stage 1, it is 
required to select an alternative which has maximum value of R,; 
(Cy) with j=1, 2, 3. \ 

i.e., fr (5) 9 max. Ry (С,;), 
j=l, 2, 3. 

Now we move to the second stage. Here, again, three alterna- 
tives are available. The computations are again carried in the tabular 
form (Table 8.10). 


` 
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Table 8.10 
Stage 2 
State Evaluation of alternatives Optimal 
ту (Values in thousands of rupeesy solution 
1 2 3 


Cost С, = 0 Cost Cy = 8 Cost C4,—12 | Opti. Deci- 


-~ Return Return c Return mal sion 
В.=0 Reg = 12 R4--18 | return 

0 0+ 0— 0 = = 0 1 
2 0+ 0= 0 5 = 0 1 
4 | 0+ 8=8 = M 8 1 
6 04-10-10 |. — = 10 1 
8 0+10=10 124 0=12 — 13 2 
10- | 0410=10 124- 0—12 — 13 2 


to 


12 0+10=10 124+ 8—20 18+ 0=18 20 


14 | 0410-10 12410=22 | 184 0=18 | 92 2 
16 | 01:10—10 124-10=22 | 184 8—96 | 26 3 
18 | 0410=10 12.-10—22 | 18410-28 | 28 3 
20 | 0410=10 12410=22 | 18410=28 | 28 3 


M Cc с 


Here, the state z, signifies the total capital allocated to the 
current stage (stage 2) and the preceding stage (stage 1). Similarly, 
the return corresponds to the sum of the return of current stage and 

: the preceding stage (Principle of Optimality), Thus when z< Rs. 
6,000, only the first alternative (no expansion) is possible, But with 
z,— Rs. 6,000, a return of Rs. 10,000 is possible by selecting the 
third alternative at stage 1. With z,— Rs. 12,000, three alternatives 
are possible with the maximum return of Rs. 20,000 from alter. 
native 2. The optimal policy consists ofa set of two decisions, 
namely adopt alternative 2. at second stage and again alternative 2 
at the first stage. 
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Tf fa (25) is the return from the optimal policy, then at z5;—12 
(hereafter, the values of z=12, 20,..., ete., stand for Rs. 12, 000, 
Rs. 20,000...), f д 

f: (25) 20 — 124-8 
—Rg (Co) Bas i) 
=Ву (С) +з (2: — бы). 
In general form we сап write 
у.) = Max. [Raj (Ca) +h (%2—C2)))» 
= ј=1, 2, 3, 
0 C, & а. 
Similarly, the recursive equation for the third stageis written as 
fa (25) Max. [Еау (Csi) fa (%—Cas)], 


j=l, 2, 
0« C, & хз. 
The computations for the third stage are given in table 8.11. 
Table 8.11 
Stage 3 
State | Evaluation of allerhatives (values in Optimal solution 
Ha thousands of rupees) 
UNS EN To Daa E Ea 
Cost Сз = 0 Cost Суз =2 Optimal | Decision 
Return R31 =0 Return Ry ^8 return 
0 0+ 020 = 0 1 
2 0+ 020 840 =8 8 2 
4 0+ 858 8+ 058 8 1,:2 
6 0--10—10 84+ 8—16 16 2 
s` 0412=12 8+-10=18 18 2 
10 04-12-12 8412220 20 2 
12 04-20—20 84-12-20 20 1,2 
14 04+22=22 8--20 —28 28 dg 
16 0--26 =26 8--22--30 30 2 
18 0--28—28 8426-34 34 2 
20 04-28—28 8428=36 63 2 
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For x;=C=20, the optimal decision for stage 3 is second alter. 
native, which gives a total return of Rs. 36,000. Now proceeding 
back to stage 2, x, —2,—0,, =20—2 —18, for which the optimal solution 
of alternatives at stage ? is alternative 3. Further, going back to 
stage l, z,—2,— Съз =18 —12=6, corresponding to which the best 
stage decision at stage 1 is third alternative. 


Thus when the capital allocated is Rs, 20,000, the optimal 
policy of expanding production facilities is 3—3.—2, which can be 
elaborated as 


replace old machines with automatics in auto parts section, 
replace old machines with automatics in bicycle parts section, 


add new machines to the sewing machines parts section. "his 
poliey gives the optimal return of Rs. 36,000. 


EXAMPLE 8.5.3. Solve example 8-2-2. 


Solution. The situation can be tackled in a number of ways. 
We will use the same computational procedure as per the capital 
budgeting problem. The problem can be decomposed into three stages 
corresponding to the three medias of advertising. In each media 
four „alternatives (frequencies) are possible. Each alternative, has 
associated with it certain cost and return (expected sales). Here 
again, the capital marked for allocation to different medias is the 
state variable. . A combination of media and frequency is to be 
selected in such a way as to maximize the total sales with expenditure 
not exceeding the specified limit of Rs. 4,500. 


Let us consider the advertising media of television as the first 
stage. If æ is the capital allocated to stage 1, and H,; (C,;) is the 
return (expected sales) corresponding to cost Суу, then, the optimal 
return is i 


Silt) = Мах, [Ri (Ci) 
Ј= 0, 1, 2, 8, 4, 
with 0&z,«C. 


By applying this equation at various levels of expenditure, the 
various alternatives are evaluated and the one giving the largest 
expected sales is selected. The selected frequencies and the optimal 
return for different values of x, are given in table 8-12. 
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Table 8-12 © 
Stage 1 
State x, Cost — Rs. 2,000 
Return Frequency 
0 — 0 
500 — 0 
1,000 — 0 
1,500 — 0 
2,000 220 1 
2,500 220 1 
3.000 220 1 
3,500 220 1 
4,000 275 2 
4,500 275 2 


For z,—0, Rs. 500, Rs. 1,000 and Rs. 1,500; it is not possible to 
advertise in this media, since the cost of one appearance per week is. 
Rs, 2,000. For z,-Rs. 2,000, Rs. 2,500, Ев. 3,000 and Rs. 3,500, 
the product can be advertised only once, giving a return of 
Rs. 2,20,000. 

With z, = Ев. 4,000, Rs. 4,500, two appearances can occur giving 
a return of Rs. 2,715,000. 


Table 8-13 
Stage 2 
Cost per appearance=Rs. 1,000 
State xy 0 1 2 3 4 Return Freg. 
500 0 0 — — — 0 0 
1,000 0 150 — — — 150 i 
1,600 0 150 — — — 150 ^5 
2,000 220 150-0 250 — — 250 2 
2,500 220 15040 25040 | — -- 250 2 
3,000 990 1504+220 25040 300 — 370 1 
3,500 290 1504-220 25040 3004-0 — 370 1 
4,000 975 1504-220 2504220 3004-0 320 400 2 
4,500 275 1604220 2504+220 300-0 32040 470 2 


34—0.R. 
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* — Now let us moveto the second stage. Again for advertising in 
radio, four alternatives (frequencies) are possible, Here, the state z, 
will signify the-expenditure incurred at the first stage and at the 
current stage. 

At any value of state x, (0«2,« C), 
optimal return f, (х„) == Мах. [Rej(Cs)-+-fi(as)} for j=0 to 4 

==Max. [Ry(C2j)-+fi(z2—C.;)]; for 7—0 to 4. 

The evaluation of alternatives is carried im the tabular form 
shown in table 8-13. To illustrate, at z,—3,000, four alternatives 
are possible, ŭe., do not advertise, advertise once, twice or thrice, It 
is not-possible to advertise four times because that needs a sum of 
Rs, 4,000. If we do not purchase any advertisement (frequency=0), 
the amount of Rs, 3,000 can purchase one advertisement in media T, 
- giving expected sales of Rs. 2,20,000. If one advertisement is pur- 
chased in media R, this will cost Rs. 1,000, and with amount of 
Ra. 2,000 left one advertisement can be purchased in medie T, giving 
total return of Rs. (1504220) x 1,000 — Rs. 3,70,000. If two adver- 
tisements are purchased in R, costing Rs. 2,000, the balance amount 
of Rs. 1,000 will be of no use in media T, and thus will give total 
sales as Rs. (3004-0) x 1,000— Rs. 3,00,000. The maximum return 
comes when we purchase one advertisement in media R. This is the 
optimal decision for z,—Rs. 3,000. 

Now, we move to the third stage. 


Ла) e Max. [Ray(Caj) -fi(ns)], for j=0 to 4 
= Max. [R5/(C5;) 4- fi(z — Сз3)), for j—0 to 4- 


Table 8-14 

Stage 8 Optimal Decision 
State x, Total Fre- 
М 0 1 2 3 4 sales quency 
500 0 100 EE E E 1007 1 
1,000 150 10040 175 E cA 15 ә 
1,500 150 1004150 17540 225 E 950 1 
2,000 250 1004160 1754150 22540 250 395 9 
2,500 250 1004-250 1754-150 225115025040 375 3 
3,000 370 1004250 1754250 2254150 2504150 375 3 
3,500 370 1604370 1754250 2254250 2504150 475 3 
4,000 470 100-370 1754370 2254-250 2504250 545 . 2 

3 


4,500 470 1004+370 175--370 2254-370 2504+250 595 
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The computations are given іп table 8:14. For the allocated 
capital of Rs. 4,500, the maximum sales that can be expected are of 
Rs. 5,95,000. From table 8:14 the optimal decision is purchase three 
advertisements in newspaper. ‘This will cost Rs. 1,500. The amount 
left is Rs. 3,000, and corresponding to that at stage 2, the optimal 
decision is purchase one advertisement in radio. This costs Rs. 1,000 
which leaves behind an amount of Rs. 2,000 which can purchase one 
advertisement in television (stage 1). 

Similarly, if the firm wants to spend only Rs. 4,000 per week, 
the optimal policy will be : purchase two advertisements in newspaper 
costing Rs.-1,000, one in radio costing Rs. 1,000, and one in 
television costing Rs. 2,000. This will give an optimal expected sale 
worth Rs. 5,45,000. 


EXAMPLE 85.4 (An Optimal Routing Problem) 


Figure 8:1 shows a network of cities spread over a state, A 
company has to transport some goods from city A to city J. The cost 
of transportation between the different cities is given along the lines 
connecting the nodes. A nóde represents а city. Itis required to 
determine the optimal route connecting cities A and J. 


STAGE-I STAGE -II STAGE - ПІ 
E 323 


У=1 212 з 


Fig. 8-1 


This [за shortest route problem and can very conveniently be 
solved by the graphical methods discussed earlier in Section 5-11. 
Here the situation will be analysed by using the dynamic program- 
ming approach, ‘The problem can be divided into four stages. Each 
stage decision will comprise of selecting à path out of a number of 
possible alternatives, At stage 1, one of the two paths AB and AC is 
to be selected, and at stage 3 one of the alternatives DG, DH, EG, 
EH, EI, FH and FI is to be selected. The optiraal policy will consist 
of aset of paths connecting A with J. The node reached willr pre 
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sent-the state of the system. If 2; represents the state, then at j—0, 
%=A and at j=2, z, will have two values B and C. Possible alter- 
native paths from one stage to next will be referred to as decision 
variables. Let uj represent the decision variable which takes us from 
state j—1 to state j and with this the state changes from x; , to 2. 
The minimum transportation cost from % to x; will be denoted by Fy 
(22). The return from a decision чу, being the function of the deci- 
sion, will be represented by f; (uj), which in this case is the cost of 
transporting slong a path, or is the cost of decision variable, and thus 
we can take f;(u;)—w,;, 

Let us start with node J, that is, 

process, 

At j—4, u, has three values T, 
which has three values G, H an 


with stage 4 and follow the 


3 and 6, leading back to state zs, 
dI. The least of the values of falza) 


is to be selected. 
= = ші 7 4-E4(G. 
Ji) - faa) T д tE } 
6-E(D J, 


= шіп щ [w+ f.(z;)]. 
Similarly at stage 3, (j=3) 
F,(G)=min { 3-ЕЕУР) 
5+FYE) f, 


F,(H)=min ¢ 6--F,(D 
s(H) =min | ins ) } 
8+FYF) J, 

FQ) min f 5--F,(E) 
{oir ч 
In the general form we can write 


F(z;)— min и, [us -Fs(2;)]. 
By the same argument 


Е) min u, [ts 4- Fo(2;)], 
F(x) =u. 
The whole process can thus be expressed by the recursion 
equation 
Ey(aj)—min w [uj -F; , (2; jj], j=4, 3, 2; 
Fi(zi)e us. 


This equation will help us in determining the optimal policy 
consisting of a set of decisions such that the cost F, (24) is minimum. 

Now let us start with Stage 1. 

State z, has two values B and C. The decision variables и, are 
two with returns (costs) of 5 and 4, The information ig tabulated in 
table 8,15. 
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Table 8-15 — 
Stage 1 
State Decision 
ГА variable u, F, (n) 
B 5 5 
4 4 


At stage 2,statez, has three values D, E and F and there are 
four values for the decision variable из. The values of F, (2) are 
transferred from stage 1 to stage 2,to which the values of u, are 
added. (See table 8.16.) 


Table 8-16 
Stage 2 
` Fi (2) tre) f? Optimal 
2 ш 2; Е рита! 
aNu 9% e 6 | 234 6 F,(2,) 
ES 
D дс Lx | жиш eel S 9 
gp .| 4 Б. os ОЛ fiera 
F жы am m c MU 10 


A dash in the table indicates that transformation for that pair 
of aj, uj is not feasible, For various values of state, optimal return 
(minimum cost) is tabulated in the cost column of the table. The 
procedure is carried for stages 3 and 4, as given in table 8-17 and table 


8-18 respectively. 


Table 817 


Stage 3 


* 
" “из ы Е,(х») us + Fo(23) Optimal 
AN 356789 3 5.6 7 8 Fyles) 
Nite EAA qim Des c ENEN aT nac 
G go eee Mag p 11 
н |—10 9 6—— | — 151513—— 13 
I —6——-—10 — ll —– – — 19 п 
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m Table 8-18 


NU F3 (23) 154 4- F(x3) Optimal 
32096: 3: с] F(z) 


J 13 11 I 16 17 18 16 


The least cost of thé route connecting A and J is 16. Now to 
find the route we follow the backward pass, 


Rye) 216—,- Fs(;) , 
7:34-13. (from table 8-17), 
S u,=8, path HJ. 
F(z) = 13 Sug + Е.) 
=7+-6 (from table 8-16). 
AR u=", path EH. 


Similarly u,—2, path CE, 
u,=4, path AC 
"Thus the optimal route connecting A and J is A-C.E-H.J. 


EXAMPLE 85.5. (Dealing under Uncertainty) 


A dealer has to dispose of certain goods within five weeks’ time. 
The market prices are fluctuating from week to week. It is estimated 
that the chances of getting Rs. 2,000 for the whole stock is 45%, 
chances of getting Rs. 2,500 are 35% and there are 20% chances that 
the goods may sell at Rs. 3,000. If the goods are. not sold in the 
first four weeks, then they will have to be disposed of in the fifth 
. week at the prevailing market price in that week. When should the 
Stocks be sold ? 


Solution. The decision process can be disp) 
by the so called ‘decision tree’ as shown in figure 
periods сап be treated as five stages. At each s 
make a choice among the two alternatives, «Act and Wait". Ifthe 
market price is more than what he expects in the following weeks he 
should ‘Act’ and if it is less, he should ‘Wait’, 


layed conveniently 
8-2. The five weekly 
tage the dealer has to 
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Fig. 8:2 


These types of problems can conveniently be handled by start- 
ing from the last stage and solving by the backward induction or back- 
ward process. Ав it is essential to dispose of the stock by the fifth 
week, decision can be expressed as 


F,(X;)=X;, 


where, F, (X;) is the highest expected return if the prevailing market 
price in the fifth week is Ху. 

F,(X;)=Rs. 3,000 if X, — Ев. 3,000, 

F,(X;)— Rs. 2,500 if X,— Rs. 2,500, 

F4(X;) — Вз, 2,000 if X,— Вв. 2,000. 


In the general form F,(X,)— X, is the highest expected return 
in the nth week if the prevailing price in nth week is 2.0% 


Here n refers to stages, and in this case n=l, 2, 3, 4 or 5 and 
X is the stage variable, 


Now moving back to fourth stage, the price may boat Re, 
2,000, Rs. 2,500 or Rs. 3,000. If it is Rs. 3,000, then nai:-«lly the 
stock should be sold (Act), but if it is less than Rs. 3,000, then deci- 
sion may be Act or Wait. The decision equation can be written as 


Act Wait 
F,(X,)s-max Би зоа RUN mae DAA E 
eer [ x латна) 


"The decision between Wait and Act depends upon the expected 
return in the fifth week i.e., Fs (Xj. If X, the prevailing price in 
4th week is -more than F; (Xs), then it is to Act, otherwise to wait.. 

Act Wait 
F(X) =max [ х, Е, (3000 x -20)-+F,(2,500 x 35) -+F(2000 x 45) | 
The break even point betweenthe Act and Wait alternatives 
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- ean be calculated as 
F, BE=Rs. (3,000 x -20-1-2,500 x -35-1-2,000 x -45) 
— Ra. (600-+8754900)—Rs. 2,375. 
If the prevailing market price X, is more than Rs. 2,375 the 
goods should be sold in the fourth week. 


Moving back to the third week. 


Act Wait 
F(X;) - Max [X;, F,(3,000 x -20)--F,(2,500 x -35) 4+ F,(2,375 x -45)]. 


Here F(X,)—[ Rs. 3,000 if X,—Rs. 3,000 
Rs. 2,500 if X,— Rs. 2,500 
Rs. 2,375 break even 
The break even point between the Act and Wait alternatives 
for the third week can be calculated as 


FjBE-Rs, (3,000 x -20 .-2,500 x -35--2,375 x 45) — Rs. 2,544. 
„Tf the market price in third week is more than. Rs. 2,544, goods 
should be diposed of, otherwise Wait. 


Similarly for the second week, the break even point is 
F,BE- Rs. (3,000 x -20-1-2,544 x -35-4.2,544 x -45) 
` &Rs. 2,735-20cz Rs. 2,735. 
And the break even price for the first week, 
F,BE-—Rs. (3,000 x -20.1.2,735 x -35-1-2,735 x 45) 
—Rs. 2,738. 


Thus we reach at the following optimal decision policy : The 
dealer should sell the goods if the market price in the first, second 
and third weeks is Rs. 3000; otherwise wait. In the fourth week, 
if he can get Rs. 2,500 or Rs. 3000, he should dispose of the goods; 
if itis less than Rs. 2,500, he should wait. If the goods remain 
unsold upto the fifth week he should dispose of the stock at what so 
ever value he can get in that week. 


8.6. Additional Examples 


EXAMPLE 8.6-1 


A food processing firm has compiled the following data for 
future monthly production requirements and production costs in regular 
and overtime. 
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Table 8-19 
Month Quantity Cost per unit 
po eae Oy у. сл ъч 
(units) Regular (Rs) Overtime (Rs.) 

"September 4,000 20 30 

October 5,200 25 35 

November 5,000 24 34 

December 3,700 26 36 

January 4,200 20 30 

February 3,000 20 30 


The production capacity of the firm is 6,000 units in regular 
time and 3,000 units in overtime, The cost of carrying storage is Rs. 
7:50 per unit per month. If at the end of August, there are 3,500 
units in stock at à cost of Rs. 25 each, what is optimal production 
schedule and the total associated cost? Note that no inventory is 
required at the end of six months, 

EXAMPLE 8.6.2. 

A drug manufacturing concern has ten medical representatives 
working in three sales areas. The profitability for each representa- 
tive in three sales areas is as follows : 


Table 8-20 
ee Уз арава. сс керы 
No. of representatives 0123 466 7. 8 9 10 
ah Se E 
Profitability Area 1 15 22 30 38 45 48 54 60 65 70 70 

(thousands of 
rupees) Area 2 96 35 40 46 55 62 70 76 83 90 95 
Area à 30 38 44 50 60 65 72 80 85 90 85 


Determine the optimum allocation of medical representatives in 
order to maximize the profits. 

What will be the optimum allocation ifthe number of repre- 
sentatives available at present is only six ? 
EXAMPLE 8:6-3 

A student of OR has five days at his disposal to revise the 
subject before examination, The course is divided into four sections. 
He decides to devote a whole day to the study of some section so that 
he may study a. section for one day, two days, three days eto., or 
not at all. The expected grade points he will get for different alter. 
native arrangements are as follows: 
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Table 8-21 


Course sections 
T II III IV 


How should he distribute the available daysto the different 
Sections of the course so that he maximizes his grade point average ? 


EXAMPLE 86-4 
A company has three media A, B and C available for advertising 
its product. The data collected over the past years about the 


relationship between the sales and frequency of advertisement in the 
different media is as follows; 


Table 8:22 
Frequency/month Estimated sale units) per month 
Б А B 6 


125 180 300 
225 290 350 
260. 340 450 
300 370 500 


mor н 


The cost of advertisement is Rs. 5,000 in medium A, Rs, 10,000 
in medium B and Rs. 20,000 in medium C. The total budget allocated 
for advertising the product is Rs, 40,000. Determine the optimal 
combination of advertising media and frequency, 


EXAMPLE 8-6-5 


Tf in example 8.5-5 of dealing under uncertainty, instead of 
selling the goods, the problem is of making purchase, determine the 
optimal policy so that the goods are purchased at the lowest cost. 
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87. APPLICATIONS OF DYNAMIC PROGRAMMING 

We have discussed some over-simplified examples from the 
. various fields of applications of dynamic programming. Many more 
applications are found for this decision making technique. Whereas 
the linear programming has found its applications in large scale 
complex situations, dynamic programming has more applications in 
smaller scale systems. Following are a few of the large number of 
fields in which dynamie programming has been successfully applied: 

1. Production. Inthe production area, this technique has 
been employed for production, scheduling and employment smoothen- 
ing, in the face of widely fluctuating demand requirements. 

2. Inventory Control. This technique has been used to 
determine the optimum inventory level and for formulating the 
inventory recording rules, indicating when to replenish an item and 
by what amount. 

3. Allocation of Resources. It has been employed for 
allocating the scarce resources to different alternative uses, such as, 
allocating salesmen to different sales zones and capital budgeting 
procedures. 

4. Selection of an advertising media. (See example 8-2-2). 

B. Spare part level determination to guarantee high effici- 
ency utilisation of expensive equipment. 

6, Equipment replacement policies, To determine at 
which stage equipment is to be replaced for optimal return from the 
facilities. ` 

7. Scheduling methods for routine and major overhauls on 
complex machinery. 

8. Systematic plan or search to discover the whereabouts of a 
valuable resource. 

These are only a few of the wide range of situations to which 
the dynamic programming has been successfully applied. Many real 
operating systems call for thousands of such decisions each week. 
The dynamic programming models make it possible to make all these 
decisions, of course with the help of computers. These decisions 
individually may not appear to be of much economic benefit, but in 
aggregate they exert a major influence on the economy of a firm. 
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Probability Theory 


9.1. Introduction 


Some knowledge of the basic elementa of probability is essential 
for understanding the remaining chapters of this booke The in- 
formation which forms the basis for making decisions is usually in 
the form of numbers; and these numbers may be uncertain to a 
certain extent. Probability theory expresses the degree of uncertainty 
in terms of mathematical equations. 

This chapter deals with the various definitions, different types 
of probability distributions and their applications, The material is 
by no means exhaustive. Complete volumes have been written on 
this topic which forms only one chapter of this book, However, it 
provides the basic background for maintaining continuity of presenta- 
tion in the chapters that follow. Several good references are given 
at the end of the chapter. 


9-2.: Historical Background 

The origin of probability theory dates back to the 17th century 
when a French nobleman Chevelier de Me’ re’ (a man of ability and 
great experience in gambling), who played games at Monte Carlo, 
tried to find theoretical explanation of some of his gambling ex- 
periences. However, he did not have the necessary mathematical 
knowledge to analyse the situations himself and mentionéd his 
difficulties to the best mathematicians of his country —Pascal and 
Fermat, This brought about the famous exchange of letters between 
these two mathematicians regarding applications of mathematical ` 
knowledge to explain the simple gambling games. This exchange of 
letters formed the beginning of probability theory. 
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Huygens (1629—1695), a great Dutch scientist became 
acquainted with contents of this correspondence and published the 
first book on‘ probability in 1654. This book contains many interest- 
ing and difficult problems on probabilities of games of chance. 


However, it was Jacob Bernoulli, an Italian mathematician, 
who gave the first formal definition of probability. Bernoulli's contri- 
bution to the theory of probability is generally compared to that of 
Newton’s to mechanics. He made a systematic and unified presenta- 
tion of the theory of probability in his book which, however, was pub- 
lished eight years after his death, in 1713 by his nephew. 

The next great successor was Abraham de Moivre (1667—1754), 
whose most important book on probability, «The Doctrine of 
Chances’’, was published in 1718. It describes many new and power- 
ful methods in solving more difficult problems. 


Laplace (1749—.1827), well known for his contributions to 
astronomy, was extremely interested in the theory of probability, 
right from the beginning of his scientific career. His book published in 
1812, contains new ideas, methods and results and is regarded as one 
of the most outstanding contributions to mathematical literature. 


Tn 19th century, Gregor Mendel, a monk from Austria, demon- 
strated that probability theory could be applied for biological 
investigations and founded the science of genetics, A Russian 
. mathematician, A.N. Kolmogorov, gave three simple rules or axioms, 
which probabilities are supposed to obey. Since then, there have 
been great developments in the theory of probability and it has been 
applied to a wide variety of problems in physics, chemistry and other 
Sciences. 

In recent past, John Von Neumann applied the mathematical 
theory of probability for the study of economies and sociological 
problems. Because of its application to various different fields, the 
theory of Probability forms a fundamental topie to be studied by 
every student of science, 

9.3. Terminology in Probabili ty Theory 
| Before a formal definition of probability can be given, it is 
necessary to introduce a few basic terms. 

Experiment. An experiment is an operation whose output 
cannot be predicted with certainty. 

Outcome. Output of an experiment is called outcome. The 
number of outcomes depends upon the nature of the experiment and 
may be finite or infinite. For example, consider the experiment of 
hitting а particular target by a marksman. There are only two 
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outcomes, either hit or miss. However, if the experiment involves 
the measurement of time between successive failures of an electronic 
equipment, the outcomes are given by time-to-failure, which can have 
any positive real values. ESO AS 
Sample Space. The set of all possible outcomes of a given 
experiment is called the sample space or the event space or the pro- 
bability space. We now consider a few examples which will explain 
the above definitions. 
EXAMPLE 9.3-1 
A single, regular die consisting of 6 faces is rolled once, Thus . 
the experiment is the roll of the die, A sample space for this ex- 
periment could be 
8=11, 2, 3, 4, 5, 6}, 
where integers 1 to 6 represent the face which may come up then the 
die stops. 
EXAMPLE 9.322 
Consider an experiment of tossing a coin once. The possible 
outcomes of this experiment are 
(a) the coin lies with its head H up, 
(b) the coin lies with its tail T up. 
The chances of the coin resting on its edge are extremely small 
and hence this outcome is neglected. The associated sample space is 
§={H, T). 
EXAMPLE 9.3-3 
Consider the experiment of tossing of two coins. The possible 
outcomes are HH, HT, TH and TT. The associated sample space for 
the experiment is 
S={HH, HT, TH, TT}. 
EXAMPLE 9.3-4 
Consider the experiment of selection of one card from a standard 
deck of 52 and let it be assumed that the cards are numbered from 1 
to 52. The associated sample space is 
5—1, 2, 3, ..., 52}, 
since the selected card must correspond to one of these integers. 
Finite and Infinite Sample Spaces 
Asample space is called finite if the number of possible out- 
comes in the sample space is finite, otherwise it is called infinite. The 
four examples cited above have finite sample spaces. 
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Discrete and Continuous Sample Spaces 3 

A sample space is called discrete if it contains only finite or 
infinite but countable number of possible outcomes, otherwise it is 
called continuous. 
EXAMPLE 9.3.5 

In the random experiment of counting the number of persons 
coming per hour for tickets at the booking window of cinema-hall, 
the sample space S—(1, 2, 3, ...} is discrete. 


EXAMPLE 9.3.6 


In the experiment of measuring the time # between successive 
failures of an electronic equipment, the sample space is 


S=(0< t <co}, 
which is continuous, 


Event. An event or sample point is a subset of sample space. 
Every subset is an event. An event occurs if any one of its elements 
is the outcome of the experiment. 

Elementary Event 

An Elementary event or simple event is a subset containing a 
single sample point. The sample space S itself is called the certain 
event or sure event. An event that contains no sample point is called 
impossible event and is denoted by ¢. 

EXAMPLE 9.3.7 

When a single, regular die is rolled once, the associated sample 

space is 
S={ 1, 2, 3, 4, 5, 6}. 

Then each of the subsets 

A={1}, B-(2, 4, 6}, C={1, 3, 5), D={1, 2, 4, 5}, E—(2, 3, 4, 
5}, is an event. In fact these are not the only\events (there are 
many moro), since these are not the only subsets of S. Evidently 
Aisan elementary event. Events A, B, C, D and E are different 
because their subsets are different. If we actually roll the dis once 
and we get face 1 up, then events A, Cand D are said to have 
occurred, since all these events have lasan element. Similarly, if 
we get the face З пр, events C & Е are said to have occurred as they 
have 3 as ап element. Event F-—$-(7)is, obviously, an impossible 
event. 

EXAMPLE 9.3.8 


Let the experiment involve selection of one student from the 
total number of 1,500 students on the rolls of a college. The sample 


4 


` 
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space will be represented by 
5 S={1, 2, 3, ..., 1,500). 
Then the subsets 
A-(L 100, B={10}, C={2, 5, 16, 80, 400}, 

D— (201, 202, 203, ..., 1,000) 
eto., are all events. If the student numbered 80 happens to be 
selected, then event C is said to have occurred ; if student numbered 
1,350 happens to be selected, none of the events A, B, C and D haa 
occurred since this number is not contained by any of them. 
EXAMPLE 9.3.9 

If a trial consists of rolling of two dice simultaneously, then 
since each die can show one of the faces 1 to 6, there are 36 possible 
outcomes and the sample space is 

S (21 а}, where m=1, 2, ...,6; m%=1, 2, ..., 6. 
And let, events A, B and C be such that 

A occurs if the sum of two dice is 4, 

B occurs if the sum of two dice is 9, 

C occurs if the two dice have the same number. 

Then these events are subsets 
A «((1, 3), (2, 2), (3, D} 
B-((3, 6), (4, 5), (5, 4), (6, 3)), 
Cz ((1, 1), (2, 2), (3, 3), (4, 4), (5, 5), 6, 6)). 


EXAMPLE 9.3.10. 

Consider again the experiment of measuring time between 
successive failures of an electronic equipment with sample space 

S-(0««oco). 

Then event with inter-failure time of 10 is A (0«t« 10). 

Mutually Exclusive Events 

Two events A and B are said to be mutually exclusive or 
disjoint if they do not have simple events in common. In other 
words A and B are mutually exclusive events if they .cannot occur 
simultaneously, 

Independent Events 

An event A is said to be independent of event B if the 
probability that A oceurs is not affected by whether B has or has not 
occurred. 
35—0.R. 


, 
Г 
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94 Definition of Probability 

Probability of an event has been defined in the following three 
ways. 

The a-priori Probability 

If there are n mutually exclusive, exhaustive and equally likely 
outcomes of an experiment and if m of them are favourable to an 
event A, then the probability of occurrence of A, denoted by P (A) is 


defined as the ratio Z, 


ie, PA=, 
where Omen, n>0. «+-(9.1) 
EXAMPLE 9.4-1 


‘A card is drawn from a deck of cards, What is the probability 
that the card drawn is a heart? What is the probability that the 
card drawn is an ace ? 

Solution 

In drawing a card there are 52 mutually exclusive and equally 
likely cases and there are 13 cases favourable to the drawing of a 
heart; hence the probability of drawing a heart is 13/52 —1/4. For the 
second event, there are 4 cases favourable tothe drawing of an ace, 
hence the probability is 4/52=1/13. 


EXAMPLE 9.4-2 
An urn contains 10 black, 15 white and 5 red balls, What is 
the probability of drawing a black, a white or a red ball ? 


Solution 

There are 30 equally likely cases. Out of these 30 cases, there 
are 10, 15 and 5 cases favourable respectively to а black, a white or 
a red ball, Hence the probability of drawing a black, white or a red 
ball is 1/3, 1/2 and 1/6 respectively. 

The probability defined as above is called a-priori probability or 
mathematical probability. This definition works well with games of 
chance—tossing of an ideal coin, rolling ofa die or playing а 
game of cards. In fact this definition is true only for those cases 
where the outcomes are equally likely and this may not always be 
true. 

EXAMPLE 9.4-3 

ina class of 60 students what is. the probability that 

a particular student X will pass an examination ? 


/ 


a RR 
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Solution. ; 

There are obviously two cases; eitherthe student will pass or 
fail. In finding the probability of passing, the two cases cannot be 
taken asequally likely to give a value of 1/2 since X may bea 
hardworking and intelligent student and probability of his passing 
may be 1. 

2. The a.posteriori Probability 

This is also called statistical or empirical probability. Yt 
overcomes the shortcomings of the previous definition of probability. 
If n represents sufficiéntly large number of trials made to see whether 
an event A occurs or not and m represents the number of trials in 
which it is observed to occur then the probability of occurrence of 
A is given by 


Р(А)= іт 2°, 249.2) 
no % 


provided the cireumstances from trial to trial remain the same, 
Clearly, * 0<P (A) «1, 

where P(A)=0 signifies that the event is impossible, while РА) —1 

signifies that it is certain. For example, the probability of the 

event that rolled die will show a **seven"' is zero (impossible), while 

the probability that a tossed coin will turn up a head o: a tail is one 


(certain). 
3. Axiomatic Definition of Probability 
With every A in a finite sample space 8, we associate a real 
number P(A), which is called the probability of event A if it 
satisfies the following axioms : 
(i) O«P(A)&1, for each subset A of S, which implies that 
probability of an event always varies from 0 to 1, 
(ii) P(S)=1, where S is the sample space, also called certain 
event. ; 
(iii) Р(ф)=0, where ¢ is the impossible event. 
(iv) P(A or B)=P(A)+P(B), whare A and Bare two mutually 
exclusive events, 
9.5 Laws of Probability 
Now we shall study the various laws of probability. The 
proofs given refer to the first definition of probability (mathematical 
probability. However, these laws can be proved by using the 
second definition of probability (statistical probability) with requisite 


modifications. 
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9.5-1 Complementary Events / 

When an event À fails to occur, one may sky that event ‘non- 
A’ has occurred. The event ‘non-A’ is called the complementary 
event of A and is represented by Aor A’. For example, in flipping 
up of an ideal coin, the event that head appears is complementary 

` to the event that tail appears. 

Ist Law : 

If p is the probability of event A and q is the probability of its 
complementary event A, then 

р=1—0 


ог P(A)--1—P(A). -. (9:3) 

Proof. Let n be the total number of possible outcomes, of 
which m are favourable to the occurrence of event A. Then, 
obviously, the remaining n—7 outcomes are favourable to ‘non-A’ 


orA 


Д 


«s q=P [Aye = 1-7 =1--p=1—P(A). 


EXAMPLE 9.5.1 

An illiterate servant is given 5 cards addressed to 5 different 
persons residing in the same city. What is the probability that the 
servant hands over the card to a wrong person ? 

Solution. 

All possible different ways to distribute 5 cards to 5 different 


persons are (5 !) or 120. There is only one way of handing over the . 


cards to all the five is addressees. Let this event be A. 
Then »-P(A)- d: 
The probability of handing over cards to wrong addressees, 
E ls 1 H9 
d EA 12031208 
9.5.2. Mutually Exclusive Events 
Two events A and B are said to be mutually exclusive if the 
occurrence of A precludes the occurrence of B and vice versa t.e., if 
they cannot oceur simultaneously. For examplo, in the random experi- 
ment of tossing an unbiased coin, the two events defined by 
А = Head appears, 
B=Tail appears, 
are mutually exelusive. 
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2nd Law (Law of Addition) : 
If A and B are two mutually exclusive events with probabilities 
pi and p, respectively, then the probability of either of them (A or B) 
is equal to the sum of their individual probabilities. 
te, P=Pi+P2 i 
or P(A or B)— P(A) 4- P(B). (9:4) 
Proof. Let n be the total number of possible outcomes, of 
which m, are favourable to A and т, аге favourable to B. Then 


mM, E 
AS and p= X 


Since A and B are mutually exclusive, m, outcomes favourable 
to A are not favourable to B and vice versa. Hence there are exactly 
m,--m outcomes favourable to the event ‘A or B’, 


po ite m Ph pt py, 
or P(A or B)=P(A)+P(B). 
Generalising, if Aj, As, Ag, ..., A, are the mutually exclusive 
events with probabilities Pı, ps, pa, +.» Pn» then 
P(A, or Ag, ..., or Ay) -P(A)) +P(A) +.. 4- P(A,) 
or P=Pit Poteet Pn (9-б) 
EXAMPLE 9.5-2 
An urn oontains 4 white and 6 black balls, What їз the pro- 
bability that the ball drawn is white or black ? 
Solution 
Since the ball drawn can be either white or black, the probabi- 
lity is 4/10--6/10 1, 
9.5.3. Mutuallay Exclusive and Exhaustive Events 
Events A; Аз, Аз, ..., A, are called mutually exclusive and 
exhaustive events if % 
(i) when one of them occurs, none out of the remaining will 
occur, 
(ti) one or the other event must occur in any trial. 


For example, in the trial of tossing of a fair coin, the events 


that head appears and tail appears are two mutually exclusive and 
exhaustive events, as the chances of the coin resting on its edge are 


almost zero. 


3rd Law : 
If Ay, Ag Аз, s An aren mutually exclusive and exhaustive 
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events with probabilities Pi, ps, ..., Pn respectively, then 
Pi-Pe- Pad ..- рп 1 2 -- (9:6) 
Proof. Let п be the total number of possible outcomes, of 
which m, are favourable to event A,, m, to Aj seo Mn to A,, во that 


As the events are mutually exclusive, m, outcomes are favour- 
able only to A, and not to Ag, Аз, ....A, and so on. Moreover, they 
are also exhaustive. 


se mi-J-mag4r ...m,—n 
m, , Mg Mp 
i al ape и 
or Pit Pet. +Pn=1 


or P(A) +P(A) +.. +P(A )=1. 
9.5-4. Mutually Independent Events 

Two events A and B are said to be independent events if the 
occurrence or non-occurrence of A does not depend upon the occur- 
rence of B and vice versa. 

4th Law : 

Р If two events А and B are mutually independent with individual 

probabilities p, and p, respectively, then the probability p of their 
simultaneous occurrence is equal to the product of their individual 


probabilities. 


ùe., P(A and B)=P(A).P(B) 
or P(AB)=P(A).P(B) 
or pn. 07) 


Proof. Let 7, and m, be the total number of possible and 
favourable outcomes for event A and n, and т, for event B so that 
т=т- апа r= x 
As the two events are independent, 7, possible outcomes for 
event A can be associated with each of the л, possible cases for event 
B, so that the total number of possible cases for “А and В” is nins, 
Similarly, the total number of favourable cases for ‘A and В’ is mmg. 
Probability of ʻA and B’, 
түт, my ть 
P= ы Hl : л, De 
or P(A and B)— P(A).P(B) 
or P(AB)=P(A).P(B). 
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Similarly, if there are three mutually independent events A, B 
and C (this means that the probability of any one of these taking 
place does not depend upon whether the remaining two have taken 
place), then 

P(A & B & С)=Р(А & B). P(C) 
or P(ABC) —P(A). P(B). P(C). ++-(9.8) 
Generalising, for n mutually independent events Aj, Ag, ..., A, with 
individual probabilities of ру, Pa, ..., p, respectively, the probability 
of event “Ау, Ag, ..., and A,’ is the product p; р;...рл. 
i.e., P(A, А,,..., апа A,J—P(A;). P(Ay)...P(An). — ...'9.9) 


Thus the probability for joint occurrence of any number of 
mutually independent events is equal to the product of the probabilities 
of these events. 


EXAMPLE 9.5-4.1 


A worker is to look after three machines. In any given hour, 
the probability of first machine not requiring worker's attention is 
0.8, forthe second machine it is 0.85 and for the third it is 0.75, 
What is the probability that none ofthe machines will require the 
worker’s attention during a given hour ? 


Solution. 
Assuming that the machines work independently of each other, 
the required probability is 
==(0.8) (0.85)(0.75) 
=0.51. 


EXAMPLE 9.5-4.2 

In the previous problem, what isthe probability that at least 
one of the three machines will not require thé worker's attention 
during a given hour ? 

Solution, 

In this problem we are to deal with probability of the form 
P(A or B or C) and hence we first think of the addition rule, 
However, this rule cannot be applied directly, since any two of the 
three events are mutually compatible (nothing prevents any two of 
the machines from working normally during a given hour). Moreover, 
the sum of the three given probabilities also exceeds unity, 

However, the probability of the first machine requiring the 
worker’s attention is 0.2, for the second machine it is 0.15 and for 
the third it is 0.25. Since the three events are mutually independent, 
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/ 
the probability that all t.ie three events will take pice is 
(0.2) (0.15) (0.25) = 0.00075. ‚ 

But the events “all the three machines will require attention" 
and “at least one of the three will work 4uietlv'" are mutually 
incompatible. Hence their sum must be vhity and, therefore, the 
probability that at least one machine will pót require attention is 

1—0.00075=0.99925. / 

As this value is very near to unit, the probability that at least 
one machine will not require the svorker’s attention is almost a 
certainty. Thus at least one machine will operate normally during a 
given hour, 

EXAMPLE 9.5.4.3 

An urn contains 5 white and 8 black balls, Another urn 
contains 6 white and 10 black balls. One ball is taken out from each 
of the urns. What is the probability that the balls taken out are 
both white ? 

Solution 

Probability of white ball from first urn —5|13 and probability of 
white ball from second urn 6/16, Now the colour of the ball drawn 
from the second urn does not depend upon the colour of the ball 
drawn from the first urn, Hence the two events are independent and 
the required probability is 


5 6 15 
(as as )- o 
EXAMPLE 9.5.4.4 


The probability of shooting down an enemy aircraft by one 
rifle shot is 0.004, Find the probability of shooting down the plane 
with simultaneous shots from 250 rifles. 

Solution 

Probability of not shooting down the airoraft with a single shot 
is 1— 0.004=0.996. Since the events are independent, the probability 
that it will not be downed by 250 shots--(0.996)250, 

The probability that at least one of 250 shots will down 
the plane 


=1—(0.996)%— а (арргох. ) 


9.6 Modified Addition Law 


The previous sections dealt with the laws governing the 
probability of compound events consisting of mutually exclusive or 
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mutually independent events. However, there may be many events 
which are neither mutually exclusive nor independent. The modified 
addition law for such events states : 

The probability that at least one of the events A and B occurs їз, 
obtained by adding the probability that A occurs and the probability 
that B occurs and then subtracting the probability that both A and B 
occur. 
ie, P(A or B)=P(A) +P(B)--P(AB). ...(9.10) 

Proof. The various possible combinations of two events А 
and B are 

(i) A occurs and B occurs (пуу), 

(ii) A occurs and B does not occur (ља), 
(iii) A does not occur and B occurs (ла), 
(iv) A does not occur and B does not occur (жа). 

Let n be the total number of possible outcomes of the combina- 
tion of A and B and-let nj, ты, ту and ns represent the possible 
outcomes that favour occurrence of (i), (ii), (iii) and (iv) respectively, 
Here subscript 1 stands for the occurrence of event A orB and 
subsoript 2 stands for the non-occurrence of event A or B. For 
example, т represents the number of possible outcomes in’ which 
event A occurs and event B does not occur. 

Since event “А or B’ means one of the above combinations (i) 
(ii) and (iii), the number of possible outcomes favourable to ‘A or В’ 
is nut atar 


P(A or Bj. “инш emcee) ашты t 


Mt | nuta "и 
= + — л — 
т т n 


= P(A)+P(B)-—P(AB). 
Generalising, the modified addition law for three events 
becomes 
P (Aor Bor € — P(A) J-P(B) 4- P(C) —[P(AB) + P(BC) 4- P(AC)] 
+P (ABC). (9.11) 
Proof. Letus consider eventa ‘B or C'as event D. Then 
applying the modified addition law for two events A and D, we get 
P(A or D)—- P(A) 4- P(D) —P(AD), 
рр) =P(B or C)=P(B)+P(C)—P(BC) 
P(AD) =P(A & ‘B or C’)=P(AB or AC) 
=P(AB)-+ (AO) — P(ABO). 


and 
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m P(A or D)=P(A)+P(B)+ P(C) — F(BC) — P(AD) 

or P(A or B or C) - P(A) + P(Bj+ P(C)— 
--[P(AB 4- P(B£) + P(CA)] 4- P(ABC). 
9.7 Law of Conditional Probability / 

Sometimes it may be given that event A has occurred and it 
may be required to find the probability/that B also occurs, For 
example, it may be given that the card drawn from a deck of 52 
cards is red and it may be required to find the probability that the 
card drawn isa king of hearts. Or, it may be found on medical 
research that a randomly selected person has a family history of 
leprosy and further it may be required to find the probability of this 
particular person also to suffer from leprosy. In such situations we 
are, obviously, given that an event A has occurred and we are to find 
the probability that B also occurs. 

The event B is dependent on A and occurs only if A has 
occurred. The probability attached to such, an event is called 
conditional probability, It is denoted by P(B/A) i.e., probability of 
B given that A has occurred and is expressed as 

P(AB) 
РВА) рау : - (9.12) 

Proof. Let л denote the total number of possible outcomes of 

‘which m are favourable to event A. The cases favourable to А and 
В are to be found from the m cases favourable to A. Let m be the 
number of such cases. Then, from the definition of probability, 


m, 
P(AB)=— 
This can also be written as 


PAB) = . "ч, 


where E is the probability of A. То understand the second factor, 


we observe that assuming the occurrence of A, there are only m equal- 
ly likely cases left, out of which m, are favourable to B. Hence ratio 


m represents the conditional probability P(B/A) of B assuming that 
A has actually occurred. 
m m 
Thus = =P (A) and p —P(B/A). 


B P (AB)=P(A) . P (B/A). 
Similarly, P(AB)=P(B).P (А/В). 09:13) 
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Thus probability of the product AB of the two events is equal to 
the product of probability of event A and conditional probability of B 
under the condition A or is equal to the product of probability of event 
Band conditional probability of A under the condition B. This is 
called law of conditional probability or compound probability. 

This result can be easily extended to three or more events. For 
example, let us consider three events A, B & C. The occurrence of 
A and Band С is evidently equivalent to the occurrence of the com- 
pound event ABand C. Therefore, we have 

P(ABC)=P(AB). P(C/AB). 

Also P (AB)=P\A) . P (B/A). 

P(ABC)=P(A) . P(B/A) . P(C/AB). (9.14) 

This formula means. Probability of the product of three 
events is equal to the product of probability of first event, conditional 
probability of second event when the first event has occurred, 
and conditional probability of the third event when the product of the 
first and the second events has occurred. 

Generalising, if Aj, Ay,..., A, are the random events, then 

P(A, . As... A) P(Ai.P(As/A)) - P RO LOS Су) 

If events A and B are independent, the conditional probability 
P(B/A) is the same as the probability of B, P(B)found without any 
reference to A. Hence the compound probability of two independent 
events can be written as 

P(AB)=P(A).P(B), 
a result already proved under section 9-5-4. This result, obviously, 
can be extended to three or more events. 


9.8. Bayes’ Theorem 
If Ay Ag... An ате mutually exclusive events whose wnion is the 
sample space S, where P(A,))40 for i—1, 2,....n and if B is any 
random event for which P (B)=0, then for all i 
Р(А,).Р(В/А;) 
РАВ) =——— OT LP PBA 
(А/В) PANPE E PA BIAS) EP) PUBL) 


Proof. Evidently, Bayes' theorem concerns with finding the 
conditional probability P(A;/B). The probability of compound event 
A,B can be written in two forms : 

Y P(A;B) — P(A;).P(B/A;) 
or P(A,B) — P(B).P(A;/B). 
Equating the right hand sides, we 'derive the following expres- 


/ 
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sion for the unknown probability P(A;/B) : 
_ P(Aà-P(B/A;) ? 
P(A;/B)= — PB) TA ... (9:17) 


Since the event B can occur in mutually exclusive forms 
A,B, A;B,..., А,В, 
by applying the theorem of total probability, we get 
P(B) =P(A;).P(B/A;) + P(Ay).P(B/A,) +... + P(A;).P(B/As). 
Substituting the value of P(B) in equation (9-17), we get 
P(A;).P(B/A. 
PP РЕБ РАЗ BIA FF RBS 

9.9. Finite Stochastic Processes and Tree Diagrams 


A finite sequence of experiments in which each expriment has 
a finite number of outcomes with given probabilities is called finite 
stochastic process. A convenient way of describing such a process and 
finding the probability of any event is by means of a tree diagram. 
Tree diagrams have been used in solving problems 9-9-29 to 9-9-32. 


9:10. Additional Examples 
EXAMPLE 9.10-1 
A drawer contains 50 nuts and 100 washers., Half the nuts and 


half of the washers are rusted. If an item is randomly chosen, what 
is the probability that this item is a nut or it is rusted ? 


Solution 
Let event A denote that the item is a nut and event B denote 
that it is rusted. Then 


50 1 
Челн] 
26450 1 
апа P(B) go 100 =з. 
Then 2 (A or B)=P(A)+P(B)—P(AB) 
eme EPIS 
I SU KU Ый; 
WE 1 1 2 
ао PEST 
EXAMPLE 9.10-2 


An integer із choson at random from the first 100 positive inte- 
gers. What is the probability that the integer chosen is divisible by 
4 or by 6? 


йана ир NEC E 
——— C————— <_< 
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Solution 
Let event A=the integer chosen is divisible by 4, 


event В —the integer chosen is divisible by 6, 


and sample space S=(1, 2, 8,..., 100). 


251 
Then Р(А)=т0 = 
16_4 
P—;99—725 
8 2 
and P(AB)— 150 —35 ' 
since integers among the first 100 which are divisible both by 4 and 
100 


6 i.e., by 12 are only =a =: 


Now P (A or B) — P(A)-- P(B) —P(AB). 
ү МИР ОРО dd 
P(A ог В) = +35 —25 =100` 
EXAMPLE 9 10-3 
Three horses Ну, Н, and H; are in a race; Н, is twice as likoly 
to win as Н, and Н, is twice as likely to win as Н. Find 
(i) their individual probabilities of winning, 
(ii) the probability that H or Н; wins, 
Solution. 
(i) Let Hj)»; then P(H,)=2p and Р(Н,)=4р. 
Now the sum of the probabilities must be unity; hence 


1 
p+2p+4p=1 or paz 
4 2 1 
РН) == Р(Н,)= 7- and Р(Н,) = T 


2 
(i) Р(Н, or Hj) P(H9 +P) 7 bxc 


EXAMPLE 9.10.4 
Two cards are drawn from a pack of 52 cards, What is the 


probability that both cards drawn are aces ? 


Solution 

As there are 42 cards in the pack, there are 52 ways of drawing 
the first card. After the first card has been drawn, the second card 
can be extracted in 51 ways. Therefore, the total number of ways to 


draw two cards is 52x51. - All these cases are equally likely. 


/ 
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1 _ Let us now find the number of cases favourable to drawing of 
aces. As there are 4 асев, there are 4 ways to draw the first ace. 
After it has been drawn, there are 3 ways to extract the second ace. 
Therefore, the total number of ways to draw two aces is 4x 3. 

7. The required probability is 
4x3 a 1 


52x51 13x17 221 


EXAMPLE 9.10.5 
Two cards are drawn from 8 cards numbered 1 to 8. Find the 
probability that the sum is odd if 
. () the two cards are drawn one after the other without 
replacement. 
(či) the two cards are drawn one after the other with replace- 
ment. 
(99) the two cards are drawn together, 


Solution 

(i) There are 8x7=56 different possible ways todraw two 
cards one after the other without replacement. The sum will be odd 
ifone number is even and the otheris odd. There are 4x4—16 
ways to draw an even number and then an odd number; also there are 
4х4=16 ways to draw an odd number followed by an even number, 


16.16 
7 56 


«<, Probability p= 

(ii) There are 8 x 8=64 ways to draw two cards one after the 
other with replacement. As before, there are 4x 4--16 ways to draw 
&neven number and then an odd number; also there are 4x 4—16 


ways to draw an odd number followed by an even number, 


: E 16.16 3221 
.. Probability ERR YR 

ee 81. 8x7 - x 

(Hi) There are $0,— zre ~ g —28 ways to draw two 


cards together out of 8. There are 4x 4—16 ways to draw an even 
and an odd number. 
"4 16 4 
Probability == 

EXAMPLE 9.10.6 

А сага is drawn at random from а set of 20 cards, numbered 
1,2, 3,..., 20. Find the probability that its number is divisible by 
3 or 7. ў 
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Solution 
Let A be the event that the number extracted is divisible by 3 
and B the event that the number extracted is divisible by 7. 


Then PA=» Р(В)= n and P(AB) —0. 


P(A or B)=P(A) -P(B)—P(AB) 
бз 08,72. 
73) 30730 T 
EXAMPLE 9.10-7 ; 

A gambler draws & card from an ordinary pack of 52 cards and 
bets that it is a heart or а king. What ате the odds in favour of his 
winning this bet ? 

Solution 

Let A and B be the events that the card drawn is a heart and a 


+ 
=} , P(B)=57 = Since there 


king respectively, then PAPE 
is only one king of heart, P(AB)= " P 
The required probability is 
P(A or B)=P(4)+P(B)—P(4B) 


1 1 
R Pa IS бй 
_13+4-1 бе" A 
~~ 52 52 13 
If q represents the probability of losing the bet then 
Лы =й 3 
9 


£ 4. A 
+, Odds in favour are т * 1g or 4:9 


EXAMPLE 9.10-8 

(a) А coin is tossed n times ; what is the probability of head 
occurring m times ? 

(b) Find the probability of head occurring thrice in four throws. 

(c) What is the probability of getting tail at least once in 
part (b)? 

Solution 

(a) If the coin is tossed twice, there are four (2?) different 
possible arrangements HH, HT, TH, TT. 


560 


(0) 


(0) 


(c) 
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If the coin is tossed thrice, there are eight (2°) different 
possible arrangements HHH, HHT, HTH, THH, HTT, 
THT, TTH, ТТТ... 
Thus if the coin is tossed n times, there will be 2» different 
possible arrangements. The number of ‘possible arrangc- 
ments for the head to occur m times is same аз the number 
of combinations of n elements taken m at a time i.e., 
n! 
ТТС! 
and the required probability is 
2" 2m (пт) 
The required event ocours if the head comes thrice or four 
times in four throws. 


Now probability of occurrence of head thrice 


TARAI wead 
263) Li- E ч 


and probability of head occurring four times 


E 4 T 
9,4101 16^ 
Ав the events are mutually exelusive, the required probabi- 


Pete act ай 1 5 

lity is T tig EI 

Total number of possible cases for four throws is 24 ` Out 
of these, there is only one case (H, H, H, H) when tail does 
not turn up. Therefore, the number of cases favourable to 
obtaining tail at leaust once аге 24~1=15, so that the 


required probability is а. 


EXAMPLE 9.10.9 

During random tossing of a coin, a player scores one point for 

every head *H' and two points for every tail *T', He plays until his 

score reaches n. What is probability of attaining exactly п points ? 

Solution, 

The player can attain exactly m points by the following two 

mutually exclusive ways: 

(a) if throws head «H° when the score already obtained is 
n—1. 


(b) if he? throws tail *T' when the score already obtained is 


n—32. 
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Let p, denote the probabilities of exact n points. Since P(H)=4, 


P(T)=4; the probabilities in (а) and (b) are Р Ds and Jt геврес- 
tively. 
s a- 1 
ve P= E 2 = p Psi Pai) 


Similarly, Pp_1=3(Pn-2+Pn-s)» 
22-37 MPs з+2п-4), 
; P. MPs), 
23— 0+ Л), 
Pa==4(Pit Po). - 


Adding, p44- 37» 1— Р. НАРО 


or Dam — E tnc E 
N 1 k pth Pn-1 ao Pasa 1 
ow, po=l, p>} „. а= 3 +$+4= cUm +1. 


EXAMPLE 9.10-10 


A pair of dice is rolled once. Find the probability that the sum 
of two numbers is 


(i) three, 
(ii) eight, 
(iii) eleven. 
Solution 
Sample space S is —((zi, %), where 2,—1, 2, ..., 6; z4 (1 2, 
..., 6)}. Since the first die can have any number from 1 to 6 on 
it and the second die, quite independently, can also have any number 
from 1 to 6 on it, there are 6 x6=36 elements in the set S. Let A be 
the event that the sum is 3, B the event that the sum is 8 and C the 
event that the sum is 11. Then 
A=-{(1, 2), (2, 1) 
B={(1, 7), (2, 6), (8, 5), (4, 4), (5, 8), (6, 2), (7, 1) 
C»-((5, 6), (6, 5) 


Y 7 2. 1 
P(A) = mg. PB)= gg nd PO)= 3g = ig 


EXAMPLE 9.10-11 
A die is thrown n times. What is the probability of obtaining 
33-0 R. 
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‘four’ at least once? Also find the number of throws sufficient to 
assure that there are more chances to obtain ‘four’ at least once than 
there are chances to fail. 


Solution 


There are six different cases in the first throw and each case of 
the first throw can combine with each of the six cases of the second 
throw and so on, the total number of cases in 7 throws will be 6^. 
Instead of finding the cases favourable to ‘four’, it will be easier to find 
the number of cases unfavourable to getting ‘four’, In one throw 
there are 5 such cases and in ж throws there will be 5" such cases. 


Number of cases favourable to ‘four’ = 6n— 5^, 


n 


and the required probability p ie 7—57 -1— (= y 


Now, the statement that there are more chances to obtain ‘four’ 
at least once than there are chances to fail means that the probability 
p should be 21. 


л Же put 1— (5/6) >} 


or (5/6) —1«—4. 
or (5/6)"<} or (6/5 — * 
or п> cms or 223.8 ;* n=4. 


log 6—log 5 
Hence if a single die is thrown 4 times, there are more chances to 
Obtain ‘four’ at least once than there are chances to fail. 


EXAMPLE 9.10.12 
Two dice are thrown one after the other for » times. What is the 


probability of obtaining «double four’ at leaft once? How many 


times the two dice be thrown to ensure a probability >4 of obtaining 
‘double four’ at least once ? 


` Solution 
This problem is similar to the previous problem, There are 36 
cases in every throw and total number of cases for n throws will be 


36^. In one throw there ате 35 cases unfavourable to ‘double four’ 
and in » throws there will be 35” such cases, 


<. ‘Number of favourable cases = 36" —35^, 


and the required probability pm Tcr ( a + 


For the remaining part, р>} . i-( = ) >t 
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35 ^ 1 
ог (ж) < 
log 2 
CE Let 24 6. 
oF АР Лог 36 ло 8 sim 
п=25. 


In 25 throws there аге more chances of obtaining ‘double 
four' at least once than not to obtain at all. 
EXAMPLE 9.10-13 
A die is so weighted that when it is tossed, the probability of 
а number appearing on it is proportional to the given number (e.g. 4 
has twice the probability of appearing than 2). If event A represents 
а prime number ; B, an event number and C, an odd number, find 
(i) the probability space, 
(ii) P(A), P(B) and Р(С), 
(iii) (а) P(prime or even number), 
(b) P (prime and odd nuniber), 
(c) P (A but not B). 


Solution 
(i) Let P(l)=p- Then P(2)=2p, P(3) —3p, ..., P(6) 2 6p. Since 


the sum of probabilities must be unity, p t*2p-4-3p -4p-r-5p -6p «1 
or р=1/21. E 


ваат PA= gr. PO 0-0, Pant, 
P эт. POT aL -I- 
uidi: 3,5) с. PA AED, ы; 
B={2,4, 6} - PBa о 
os{,3, = pode E xm 
(iii) (a) P(A or B)=P (2,3, 4, 5, 6) = c 
(b) P(A or C) P($, у— 25 _ 5. 


8 


(c) P(A but not B) - P(3, 5) = 3p 


564 Operations Research : An Introduction 


EXAMPLE 9-10-14 

An urn contains 7 pieces of paper of equal sized marked 1 to 7. 
Find the probability of drawing a strip 

(5) with an even number, 

(ii) with an odd number. 

Solution, (i) Probability of drawing any strip of paper is 1/7. 
There are 3 strips with even number e.g. 2, 4, 6. 

*, Probability of drawing a strip with even number — 3/7. 

(ii) Probability of drawing a strip with ‘odd number —1—3/7 
=4/7, Я 
е 9.10-15 

An urn сопбаїпв:6 white and 3 black balls. One ball is drawn, 
its colour unnoted and itis laid aside. Another ball is then drawn. 
Find the probability that it is white or black. 

Solution 


As there are 9 balls in all, there are 9 ways to draw the first 
ball and whatever its colour, there remain 8 ways to draw the second 
ball. "Therefore, the total number of equally likely cases is 9x 8—72. 


Now let us find the number of cases favourable to drawing a 
Second white or black ball. Suppose we are interested in white ball 
in the second drawing. If the first ball were white it could be drawn 
in ô ways and the second white ball obviously could be drawn in 5 
ways, so that the number of favourable cases is 0x 5—30. Again, 
supposing the first ball were black, it could be drawn in 3 ways and 
the second white ball could be drawn in 6 ways, во that the number 
of favourable cases is 3х 6—18. The total number of favourable 
cases is 30418 —48. 

* Th x Ws c 48 2 

m e required probability of white ball= >= = 

Similarly, it can be found that probability of black ball=}. 
EXAMPLE 9.10.16 

An urn contains 6 white and 3 black balls. а white ball is 
drawn first and then a second ball is drawn, What is the probability 
of second ball to be white ? 

Solution 

The first write ball can be drawn in 6 ways and the second ball 
in 8 ways. 

— Number of equally likely cases—6 8—48. 


Number of cases favourable to getting the second white 
ball 


gu 
e 
€ 


Probability Theory 
=6x5=30. 
2. The required probability йй es 
48 8 
EXAMPLE 9.10-17 
An urn contains m white balls and n black balls. a+b balls are 


drawn from this urn; find the probability that among them there are 
exactly a white and b black balls. 


Solution 


Total number of possible and equally likely ways to draw a+b 
balls out of the total of m+n balls is 2+>C nin. Now a white ball 
can be drawn from a total of m white balls in «C, ways; and like- 
wise b black balls can be drawn from a total of n black balls in Cr 
ways. 


.. Total number of ways to draw exactly a white and 5 black 
balls 


=U, . *C,. 
The require} probability is 
2€, . 2С, 
кылыб Am 
EXAMPLE 9-10-18 
A box contains 20 pieces of which 8 are defective. Two pieces 
are drawn at random from the box. Find the probability that 
(i) both pieces are good, 
(it) both are defective, 
(iii) one is good and the other is defective. 


Solution 
(i) Let event А -— (first piece is good), 


and event B— (second piece is good); 
theh event AB = (both pieces are good). 


a P(AB)=P(A).P(B/A) 
129 111.133 
=20 ' 19 ^95 


(ii) Similarly, probability that both pieces are defective 


ВИ 
-3»: pE 
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(tit) First Method. Let event C 
= (One piece is good and one is defective} 


Then P (A)+P(B)+P(C)=1, since they are mutually exclusive 
events, 
33 14 48 
. PC) Б —95 ^95: 
Second Method. Let event D 
= (first piece is good and second is defective} 
and event E—(first piece is defective and second is good), 
P(C)=P(D)+P(E), since the two events are mutually 
exclusive. 
12 8 8 12 24 24 48 
20° i9 +20 ` 19 =95 95—98 ` 
EXAMPLE 9.10.19. 
Ten digits 0, 1, 2, ..., 9 are in random order, What is the 


probability that the digits 5 and 6 come together ? 


Solution 

Digits 5 and 6 can come together in the following 18 ways : 
Event А;: 56————————, 

Event A,: psi { ae hte к у кеу 

Event Ay: eee A 

Event B,: 65—— —————-—, 

Event B,: 20b Ru 7 

Event B,: ———————— 65. 


Probability of digits 5 and 6 to come together 
=Р(А.+А,+...+А,+В,+В,+...+В) 
= P(A;)+ P(A2)+...+ P(As) + P(B,) +P(Bs)-+--.-+P(By) 
—18.P(A;) (since the events are mutually exclusive and 


equally likely) 
1 1 
== ie (1 LI F) 
1 
=з: 
EXAMPLE 9-10-20. 


If two integers A and B (B>A) are selected at random, what 
is the probability that they have no common divisor ? 


———— 
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Solution 


The probability that A has a prime pas a factor is = . The 
) probability that both A and B contain p as a factor is E . The 


probability that both A and B do not contain p is 1— E k 
Now the probability that no prime number is a common factor 
І of A and В is given by 
Р =рз.Рз.ра..-Ра--., Where р, Їз the probability that 2 is not a 
common factor of A and B, рз із the probability that 3 is nota 
common factor of A and B and so on. 


г. The probability that A and B do not have a common divisor 
H ( 1 1 6 
"(m )om o) 


EXAMPLE 9.10-21 


A man aged 50 years has odds 4:7 in favour of his living upto 
75 years, while his wife aged 45 years has odds 3:4 in favour of her 
living upto 70 years. Find the probability of 
(7) the’ couple living alive 25 years hence, 
(ii) at least one of them living alive 25 years hence. 
Solution 
(i) Probability of the man living alive 25 years hence, 


4 
P(A)=7- 
Probability of his wife living alive 25 years hence, 
3 
Р(В) = т: 


Probability of the couple living alive 25 years hence, 
4 3 12 
P Dod dri ey d B= Tm 
(?i) Probability of at least one of them living 25 years hence, 
P (A or B)=P (A)4-P(B)—P (AB) 
4 29. 12-7 
CIPTOG CAUTE 
EXAMPLE 9:10.22 
Three men M;, Ma, M,, and two women W, and W, play ina 
cthessournament. Persons of the same sex have equal probability 
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of winning, but the probability of winning for a man is twice as great 
as that of a woman. Find the probability that 


(i) а man wins the tournament, 
(ti) one of M, and W, wins the tournament, 
Solution 
. Let P(W,)=p; then P(W,)=<p and P(M,)=P(M,) = P(M,)=2p. 
As the sum of vrobabilities must be unity, 


1 
P+P+2p+2p42p=1 a De. 
(i) Probability that a man wins =P(M, or M, or Mj) 
=Р(М,)+Р(М„)-+2(М,) 
62678 
=т= г: 
(i) Probability that one of М, and W, wins=P(M, or W;) 
7 P(Mj) -P(W;) 
2+1 3 
EXAMPLE 9-10-23 


Three light bulbs are drawn at random from 12 bulbs of which 
4 are defective, Find the probability that 


(i) none is defective, 
(ii) exactly one is defective, 
(iii) at least one is defective. 
Solution 
There аге 1С, 
12! 12x11x10 


=o] ——3x3x] 7220 ways to draw 3 bulbs 


from the 12 bulbs. 


(i) Since there are 12 —4—8 non-defective bulbs, there are 


! 
"Go RII „576 =56 waysto draw 3 non-defec- 


tive bulbs, 
i ers 56 14 
2. Тһе associated probability в 0 —'B55- 


(ii) There are 4 defective bulbs and 80,81 _ #7 _9¢ 


2161-7 2x1 
different pairs of non-defective bulbs; hence there are 
4х 28—112 ways to choose three bulbs so that exactly one 
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of them is defective. 


3 TTA AEE 11998 
The associated probability =a = ae 
(iii) The event that at least one bulb is defective is complemen- 
tary to the event that none of the bulbs is defective. 


f T 14 41 
The associated probability = 1—55 = 


EXAMPLE 9.10.24 : 


Two guns G, and G, are used to firea target. In a given 
interval G, can fire 8 shots while G, can fire 10. On an average 8 
shots out of 10 fired by G, and 7 shots out of 10 fired by G; hit the 
target. Both guns fire and the target is hit. What is the probability 
that the shot fired by G, hits the target ? t 

Solution 

Let events A, and A, denote a shot fired from guns G, and G 
respectively. As Сү fires 8 shots in the time in which б» fires 10, 
P(A;)=0.8 P(A;. Further, let B denote the event the target is hit. 
Then P(B/A,) —0.8 and P (B/A,)=0.7. 

Then by Bayes' formula, 

P(A»). P(B/A;) 
P(A). P(B/Ay)+ P(A;). P (B/A;) 
Р(А,). (0.7) 
= 0.8 P(A;). (0.8)--P (Ay). (0.7) 
0.7 0.7 


77034407 = 134 —0 97. 


P(A,/B)= 


EXAMPLE 9.10.25 

Given the information that a family contains two children and 
that at least one of these two children is a girl, find the probability 
that both are girls. 

Solution 

The original sample space is (GG, GB, BG, BB}, in which 
each outcome has a probability of = . The reduced sample space 


with outcomes ensuring that there is at least one girl is GG, GB, BG 
and out of this, the probability of the outcome that both are girls 
1 


is 3: 


EXAMPLE 9.10-26 
A ball is transferred from an urn containing two white and 
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three black balls to another containing four white and fve black 
balls. А white ball is then taken out from the second urn. What 
is the probability that the transferred ball was white ? 

Solution 

Let A, and A, be the two events.of transferring a white and а 


black ball respectively and B be the event of drawing a white ball 
from the second urn. 


2 2 5 
Then, Peg. P B= 
p 3 3 
=F and P (0-те, 
4 2 
PBA) =a SER 
P (A). P(B/A;) 
P(A CERCASI EL idle iae Г MESES. 
8) = Ba PCB) Aart Pia). PBA) 
2 1 1 1 
EXT БАИ 
= Og GUB MEAT 0-8: A EET 
Us Baia Ба 95. 
5 
EE 
EXAMPLE 9.10-27 


An urn contains a white balls aud b black balls; another 
contains ¢ white and d black balls, One ball is transferred from the 
first urn to the second and then a ball is drawn from the latter. What 
is the probability that it will be a white ball ? 

Solution 

Let A, and А, be the two events of transferring a white and a 
black ball respectively and B be the event of drawing a white ball 
from the second urn. Then, 


1 
P(A) ==, SP B= ; 


тА pe POM Tp 
Now Р (B) =Р (А). P (B/3;) +P (А,). P (B/A;) 
a с+1 b c 
ES Эу: op 
a+ac+be 


~~ (a+ 6) (e-+d+1) * 
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EXAMPLE 9.10.28 

Two players play the game of tossing a die with faces marked 
lto6. He who first gets face 1, wins the game. What is the 
probability that the player who starts the game, wins it ? "What is 
the probability of the other player winning it ? 

Solution 

Let A and B be the two players and let A start the game. The 
game сап be won by A, first, if he gets face 1 in the first 
throw ; second, if A and В do not get face 1 in the first throw and A 
gets it in the second throw ; third, if A and B do not get face 1 in 
the first and second throws and A gets it in the third throw ; and so 
on. 


Now probability of A winning in the first throw 


1 
= 6 , 
probability of A winning in the second throw 
5 5 1 


probability of A winning the 3rd throw 
5 5 5 5 1 
6” 6° % ЫТ; rg 
Total probability of А winning the game 
1-5. —5 Lu nt, ene, ees С 
m8 ^9 5.6038 7g ^g oe eG 
— 


and so on. 


| Meer 
1 5M (5 y 
siye) ] 
1 1 
6 ` 1-(5/69 
6 
mme 
Ж + 6 5 > 
Probability of B winning the ваше=1— тг=тг Р 


ЕХАМРГЕ 9.10-29 

Three boxes Ву, В, and B, contain light bulbs. В, contains 9 
bulbs of which 4 are defective, В, 5 bulbs of which 2 are defective 
and В, 7 bulbs of which 3 are defective. A bulb is drawn at random 
from any one box. What is the probability that the bulb is 
defective ? j ae 
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Solution 

Two operations are performed in this experiment : 

(a) one out of the three boxes is selected, 

(0) a bulb which is either defective (D) or non-defective (№) is 
drawn. 

The following tree diagram describes this process and gives 
the probability of each branch of the tree. 


c 
^ 
к oz oz 


Fig. 9-1 


From the diagram, the probabilities of selecting the defective 
1 4 1 2 1 3 
bulb from boxes B,, B; and B, are 4uj'c* B5 and 3T 
respectively. 
Probability of getting a defective bulb from В, or B, or By 


EXAMPLE 9-10-30 
A weighted coin having P(H)-- x and P(T) -+ is tossed. 


If head comes up, a number is selected at random from1 toll; if 
tailcomes up, then a number is selected at random from 1 to 7. 
Find the probability that an even number is selected, 


Solution 
The tree diagram with respective probabilities is 
Ун E 
Ys н [7 
o 
2, 
5 x, * 
Д Yr 
o 
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Probability of selecting an even number from numbers 1 to 11 
is E since there are 5 even numbers out of 11. Similarly, probability 
of selecting an even number from numbers 1 to 7 is 3/7. Now two 


paths lead to an even number and the required probability is 
35. 2-38 


EXAMPLE 9-10-31 


In a factory, three machines A, B and C produce 30%, 25% 
and 45% of the items, Of their output, 1, 1-5 and 2 per cent are 
defective. If an item is diawn at random, what is the probability 
that it is defective ? What is the probability that it was produced by 
A, B orC? 


Solution 


A акс EIN. 
pE 


Fig. 9:3 
Probability that the item is defective 
=0:30 x 0:01 4-0-25 x 0:015 4-0-45 x 0-02 
=0:0030+0:00375+ 0-0090 
=0-01575 
= 0-016. 
Probability that the item was produced by 


0-003 
A =o” 19. 
Probability that the item was produced by 
p 200375 0004 _ 
~ 0-016 ^0-016 
Probability that the item was produced by 


0:25 


Var AS area oe 
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Alternatively, let Е be the event that the item is defective. 


(hen P (E) P(A). РЕЈА) + P(B)-PCH/B) + P(C). Р(Е/С) 
=0-30> 0-01-1-0-25 x 0-015-1-0-45 x 0-02 


=0°016. 
Using Bayes’ theorem, 
P(A(E)= Р(А).Р(Е/А) 
PEPEPEPE POPE) 
0:30 x 0-01 
= 0-30 x0 01-025 0015045 x 002 
0-003 3 
—70:01 
б 20:19. 
Similarly, P (B/E)=0-25 and P (C/E) = 0:56. 


EXAMPLE 9-10-32 

An urn contains 4 green and 6 red marbles. А marble is drawn 
from the urn‘and a marble of other colour is put into it. Then a 
second marble is drawn from the urn. 

(9 Find the probability that second marble is green. 

(i) If both marbles are of the same colour, what is the proba- 
bility that they were red ? 


е 
Fig. 9-4 
Solution 
(i) Probability that the second marble is green 
4 36 5 

=0` 10710 w 

а pr 
(ii) Probability that both marbles are of the same colour 


4 3 6 


5 
=y ` io tio Я 100% 
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probability that both marbles are red 
6 5 
= io^? 30. 
The conditional probability 
030 6 
7042 = 7° 
9-11. Random Variables 
А random variable is also called variate, chance variable or 
stochastic variable. It is a real valued function defined over the sample - 
space of an experiment. Thus random variable isa variable whose 
value is a number determined by the outcome of an experiment, with 
which is associated a sample space. 
EXAMPLE 9-11-1 
In the experiment of rolling ofa die, the random variable is 
represented by the set of outcomes {1, 2, 3, 4, 5,6}. Inthe experi- 
ment of tossing of a coin, the outcomes, head (H) and tail (T) can be 
represented as a randonf variable by assigning 0 to H and 1 to T. 


912. Discrete and Continuous Random Variables 


A random variable x is called discrete if the number of possible 
values of z (i.e. the range Space) is finite or countably infinite i.e., 
possible values of z may bez, a, ..., Zn, .... The list terminates 
inthe finite case, while it continues indefinitely in the countably 
infinite case, 7 

А discrete variable takes specific values at disorete points on the 
real line. For instance, number of members of a family, number of 
students in a class, number of passengers in a bus, tossing of a coin 
and rolling of a die, all are examples of discrete variables. 


A random variable is called continuous if its range space is an 
interval or a collection of intervals. А continuous variable can 
assume any value over a continuous range of the real line. For 
instance, heights of school children, temperatures and barometric 
pressures of different cities are examples of continuous variables, 


9:13. Probability Distribution of a Discrete Random 


Variable 
Let x be a discrete random variable on a sample space 8 of at 
most a countably infinite number of values д, Bg oes Bas. vaso.) With 


each possible outcome z;, we associate a number ‘P(z;) and call it 
the probability of z;. The number P (2%) must satisfy the following 
two conditions : - 

(i) P (2;);>0, for all values of i, 


— 
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n 
(ii) М P (=)=1. (918) 


The function P is called probability function of the random 
variable z. 


EXAMPLE 913-1 


A pair of fair dice is rolled once. Let x be the random variable 
whose value for any outcome is the sum of the two numbers on the 
dice, 


(i) Find the probability function of т. Construct the proba- 
bility table and a probability chart. 
(ii) Find the probability that z is an odd number. 
(їй) Find P (3«2,«9) and P (0«z;«4). 
Solution 
(i) As'z is the random variable whose value for any outcome 
is the sum of the two numbers on the dice, the range for x is 
(2, 3,4, ... 11, 12). 
Event for which z=2is (l, 1) te. one, 
Events for which z=3 are (1, 2), (2, 1) i.e., two, 
22-4 are (1, 3), (2 2), (3, 1) i.e., three, 
2 5 are (1,4), (2, 3), (3, 2), (4, 1) i.e., four, 


z =6 are (1, 5), (2, 4), (3, 3), (4, 2), (5, 1) 
i.e., five, 


z +1 are (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), 
ә (6, 1) i.e., six, 


z=8 are (2, 6), (3, 5), (4, 4), 5, 3), (6, 2) 
i.e., five, 


2-9 are (3, 6), (4, 5), (5, 4), (6, 3) f.e., four, 
22.10 are (4, 6), (5, 5), (6, 4) d.e., three, 
z=11 are (5, б), (6, 5) i-e., two, 

event for which x=12 is (6, 6) #.¢., one. 

Thus the probability distribution is as shown in table 9-1 below. 


Table 9-1 
БУ = ae SS ak A Peg ИИВ P 
2-7 3. ee eo 4:2 She a 


P 1 pm — p = oe p 
P()| э so 36 36 36 36 36 39 36 36 36 
б 36 30 ee 
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The probability distribution is represented on the chart as shown 
in figure 9-5. 


P(z-3) -P(—5)4- P(z 7) P(z—9) + P(r) 
AAA СД. i 
=36 +36 +36 *36 +35 = g^ 


9 
(H) PG «9)— N Pie) —=[Pe=3)4 P24) + e) 
t=3 


+P(2=6)+ P(z27)-- P(z 8)-4-P(a..9)] 


2 3 4 5 6 5 4 29 
=36 +36 +36 +36 +35 +36+36 738^ 


4 
POK <A) = S Pis) - (P(z* 2) P3) 4. P(e 6) 
3 $2 
Lx 8 1 
=36 +36 +36 —- 
9:14. Probability Distribution of a Continuous Random 
Variable 

If z is а continuous random variable, it will have infinite num- 
ber of values in any interval howsoever small. The probability that 
this variable lies in the infinitesimal interval (z, z--dz) is expressed 
as f(z).dz, where the fanction f(a) is called probability density func. 
tion (p.d.f.). If ж is a continuous random variable on the range 
(— оо, оо) its p.d.f. f(z) must satisfy the following two conditions : 
31—0.R. 
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9). J(2298, - —оо<=<оо, 
T 
(ii) [ло "EUR 09:19) 


The first condition іп both discrete and continuous distributions 
means that p.d.f. is always positive (otherwise the probability of 
some events will be negative), while the second condition means that 
the sum of all probabilities is unity. 

A knowledge of p.d.f. helps one to calculate all other types of 
probabilities. For example, it can be shown that 


b 
Реа) | Де). de=KW)—F(a). 
` a 


EXAMPLE 9-14-1 


Verify that 
Е, (£50, t£ —1; 


ier, —1<(<1; 
=l, t>1; 
ia a distribution function and specify the probability density furstion 
for х. Use it to compute »( 23 <<) 4 
Solution 


gt (t)=9, for t —1 and t» 1; 


ad Y ‚ог —l<t<l. 
The derivative does not exist at (——1 andf=1, but we can 
easily define 
vite; for —1<2<1; 
=0, otherwise ; 
which is the required p.d.f. 


| 
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9.15 Cumulative Density Function (or Cumulative Distri- 
bution Function or Sim р.у Distribution Function) 


(а) Continuous Case. Let x be the continuous random 
variable, and F(x) the cumulative density function (CDF) for 
variable z, —co<2<oo. 


In terms of p.d.f. f(z), it is given by 


a 
Ft) | Ј(а). dz. (9.20) 


Evidently F(a) represents the area enclosed under Ла) within | 
the range —eocz <a. 
Also, when z «a, Р(х еза) «0, since the enclosed area is zero. 


Further, if a and б are two real numbers such that —оо<а<‹1 
5«oo, the probability of the event a<z <b is given by 
b 


P(a<z<b)= | Ја). dz | Ја). а јлда 


= F(^) — F(a). (9.21) 


The eumulative distribution funotion F(a) has the following 
properties : 


а 
(i) Lim Е(а) = Lim | Ја). dx 1, ] 
аз Гү 


- b +++ (0.22) 
(ii) Lim F(a) Lim | Да). demo, | 
a> — = азе | 
—- J 
These properties indicate that F(a) is а monotone, non-decreas- 
ing function of a. 
Lastly, from the relationship between Ја) and F(z), it can Ье“ 
concluded that 
d 
Дх) = zm [Е (z)]. ...(9.23) 
It follows that the probability law of a random variable x is 
defined completely by either f(z) or F(z). 


(b) Discrete Case. Let z be a random variable, a be a rea] 
num ber and F(a) the probability that z takes values less than or 
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equal to a i.e., 
F(a) — P(z«a). ...(9.24) 

Then the function F(a) as defined above is called cumulative 
distribution function of z. 

Thus various results for CDF in the discrete case can be 
obtained by simply substituting P(x) for f(z) in all the above 
properties. Obviously, integration will be replaced by summation 
and differentiation by differences. The CDF will be step function 
since the p.d.f. is defined at discrete points only. 

EXAMPLE 9.15-1 


102 іна continuous random variable with the following 
distribution : 


үз! ‚0<г<9 


0 ОО, 
find Орр and represent it graphically. 


1(x) 


Solution 


The CDF for ve range 0« «2 is defined as 


a 


re | f(t). dt». [s уй = =. 
0 0 


| 0 ‚ 2<0 
А F(j— a4  ,0«z«2 
1 » $2. 


It is shown graphically in Fig, 9.6. 
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EXAMPLE 9.15.2 

A fair die is rolled once. The faces are numbered 1, 2,..., 6 
and the probability of any face coming up is same i.e., 1/6. Find the 
CDF and represent it graphically. 


Solution 

The various events with their associated probabilities are 
4 1 2 3 + 5 6 
Р(х) 1/6 1/6 1/6 1/6 16 1/6 


1=2 


Then ғә У 6—2, 2—1, 2, 3, ..., 6. 
il 


The complete CDF is shown in Fig. 9.7. 


Fig. 9.7 


The CDF curve is a step curve consisting of horizontal line 
_ Segments only. 


9.16 Mathematical Expectation of a Random Variable 


It has been shown in the previous sections that if x is a discrete 
random variable, either distribution function Рух) or probability 
function p can be used to evaluate probability statements about x. If, 
however, v is a continuous random variable, either distribution fune- 
tion F(z) or density function fix) сап Бе used to evaluate probability 
statements about z. However, very often the average or expected 
value of z and not merely the probability statement of z, in a certain 

nterval is asked for. 
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If z is a discrete random variable which takes mutually exclusive 
values ay 25, ...,z, with associated probability functions P(z;), 
P(x), ..., Р(2,), then'the mathematical expectation of =, denoted by 
E(x) is given by 


E(z) =m P(zj) 4-2, Р(а„)+......-Еа„ P(r) 
n 
nS z P (2), ...(9-25) 
‘= 


so long as the sum is absolutely convergent. 
This number is also called the expected value or mean value of x. 


Similarly, ifz is the continuous random variable with 
probability density function f(x), the expected value of ж is defined as 


| ERA ...(9.26) 
so long as the integralis absolutely convergent. If integral or the 
sum is not absolutely convergent, the expected value does not 
exist, 

The above results for expectation ofa random variable can be 
easily extended to the expectation of a function of the random vari- 
able. Let х be the discrete random variable with possible values 2 
тз, ae n occurring with probability functions P(z), Р(х»), ..., Р(2,) 
respectively. Let H(z) be a function of x, then H(z) is also a 
discrete random variable and its expected value is given by 

E [Н(@)] = H(z). P(e) +H (22). P(zz) + ..-H (aq). Ра) 
n 
= 5 H(z). P(z;), ... (9.27) 
del 
provided the series is absolutely convergent. 

Tf v із a continuous random variable with probability density 
function f(z), then integration rather than summation will be used 
to get the expected value of H(z). 


Thus Ена) = | ee). Ла). de, NS 


provided the integral is absolutely convergent. 
Laws of Mathematical Expectation 
1. E(k)—k i.e., expectation of a constant— constant itself. 
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2. E(kx)=k Е(х) i.e., expectation of a product of a constant and 
chance variable= product of constant and expectation of chance 
variable. 

3. E(z+ yd2 +...)=E(x) + E(y) +E (2) +... 

i.e., expectation of sum (or difference)=sum (or difference) of 
expectations, 

4. E(zyz...) - E(z). E(y). Еб) .... 

i.e., expectation of a product of independent chance variables 
=product of their expectations, 

5. E(k+Je)=k+1 E(z), where k and I are constants. 


EXAMPLE 9.16-1 

A doctor recommends a patient to goon a particular diet for 
two weeks and there is equal likelihood for the patient to lose his 
weight between 2 kg. and 4kg. What is the average amount the 
patient is expected to lose on this diet ? 


Solution 
1 
Д®=- ‚2<<4; 


=0, otherwise. 
The weight expected to be lost 


4 
2 
=E= | = rz |2 
2 
1 2 2 
241-2 Js xe. 


EXAMPLE 9.16-2 


In the game of rolling a fair die with faces numbered; 1 to 6, a 
person gets as many rupees as the number of the face that turns up. 
What is the mathematical expectation of his earnings ? 

Solution 


The possible earnings together with their associated probabilities 
are given below. Р 


zi 1 2 3 4 5 6 

Е 1 1 1 1 1 1 

а agn Np. аф 
6 


1 1 
а Eg) У s Pil s +2. күз, 6 


tol 
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EXAMPLE 9.16.3 


In the game of rolling two dice simultaneously, a person is to 
get as many rupees as the sum of the numbers on the faces of the two 
dice. What is the mathematical expectation of his earnings ? Я 


Solution 


As discussed in example 9.13.1, the 
{together with their associated probabilites are 


various possible earnings 


a Do is uM CEA RET 8.9. 10 
RUE 0.5.4.3 
Pe) ЗЧ % 36 36 30 б 386 36 36 
n e 
s Е 
36 ^3 
12 
A Beje У Piz) 
TE 
= ees за +5 Aa los 


5 
+ Bag + apt 
=Rs. 7. 


EXAMPLE 9-16-4 

Two persons A and B, play the game of tossing a die with faces 
marked 1 to 6. He who first gets face 1, wins the game. If A begins 
the game and each player wins an amount of money equal to the 
amount of tosses required to win, find their respective mathematical 


expectations. 


Solution 
Game can be won A, first, if he gets face 1 
second, if A and B do not get face 1 in the first throw and A gets it in 
the second throw; third, if A and B do not get face 1 in the first and 
second throws and A gets it in the third throw, and so on. 


1 


Now probability of Awinning in the first throw — б 


in the first throw; 


М 
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probability of A winning in the second throw 
5 5 1 bw 1 
puo 0g 361 a) BEE e 
probability of A winning in the third throw 
5 5 5 5 1 bU SE 
вв) m 
probability of A winning in the fourth throw 


-(+) А * and so on. 


A's mathematical expectation is 


L 5il aol 
Б). +3. (т) rir (z) vx 


47 e y Ede | (929) 


This is an arithmetico-geometric progression with (+) as the 
\ 
common ratio for the geometric progression. 
5M bs 1 5 M1 5 \el 
ay (=) .E(z) -(3-) drm +3. (v) +5. (s y ete 
» (9:30) 


Subtracting equation (9:30) from (9-29), 


п 1 зур 1 5 
ap Beal. 59s) +( 
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Similarly B's mathematical expectation is 


2 1 (таг уза 0] Б ўар 
E(y)-2 А B 
(0) (s) oth (6) ghe: (s exe 
1 
D 


А 10 36 - 360 
аз aur 


9.17. Central Tendency 


Having collected the data for a random variable z, 

Eand analysed it in the form of frequency distribution, the next step is 

to find the nature of distribution. Central tendency—a property for 

values of « to tend towards the centre is quite important in this 

context. The three most important measures of central tendency 
are mean, mode and median. 


Mean. Ifzis the random variable, then its expected value 
E(x) itself is called the mean or average value of x and denoted by Ж. 
Mean value of the random variable locates the middle of its probabi- 
lity function, 

Mode. The mode of a random variable x is that value of the 
variable which occurs with the greatest frequency and is denoted by 


4. It is possible that а particular distribution may not have a mode, 
or if it has a mode, it may not be unique. A distribution is called 
unimodal, bimodal, trimodal, ... depending upon whether іс has one, 
two, three, ... modes. 


For a discrete distribution, mode z is determined by the follow- 
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'' 


ing inequations : 


Pax) <P(e=2), ща ape 


and P(z—zj)&P(r—2), r< 
For a continuous distribution it is determined by the following 
equations/inequations : 


d 
dz [J(2)]0. 
be +++(9°32) 
and gal ll =0. 
Median. For a discrete or continuous distribution of a random 


variable z, the median is defined as the variate—value X which satis- 
fies the following inequations : 


Pag X)=4, 


and P(r2X)-l- ...9"83) 


a 5 
It is denoted by z. Thus if a continuous distribution function 


has a p.d.f. f(x) іп the range (а, b) еп z is given by 


a z г 
[<= 8 | Ја). (934) 
а E 


Note. If mean and median are, known, the mode can be 

calculated from the empirical formula 
Mean— Mode =3(Mean— Median), 

9:18. Dispersion or Variability 

The probability function of a random variable z indicates the 
possible values that z can have together with their associated 
probabilities. The mean or E(x) indicates where the centre of the 
mass of the probability function is located. It gives a quick picture 
of the long run average result when an experiment is repeated a large 
number of times. However, it gives no idea as to how results of one 
performance vary from the other. 

The property which indicates the degree of variability of data 
about the central value is called dispersion. Two important measures 
mean deviation and standard deviation (or Variance). 


of dispersion are 
(i) Mean Deviation. Mean deviation (M.D.), ‘8(a)’ of a 
sample or population from a value ‘a’ is defined as 


‚ (a) 3(а)=Е( | 2—2 1) 
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1 
=y Zhi [а |. k --(9:35) 
The above equation (9:35) is a general expression applicable to 
all statistics. 
For example, mean deviation from mean is given by 
S(£)—E( | x—2 |), 
and mean deviation from median is given by 


3(z)—E( | z—2 | ). 
Unless otherwise mentioned, 8() stands for mean deviation from 
the mean i.e., à(Z). 


Though mean deviation is a Eood measure of dispersion, it is 
difficult to be treated mathematically. 

(ii) Variance. If x is a tandom variable whose possible 
values 21, 25, ..., % occur with probabilities f(x), f(x), +, frs), then 
the variance of а is denoted by Var(z) ог c;* or S2 and is defined by 


Var (2) 6, — E(z— п) 


=x > Ла) (ti—p)2, ...(9-36) 
tol 
(For a population with mean E(z)— н). 
and Var (2) 2 S13 E(x — 2)? 


1 n 
TN X (937) 
i=l 


(For a large sample with mean E(z)=7). 
Calculations of Variance 
For a population, Var (2) o E(z— u)? 
= E(23— 25g рз) 
—E(2*)— 2. E(z) + uà 
= Ea) —2p2 риз 
Ва) p Ele") Fay. (9.38) 
.. Variance can be calculated as average of squares of x minus 
square of the average of x, 
For a large sample, 


Varr) У flees) (т) 


i=l 


ÉSTOS 
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n 
1 
S (22—221. 24-2). (ач) 
ху, 


n 


1 
= [ х2 f(xi) —2E x аң /(аң) 
i=l i=l 
А n 
+" У ла ] 
isl 
= n 
-x[> sg. f(n)—2z. B42. 1] 
imal 
\ Ў а 
| = [> x? /(а)—* |] (9.39) 
| i=l 
Variance is also called second moment of dispersion. 


_ (iii) Standard Deviation. The pos itive square 1cot o 
variance is called standard deviation (S.D.) and is denoted by c, or S. 


Thus c; — J- VVar (x) 
=[E (2— nyt (for a population) :..(9.40) 


=[Е (2) (for a large sample). (9.41) 
If random variable x is expressed in some units, units of variance 
à will be squares of the units of х. However, units of standard deviation 
are the same as the units of x and hence S.D. is of more interest to 
calculate dispersion. 
EXAMPLE 9.18-1 
Caleulate variance and standard deviation of the random 
variable 2 defined in example 9.16-1. 


Solution 

4 
i Variance e2-[e- v. = dx 

2 

Iret 

(= 1 1 
: -3[527 ]-«[o-e» es. 
2 


1 
and б< V3: 


| 
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EXAMPLE 9.18.2 


Calculate variance and standard deviation of the random 
variable x defined in example 9.16.3, 


Solution 
EN MEUM EINE S NS. 19 1 m» 
1 2 3 4 5 6 5 4 3 2 1 
DUUM UN ur CGU udo € э жзг 
As already calculated in example 9.16-3, mean E(z)—7. 
Е(22) = 22, pun x 442, = $5 er 4e a4 
as, zet”: ug +10, ans qoi ar 
2204.8. 
7 Var (a)=E(x*)+[E(x) © 
=55.8—49 
=5.8, 
and S.D. = V5.8=2-4. 
EXAMPLE 9.18.3 


A box contains electrio bulbs, proportion р of which are 
defective. A bulb is drawn at random ;if х has value 1 when the 
bulb is defective and zero otherwise, obtain the variance of z. 


Solution 
2 2 1 0 
P(x) + р 1—p(=9) 


a E(z) —1.p 4-0.4—p, 
E(x?) —12.p 4-02,5— p. 
то Var(z)— E(zt)-— [E(z]] — p—p*— p(1— p) -. pg. 
EXAMPLE 9.18-4 
Mean and variance of z are 25 and 2 respectively. Find 
(й E24), 
(ii) Var (3z—2), 
(#44) саг, 
(iv) Var (— 2), 
(0) с... 
Solution 
G) Var (z)— E(z*) — [E(z)]* 
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: 2— E(a*)--(25)* 
ds E(x)?= 627. 
(ii) Var (82-2) 5 Var (32) 9 Var (х) 29 x2=18. 


(iii) оза а= + VI8=4-24. 
(iv) Var (—2)= Var (x)=2. 
(0) og=+/2=1414, 
9.19 DISCRETE PROBABILITY DISTRIBUTIONS 


| In this section a brief account is given ofa few discrete 
probability distributions which have a wider use in practice. 


9.19.14 Beraoulli Trials and Binomial Distribution 


Bernoulli Trial. It isan experiment which has only two 
possible outcomes, success (S) and failure (F). Various examples of 
Bernoulli trials are : tossing of a coin (head ortail), firing a target 
(hit or miss), fighting an election (win or not win), playing a game 
(win or lose), ete. In fact, any chance mechanism whose outcomes 
ean be grouped into two classes may be regarded as a Bernoulli 
trial. 

Binomial Distribution. We make n trials. The result of each 
trial is random and can either be success or failure. Let р be the 
probability of suecess and q\=1—p) be the probability of failure. 
The results of n trials are independent i.e, the outcome of any 
particular trial depends neither on the outeomes of the previous trials 
nor the trials that follow. Since the trials are independent, the 

probabilities are multiplied. Suppose we are interes‘ed only in the 
total number of successes in m Bernoulli trials. The number of 
successes can be 0, 1, 2, ..., 7. We want to find the probabilities of 
0, 1, 2, ..., » successes. Probability of any simple event to occur 
with & successes and n—k failures in n trials is 


pk qu, 0=0, 1, 2, uan. 


Further, since Ё successes can be chosen among л trials in "C, 
ways and the corresponding sample events all have the same proba- 
bility (p* . g"-*) ; probability of k successes in » repeated trials will be 

b(k ; п, p) "Oy р" 0%, k=0, 1, 2, ..., т. 

Thus we have proved that 

Ifa series of n independent trials is performed such that for 
each trial, probability of success. is р and probability of failure is 
g ; then the probability of an event occurring with % successes and 
n—k failures is 

ЫЕ ; n, p) eC, р". 4%, k=, 1, 2, ..., m. (9.42) 
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If n and p are regarded ав constants, then the above function 

Pik) = (1; n, p) is a discrete probability distribution : 
k 0 1 jaceret iege 

P(zek) gh "Ci pgm? "Ср gn-? lg 

It is called binomial distribution, since for k=0, 1, 2, n it 
“corresponds to the successive terms of the binomial expansion : 

(q p)" 94" °C; part *C, ру... р". 
Binomial distribution satisfies the condition for p.d. f. since 
P(rzk)20, $—0,1,2, ..., п; 


n n е 
and S P(z=k)= XT : 
k=0 k=0 a 


P(z— E) eb (k ; n, p) is a probability function. 
Properties of binomial distribution are 
mean p=np, 
variance — c,*menupq, 
standard deviation o,= /npq. 


9:19-2, Negative Binomial Distribution (Pascal Distribution) 

In binomial distribution », the number of trials is fixed and the 
random variable is the number of successes. (or failures) to occur, In 
negative binomial distribution, the random variable is given by the 
number of independent trials to be carried out until a given number 
of successes (or failures) occur. Ifj denotes the number of trials 
necessary for e, a fixed number of successes, then probability of j 
trials until c successes occur= probability of (c—1) successes in (3—1) 
trials x probability of a success in the jth trial. 

SO Ра) 0.1. pel. ge] ep. 

221710, , pe. в, jac, c+1, c42, .... (9:43) 

Obviously, P(z —j) is the probability that one must wait to get c 
successes (or failures) in j independent trials hence itis also called 
binomial waiting time distribution. 


9.19.3 Geometric Distribution 
Independent Bernoulli trials are performed until we get a success. 
The probability of success on each trial isp (0 p&l). If j is the | 
required number of trials to get æ success, then j із called the geome- 
tric random variable with parameter p, Evidently jis a discrete 
random variable as it can have any value 1, 2, 3... H 


Geometric distribution is a special сазе of negative binomial | 
j 
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distribution and occurs when c— 1, t.e., 
P(z—j) 9136. P P= Py j=l, 2, 3,00. 


i Equation (9-44) means that if there аге j—1 failures, followed 
by a success on jth trial, then the possibility of such a happening 


is рц? і. 


(9:44) 


Р (z—j) is a probability function since 
P(z—j)20, j=l, 2, 3, 


Properties of geometric distribution are 


mean = 


varianc . = 


standard deviation= va . 
9.19.4. Hypergeometric Distribution 

Binomial distribution is applicable to an experiment in which 
the probability of success is same for all trials, However, if it varies 
from trial to trial, hypergeometric distribution is more suitable, 

From a lot of N items, of which N, are good and N.(=N—N,j) 
defective, we choose n (<N) items at random without replacement. 
Then the probability that the sample contains & items of first oate- 
gory and n—k of the second is given by 

N Na 
O 1G 
Park) р E k0, 2, m S940) 
n 
Properties of hypergeometric distribution are 


nN, 
ancan=— R> 


variance AN D 


1 J N,N,n(N—7) 


standard deviation — WC NLI 


38—O.R. 
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If there are m categories instead of two (good and detective), 
the hypergeometric distribution may be generalised to the following 
form : 


Na gpl Nag. i Nag, 


No, 


9.19.5. Multinomial Distribution 

It is obtained from generalisation of binomial distribution. Let 
the sample space of an experiment be divided into s mutually exclu- 
sive events A, Ag, ..., Ag with probabilities рү, ps, ..., Dr; Where 
Pi 2i --.-2;—1. 

Then in n repeated trials, the probability of A, occurring 7; 
times, A, occurring п, times ..., Ах occurring n, times is 


...(9:46) 


n! m prè ng 47 
эксн р Л йр рк (9-47) 


where т, 4-74 4-...4- 1j — n. 

The above expression is called multinomial distribution since Ив 
terms are precisely the terms in the expression of (р; P+ ...-|-/р0)". 
If k =2, this distribution reduces to binomial distribution. 

9.19.6. Poisson Distribution 
. Let z be the random variable which takes non-negative integer 
values only i.e., £0, 1, 2,.... Then the probability density function 
AF е-А 
Epod 2 ,- (9:48) 
where A>0 i$ called the Poisson Distribution with parameter A. 

It is applicable to events in which р is very small and 7 is 
large. Since p is small, these events are calléd rare events. It is 
also useful when it is possible to preseribe the number of times an 
event occurs but not the number of times it does not occur. A typical 
application of the Poisson distribution occurs in analysing queuing 
problems (Chapter 10). 

Under the condition that p>0 as n-oe such that np=A>0, 
binomial distribution approximates to Poisson distribution. For 
binomial distribution, 


Pz =k)="C; (+): (1-4 ўа 


Н can be shown that as noo, 
M. 
k 


P(z=k)= 


P(r—k)- 


E 
02. 
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which is the Poisson distribution. Diagrams of Poisson distribution 
for various values of А are given in figure v.8. 


о @246 оа ce wo wo 02 4 6 8 9 12 14 16 
\ 


Poisson distributions for different values of X 
Fig. 9:8 

Properties of the Poisson distribution are 

mean А, 

variance =A, 

standard deviation А A. 

This distribution finds application in a wide variety of situations 
j in which some kind of event occurs repeatedly but haphazardly. Some 


of the situations are 


1. Number of telephone calls arriving an exchange per unit time. 
2. Number of a-particles emitted by a radioactive substance. 
) 3. Number of deaths occurring due to, say, heart disease in a city 
У having large population. 
4. Number of typing errors per page in a big text. 
5. Number of defects occurring in the long length of cloth being 
| manufactured in a factory. 
| 9.20 Continuous Probability Distributions 
In discrete probability distributions, the probability is clustered 
at certain points. For these distributions, 
Р(х= =) - Po 
and EP;=1, where i —1, 2, ..., n. „. (9°49) 
In continuous probability distributions, the probability is distri- 
buted continuously and uniformly over, the whole area of the curve 
y=f(x). Therefore, to find the probability that z lies between any 
two values a and b,one hasto find the area enclosed between the 
z-axis, curve y=f(x) and the ordinates z—a ‘and z-b. This area 
is mathematically given by the intergal 


b 
f f(z) - dz. 
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: Similarly, probability that æ lies between жапа х--8х is given 
by the area of the elementary strip of base 8x, constructed near the 
point z. This area decreases with èv, and will become zero when 
820 so that the probability that z takes a particular value, say r=k 
is zero. Thus in the case of a eontinuous distribution, probability at 
a point is zero, while it is finite for a finite interval. Now we shall 
discuss a few important continuous probability distributions. 


9.20-1 Normal Distribution 


The normal (or Gaussian) distribution or curve (also called normal 
probability curve, probability curve, error curve, etc.) is the best known 
continuous distribution and occupies a central position in statistical 
theory and practice. In nature as well. as technology, one often comes 
across distributions almost similar to the normal distribution, It is 
most commonly used of all probability laws, firstly, because it occurs 
most frequently in practical problems and secondly, since it provides 
an accurate approximation to a large number of probability laws. 
Errors in measurement are often assumed to have a normal distri- 
bution. 


The density function of the normal curve is given by 


H _ (-0)? 
fe) TUS у X*3^, -oecr«oo. (9:50) 


where шапа c are the given parameters. Parameter и can have any 
roal value while c must always be positive. The form of normal 
curve depends upon these two parameters and for different values of ш 
and с we get different normal curves. Figure 9-9 shows the depend- 
ence оп с. The three normal curves have the same value of н (и==0) 


1 к 
but different, values of c, namely, g" 1 and 2 fespectively. 


(=) 


-3 -2 -! джо ! 2 *og. 
Normal distribution with œ Normal distribution with o 
fixed (p=0) fixed (c=1) 
Fig. 99 Fig. 9-10 


| 


че 
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The curve is symmetric, bell-shaped and centered at p. The 
parameter controls the relative flatness of the curve. As а decreases, 
the curve becomes more sharply peaked and probability of х being 
close to p increases. Аз с increases, the curve becomes more flatter 
and probability of ж being close to p decreases, If o is kept constant 
and p is varied (Fig. 9-10), the shape of the curve remains the same 
but its mid-point moves to the location of д. 


In equation (9:50), since the exponential function is non-negative, 
f(x)>0 for all, It can farther be shown that 


E .drzl, 


-0 
so that f(x) is a density function. 
Properties of normal distribution curve are 
(i) mean= p, 
(ii) variance=0?, 
(iii) standard deviftion =a, 
(iv) the curve is symmetrical about the mean. The mean, mode 


and the median coincide at х= и, The maximum ordinate 
1 


Vino 
(v) Sum (or difference) of independent normal variables also 


has a normal distribution with mean and variance as the 
sum (or difference) of the individual variables, 


(at the mode) is 


The normal distribution with mean и and variance о? is denoted 
by N (p, о?) 
The CDF of the normal distribution is given by 


duds uc SM 
fie Er е RRL, NOT 


Unfortunately expression (9-50) and (9-51) cannot be evaluated 
in closed form. Very exact tables are available for normal distri- 
bution and we use them for calculations. They give the value of F(z, 
as a function of z. These tables are based on the following standard 
normal p.d.f. : 


а 


LIU LO t 
(t) Meet ‚ —00<1<00, ^o (8:52) 


curve defined by equation (9.52) is shown in figure 9-11. 


о, 


-3 -* -45. peo 1 Saar 
Normal distribution W(0,1) 


Fig. 911 
From Fig 9.11, for —I Qil, we obtain 68.2% of the area 
under the curve, for --2<¢%<2, we obtain 95.4% of the area under 
the curve and for—3<t<3, we get 99.6% of the area under the 
curve. This means that of the total frequency, 68.2% lies within 
Ka, 95.4% lies within 44.20 and 99.6% lies within p430. 
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with parameters 4=0 and o*—1. The standard normal distribution 

The standard normal CDF is given by 
[| 


t 
H 
v e| та ev dy (9:53) 


The standard form is obtained from the regular form by making 


ж— 
the substitution to. 


Table C.2 at the end of the book gives the areas (between t=0 
and any positive value of ¢) of the standard normal distribution 
curves for values of ¢ varying from 0 to 5-00. It corresponds to 
eguation (9.53). 


Normal distribution is the limiting form of the binomial 
distribution as the number of trials, n-+co and neither p пог g is 
very small. Precisely, if æ is the number of successes in т independent 
trials of an event with p as the probability of success. in a single 


А z—np . Е > 
trial, then the binomial variate VAM is a standard normal variate 4 


ag поо. 
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9.20-2. Exponential Distribution 
A continuous random variable x, with its p.d.f. defined by 
f set, ifz20; 
f @={ 0, otherwise, 9:54) 
where parameter p>0, is said to have an exponential distribu- 
tion. P.d.f. for this distribution is shown in Fig. 9,12. 


f (x) 


* 
Fig. 9-12 

Exponential distribution is often associated wit! service time 
in queuing problems. There is distinct. analogy between the expo- 
nential distribution in continuous ense and the geometric distribution 
in discrete case. For example, a random variable representing the 
number of trials before the first failure in the geometric distribution 
is analogous to the variable representing time-to-failure in the 
exponential distribution, In the limiting case as p-»0 and inter-trial 
time+0, geometric distribution takes the form of exponential 
distribution. 

Another relation of interest exists between the Poisson distribu- 
tion and the exponential distribution. When the Poisson distribution 
represents the number of failures per unit time, the exponential 
distribution represents the time between two successive failures. 


9.20.3 Rectangular Distribution (Uniform or Homogeneous 
Distribution) 
A continuous random variable z is said to have rectangular or 
uniform distribution if its density function is given by 


1 
KORRE aczrcb; 
0 , otherwise, ». (9:55) 
where a, b>0 are some constants. 
This distribution is called uniform distribution because its 
density funetion is uniform (constant) in the interval (а, 0). 
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The distribution function F (2) is given by | 
2 


Ра) dx 


9 2<a, | 
z—a b 
=: а А 
ba <=<6, 
1 , z»b. 


The function F (=) varies linearly in the interval (а, b). | 


Figures 9,13 and 9.14 show the density function fix) and ^ 
distribution function F (2) in the interval (a, b). 


f(x) F(x) 


О) = aes ey F(x) а ES cues 


Sig. 913 Fig. 14 
Properties of rectangular distribution are 
a+b 
2— 
(b—a)* 
19 
—a 


mean = 


variance = 


standard deviation— P 


Rectangular distribution finds its applieation in statistical 
problems. 


9.20.4 Gamma Distribution 


A continuous random variable x is said to have gamma or | 
Erlang distribution if it assumes only non-negative values and its 
p.d.f. is given by 


fus m a ; #0<х<ео ; 21.09-56) 


^ (m=i) 
0, otherwise. 
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The parametres и and are non-negative parameters. When 
n=1, the above p.d. f. is reduced to the exponential p.d.f. The gamma 
distribution is applied to waiting time models in life testing, waiting 
time until death, etc. Ifthere are n independent amd identically 
distributed exponential random variables, the distribution representing 
the summation of these variables is the gamma distribution. This 
distribution (sum of exponential random variables) is analogous to the 
negative binomial (sum of geometric random variables) distribution. 
For n=l and p —0.5, the graph for p.d.f. of gamma distribution is 


shown in figure 9.15. 


f(x) 


o 2 4 6 L] 10 к 
Fig 9-15 
Ав in Poisson distribution, so п/о in gamma distribution, the 
mean and variance are equal. This distribution possesses the additive 
property. 
9.20.5 Beta Distribution 
A random variable z is said to have beta distribution if its den- 
sity function is given by 
p-Y —mzyi 
epe if 021; p>0, q70, 
0, 1#2<0 апа >l.  ...(9:57) 
The p.d.f. of beta distribution for p=q=2 is represented 
graphically in figure 9-16. This type of distribution often occurs when 
the random variable z is а proportion. 
- Properties of beta distribution are 
p 
PHI’ 
Р (p+) 
(0+9 (Ф+@+1)' 


mean = 


variance = 


/ 
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standard deviations f TURIS QE 
(2+90+9+1) 


f(x) 


t Fig. 9-16 
9-21. Generating Functions і 
Тһе method of generating functions із quite helpful in dealing 
with random variables which take only integral values 0, 1, 2... It 
is a powerful method for solving the steady state system of difference 
equations obtained during analysis of infinite queue systems, 
Let z be an integral random variable and let 


Pa=P(e=n), n=0, 1,2, ...with Spx 


n=O 
then the function G (z) defined by 
о-у Pa. 2", т 49-58) 
n=0 
is called the generating function of the random variable. 


EXAMPLE 921-1 ў 
Find the generating functions of the following sequences : 
АЕ ТЕ. 
(0) 1, 2, 3, ..., 
(0 r1: aS 
Solution 
(a) Ge) -X фп =Po +P 24-Р, 2%4-...4- ра 2^4... 


n-0 
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|: mlJ42z4-224-... 
1 
1—2 ` 
(6) G(o-p»H n pt... 
14-22 4- 3234... 
Ay 
0 
(0) G (2) 2» +p 24- ps 22+... 
=042 4- 222 323-4... 
=2(14+22432?+...) 
у ee 
BOLD 
EXAMPLE 9.21.2 
Find the generating funotion for 
(a) à binomial distribution, 
(b) & Poisson distribution. 
Solution 
(a) For а binomial distribution, 
Pe ="Cyp.k (1—p)n-*, k=0, 1, ..., n. 


n 
Gia) = У "O. (pz) Appr 
k=0 


B "n 
XC 
k=0 i 
=(pz+ g)". 
(b) For a Poisson distribution, 
M e-à r 
Ф gr 6-09 12,.... 


= А. (А z)? 
бс) = » DAR еа елата (1-2), 
k=0 : 
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EXERCISES 


What is the sample space for the experiment which consists of 
drawing one ball from an urn containing 8 balls of which 3 are 
green and5 are red? The balls have been numbered 1 
through 8. 

(Ans. S—(1 2, ..., 8) 


For problem 1 define the events as subsets : 
A : a green ball is drawn, 
B : a red ball is drawn. 
(Ans. A={I, 2, 3) ; 
B={4, 5, 6, 7, 8}) 
What is the sample space for the experiment which consists of 
drawing 2 balls with replacement from an urn containing 8 
balls? The balls are numbered 1 through 8. 
(Ans. S—((z 23) : %=1, 2, 4 85 
Pel 


For exercise no. 3 define the events as subsets : 
A : the first ball is green, 
B : the second ball is green, 
C : both balls are green. 
(Ans. A-—((z за) : %=1,2, 3 ; 
z4—1, 2, ..., 8}, 
B—((zy ta) : m=1, 985 
25—1, 2, 3}, 
C—((z ):=1,2,3; 
i=l, 2}) 
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Section 9.4 


5. 


6. 


What is the probability of obtaining 9, 10 and 11 points with 


3 dice ? 
y б 20 27 
( "^ 316’ 216’ 716 


What is the probability of getting 2 tails and 2 heads when 4 


coins are tossed ? 
( Ans. = ) 


Section 95.9.10 


rA 


10. 


H. 


There are 26 persons in a birthday party. What is the 
probability that at least two of them have the same birthday ? 
(Ans. 0.60) 


A coin is so weighted that head is thrice as likely to appear as 
tail. What is P(H) and P(T) ? 
3 1 
(Ans. vg +) 


An urn contains 3 green and 5 red balls. One ball is 
drawn, its colour unnoted and laid aside, Then another ball is 
drawn, find the probability that it is green or red. How does 
the probability change if the colour of the ball is noted ? 

MS DE ) 


(аа. *' 8 i 


If the probability that A will solve a problem is t and the 


probability that B will solve it is d ‚ what is the probability 


13 
(Ans. 16) 


А діе із во weighted that all even numbers have the same 
chance of appearing, all odd numbers have the same chance of 
appearing, while an even number is twice as likely to appear 
as,any odd number. Find the probability that 
(i) а prime number appears, 

(ii) an even number appears, 

(її) an odd number appears, 

(iv) an odd prime number appears. 


that the problem is at all solved ? 
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12. 


13. 


14. 


15. 


17. 
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A pair of fair dice is rolled once. What is the probability that 
the sum is equal to each of the integers from 2 to 12 ? 


_fAns. 8 2 3 4 5 6 7 8 9 
( H 2 3 4 5 6 E 4 


= 
es 
v= 
= 

— 

to 
— 


36 36 36 


А die із во loaded that the probability ofa particular number 
appearing is proportional to the number. What is the 
probability of all single element events? What is the 
probability of occurrence of an even number and of a number 
greater than 4 ? 


(4m. 3 2 58 4 Cig 912:4: 11; 
Р ӨТ, $234. 217092120 937 219r 21 


. Three players A, B and С play а sequence of games. It is во 


decided that winner of each game scores one point and he who 
first scores three points is the final winner. A wins the first 
and third games while B wins the second. What is the 
probability that C is the final winner ? 


(1) 


An urn contains 1 white and 2 black balls, while another 
contains 2 white and 1 black ball, One ball is transferred from 
the first urn into the second, after which a ball is drawn from 
the second urn, What is the probability that it is black ? 


5 
(ns. x) 
An urn contains а white and b black balls. Balls are drawn 


one by one until only those of the same colour are left. What 
is the probability that they are white ? 
E 
( Ans. EH ) 


Eight white and 2 black balls are randomly laid out in a row. 
What is the probability that thetwo black balls are side by 
side? What is the probability that they occupy the end 


positions ? 
Bol 
( Ans. d^ 4$ ) 
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18. There are 5 boys and 10 girls inà-' class. Three students are 
selected at random from the clasa,-one after theother. Find 
the probability that 
(5) the first two are girls and the third is a boy, 

(5i) the first and-third are girls and the second is a boy, 
(ii) the first and.third areof the. Same sex and the second is of 


opposite sex. 
ло Ө гр ЫЕ 
(4m. 9 TE ТЇЗ 1$ 73i» 
10 9 15 


(is) et 
15° 14° Or’ 

SB ie 02:276: 

@ QR = ar) 

39. Anurn contains 10 white and 3 black balls, while another 
contains 3 white and 6 black balls. Two balls are transferred 
from the first urfito the second and then one ball is drawn 
from the latter. What is the probability that it is white ? 


(^ 38) 


20. A coin is tossed until a head appears, or until it has been tossed 
3times. Ifthe head does not appear on the first toss, find 
the probability that the coin is tossed 3 times. 

: 1 
( Ans, 7 ) 


21. А coin is tossed until a head appears, or until it has been tossed 
` 4times. If the head does not appear on either ofthe first two 
tosses, find the probability that ; 
(i) the coin was tossed. 4 times, 
(či) it was tossed just 3 times, 
22. Ina particular region it is found that ‘the sex ratio among 
children is 3 girls to 2 boys. If a family of 5 children is mee 
at random, calculate the probability that i 
(?) the éldest is a boy and the rest are all girls, 
(ii) the first, third and fifth children are'boys and the remaining 
girls, 
(ii?) at least two of the children are girls, 
(iv) the first three children are of one, sex and the rest of the 
. other sex. 


36 
[esa @- жиз n E (is) pcos (iv) зк) 


608 Operations Research : An Introduction 


23. An urn contains 2 white and 5 black balls. A ball is selected 
at random, Ifthe ball drawn is black, it is replaced and two 
additional black balls are added to the urn ; if the ball drawn 
is white, it is neither replaced nor additioual-balls are added. 
A ball is then drawn from the urn for the second time. _ What is 
tho probability that it is black ? 

50 
(Ans. E ) 


24. An urn contains a fair coin and a two-headed coin. A coin is 
selected at random and tossed. If head appears, the other coin 
is tossed ; if tail appears, the same coin is tossed. 

(i) Find the probability that head appears on the second toss. 
(ii) 1f head appears on the second toss, find the probability that 
it also appeared on the first toss. 
5 4 
(а. $^ s) 


Section 9.14 


25. Find the value of c so that the following f(z) is a p.d.f. 
c 
ncs 10«2«;20 ; 
0 , otherwise. 
(Ans. c—20) 


26, The following p.d.f. of the discrete random variable z represents 
the weekly demand of a certain item : 
z 0 1 2 3 
Piz) 015 0.25 035 045 
Ifthe weekly demands are independent and identical, find the 
p.d.f. for a two-week demand, 


10 


Queuing Models 


The queuing theory or waiting line theory owes its development 
to A.K. Erlang. He, in 1903, took up the problem on congestion of 
telephone traffic. The difficulty was that during busy periods, tele- 
phone operators were unable to handle the calls the moment they 
were made, resulting in delayed calls. А.К, Erlang directed his 
first efforts at finding the delay for one operator and later on the 
results were extended to find the delay for several operators, The 
field of telephone traffic was further developed by Molins (1927) and 
Thornton D-Fry (1928). However, it was only after World War II 
that this early work was extended to other general problems invol- 
ving queues or waiting lines. 

Waiting lines or queues are omnipresent. Businesses of ali 
types, industries, schools, hospitals, cafeterias, book stores, libraries, 
banks, post offices, petrol pumps, theatres—all have queuing prob. 
lems. Further examples of queues, though less apparent are : 
waiting for a telephone operator to answer, a traffic light to change, 
the morning mail to be delivered and the like. 

Waiting line problems arise either because 

(i) there is too much demand on the facilities so that we say 
that there is an excess of waiting time or inadequate number of 
service facilities. 

(it) there is too less demand, in which case there ig too much 
idle facility time or too many facilities. ] 

-In either case, the problem is to either schedule arrivals or 
provide facilities or both во as to obtain an optimum balance between 
the costs associated with waiting time and idle time. 
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- Operations research can quite effectively analyse such queuing 

or congestion phenomena. However, @ sound understanding. of 

queuing theory combined with imagination is required to apply the 

theory to practical situations. 

10-1 Applications of Queuing Models 

Waiting line or queuing theory has been applied to'a wide 
variety of business situations. All situations where customers are 
involved such as restaurants, cafeterias, departmental stores, cinema 

‘halls, banks, post-offices, petrol pumps, airline counters, patients in ' 
clinics, etc., are likely to have waiting lines. Generally, the customer 
expects a certain level of services, whereas the firm providing service 
facility tries to keep the costs minimum while providing the required 
Bervioe. 

Waiting line theory is also widely used by manufacturing 
units. It has been popularly used'in the area of tool cribs. There 
is а general complaint from the foremen that their workmen wait too 
long in line for tools and parts. Though the management wants to 
reduce the overhead charges, engaging more attendants can actually 
reduce overall manufaturing costs, since the workers will be working 
instead of standing in line. 

Another problem that has been successfully solved by waiting 
line theory is the determination of the proper number of docks to. be 
constructed for trucks or ships. Since both dock costs and demur- 
Tage costs oan be very large, the number of docks should be such 
tuat the sum of the two costs is minimized. 


Queuing methods have also been used for the problem of 
machine breakdowns and repairs. There area number of machines 
that breakdown individua]ly and at random times. The machines 
that breakdown form a waiting line for repairs: by maintenance 
personnel and it is required to find the optimum number of repair 
personnel which makes the sum of the cost of repairmen and the cost 
of production loss from down time, а minimum. 


Queuing theory has been extended to decide wage incentive 
plans. For example, some workers are asked to operate, say, two 
machines while the others, four machines. Since the machines are 
identical, the base rate of payment is same for all workers. However, 
the incentive bonus for production in excess of quota is half as much 
per unit for operators with four machines as for those with two mach- 
ines. Apparently, the arrangement appears to be fair. However, a 
study of downtime for repairs shows that while the two machines run 
by one man would have 12 per cent downtime, four machines run by 
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one man would have 16% downtime. The reason is that two (or more) 
machines can breakdown at once in the four-machine group which is 
generally not true for two-machine group. Thus the worker opera- 
ting four machines would have to operate at a higher efficiency than 
his counterpart in order to earn the same incentive. The problem 
was solved by paying the operators of the four-machine group а 
higher base rate determined by using the probabilities computed 
from queuing theory. The following examples will further illustrate 
the fields of application of queuing theory : 

EXAMPLE 10-1-1 ; 

A self-service store employs one cashier at its counter.. Nine 
customers arrive on an average every 5 minutes while the cashier can 
serve 10 customers in 5 minutes. Assuming Poisson distribution for 
arrival rate and exponential distribution for service rate, find 

1, Average number of customers in the system. 

2. Average number of customers їп queue or average queue 

length. 

3. Average time a*customer spends in the system, 

4. Average time a customer waits before being served. 
EXAMPLE 10.1-2 

А'регзоп repairing radios finds that the time spent оп the radio 
sets has an exponential distribution with mean 20 minutes. If the 
tadios are repaired in the order. in which they come in and their 
arrival is approximately Poisson with an average rate of 15 for 
8-hour day, what is the repairman’s expected idle time each day ? 
How many jobs are ahead of the average set just brought in ? 
EXAMPLE 10-1.3 

A branch of Punjab National Bank has only one typist. Since 
the typing work'varies in length (number of pages to be typed) and 
number of copies required, the typing rate is randomly distributed 
approximating a Poisson distribution with mean service rate of 
8 letters per hour, The letters arrive at a rate of 5 per hour during 
the entire 8-hour work day. Ifthe time of the typist is valued at 
Bs. 1.50 per hour, determine 

l. Equipment utilization. 

2. The present time that an arriving letter has to wait. 

3. Average system time: 

4, Average cost due to waiting and operating the typewriter. 
EXAMPLE 10:1-4 

The milk plant at a city distributes its products by trucks, 
loaded at the loading dock. It has its own fleet of trucks plus trucks 
of a private transport company. This transport company. nas 
complained that sometime its trucka have to wait in line and thus 
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the company loses money paid for a truck and driver that is only 
waiting. The company has asked the milk plant management either 
to go in fora second loading dock or discount prices equivalent to 
the waiting time. The following data is available, 

Average arrival rate (all trucks) —3 per hour, 

average service rate =4 per hour. 

The transport company has provided 40% of the total number of 
trucks, Assuming that these rates are random according to Poisson 
distribution, determine 

1. The probability that a truck has to wait. 

2. The waiting time of a truck that waits. 

3. The expected waiting time of company trucks per day. 


EXAMPLE 10-1-5 
Arrival rate of telephone calls at а telephone booth are accor- 
.dingto Poisson distribution, with an average time of 9 minutes 
between two consecutive arrivals. The length of telephone call is 
assumed to be exponentially distributed, with mean 3 minutes. 

(a) determine the probability that a person arriving at the 
booth will have to wait. 

(b) find the average queue length at any time. 

(c) the telephone company will install a second booth when 
convinced that an arrival would expect to have to wait at 
least four minutes for the phone. Find the increase in flow 
of arrivals which wil] justify a second booth. 

(d) what is the probability that an arrival will have to wait 
for more than 10 minutes before the phone is free ? 

(e) what is the probability that he will haye to wait for more 
than 10 minutes before the phone is available and the call 
is also complete ? 

(f) find the fractión of a day that the phone will be in usc. 


EXAMPEE 1041.6 


A mechanic repairs four machines. The mean time between 
service requirements is 5 hours for each machine and forms an ex- 
ponential distribution. The mean repairtime is 1 hour and also 
follows the same distribution pattern. Machine downtime costs 
Rs. 25 per hour and the mechanic costs Rs. 55 per day. 


(a) find the expected number of operating machines. 
(0) determine the expected downtime cost per day. 


(c) would it be economical to engage two mechanics, each 
repairing only two machines ? 
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102. Introduction 

Waiting lines or queues are familiar phenomena, which we 
observe quite frequently in our daily life. The basic characteristics 
of a queuing phenomenon are 

1. Units arrive, at regular or irregular intervals of time, at a 
given point called the service centre. For example, trucks 
arriving a loading station, customers entering a department: 
store, persons arriving a cinema hall, ships arriving a port, 
letters arriving a typist's desk, ete. All these units are 
called entries or arrivals of customers. 

2. One ог more service channels or service stations or service 
facilities (ticket windows, salesgirls, typists, docks, eto.) 
are assembled at the service centre. If the service station 
is empty (free), the arriving customer (s) will be served 
immediately, if not, the arriving customer (s) will wait in 
line until the service is provided. Once service has been 
completed, the customer leaves the system. Whenever we 
have customers coming to a service facility in such a way 
that either the customerso rthe facilities have to wait, we 
have a queuing problem. 

Figure 10-1 shows the major elements of a queuing system 
(or delay phenomenon). They are 


CUSTOMERS 


ARRIVING CUSTOMERS 


LEAVING 


1. Customer. The arriving unit that requires some service 
to be performed, As already described, the customer may be per- 
sons, machines, vehicles, parts, etc. 3 


-2. Queue (Waiting lin}, The numier of customers waiting 
to be serviced. The queue does not include the customer being 
serviced. 
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3. Service Channel. The process or system which is per- 
forming the services to the customer. This may be single or multi- 4 
channel. The number of service channels is denoted by the symbol c. 


10:3. Characteristics of Queuing Models 
A queuing model is specified completely by six main character- 
„isties: 
1. Input or arrival (inter-arrival) distribution 
2. Output or departure (service) distribution 
3. Service channels 
4, Service discipline 
5. Maximum number of customers allowed in the system 
6. Calling source or population. 


1. Arrival Distribution. It represents the pattern in which 
the number of customers arrive at the system. Arrivals may also be 
represented by the inter-arrit al time, which is the time period between 
two successive arrivals, — ” 

Arrivals may be separated by equal intervals of time or by 
unequal but definitely known intervals of time or by unequal intervals 
of time whose probabilities are known; these are called random 
arrivals. : 

The rate at which customers arrive to be serviced, i.e., number 
of customers arriving per unit of time is called arrival rate, When 
the arrival rate is random, the customers arrive in no logical pattern 
or order over time. ‘This represents most cases in the business 
world. 

The assumption regarding the distribution of arrival rate has a 
great effect upon the mathematical model. A typical assumption 
used is that the arrival rate is randomly distributed according to the 
Poisson distribution. Mean value of the arrival rate is represented 
by A. : 

2. Service (Departure) Distribution. It represents the 
pattern in which the number of customers leave the system. Depar- 
tures may also be represented by the service (inter-departure) time, 
which is the time period between two successive services. 


Service time may be constant or variable but known, or random 
(variable with only known probability). 

The rate at which one service channel can perform the service, 
i.e, number of customers served per unit of time is called service 
rate, This rate assumes the service channel to be always busy, ie., 
no iple time is allowed. 
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The assumption regarding the distribution of service rate is 
equally important in the formulation of queuing model. ` А typical 
assumption used is that the service rate is randomly distributed 
according to exponential distribution. Mean value of service rate is 
represented by д. In business problems more cases of uniform service 
rate will be found than of uniform arrival rates. 

3. Service Channels. The queuing system may have a ; 
single service channel. Arriving customers may form one line and 
get serviced, as in a doctor's clinic, The system may have а number 
of service channels, which may be arranged in parallel or in series or 
a complex combination of both. In case of parallel channels, several 
customers may be serviced simultaneously, as in a barber shop. For 
series channels, a customer must pass successively through all the 
channels before service is completed, e.g., a product undergoing diffe- 
rent processes over different machines. A queuing model is called 
one server model, when the system has one server only and a multi- 
server model when the system has a number of parallel channels each 
with one server. 


Sometimes several service channels may feed into one subsequ. 
ent service channel; for example, several ticket booths ina theatre 
may send all the ticket holders to a single ticket collector at the 
entrance of the theatre. On the other hand, sometimes, a single ser- 
vice channel may disperse customers among several channels that 
come after it; for example, an enquiry clerk in an office. 


4. Service Discipline. Service discipline or order of service 
is the rule by which customers are selected from the queue for service. 
The most common discipline.is ‘first come, first served’, according to 
which the customers are served in the order of their’ arrival, e.g., 
cinema ticket windows, railway stations, banks, etc. The other disci: 
pline is ‘last come, first served’, as in a big godown, where the items 
arriving last are taken out first. Still other disciplines include. 
‘random’ and -priority’. Priority’ is said to. occurayhen an arriving 
customer is chosen for service ahead of some other customers already 
in the queue, A unit (customer) is said to have ‘pre-emptive’ priority ' 
if it not merely goes to the head of the queue but displaces any unit 
already being served when it arrives. Provided that the order of 
service is not related to service time, it does not affect the queue 
length or average waiting time but it does affect the time an indi. 
vidual customer has to wait. The service discipline, therefore, affects 
the derivation of equations used for analysis. In this text only the 
most common service discipline ‘first come, first served’ will be 
assumed for further discussion. 
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5, Maximum Number of Customers allowed in the 
System. Maximum number of customers in the system can be 
either finite or infinite. In some facilities, only a limited number of 
customers are allowed in the system and new arriving customers are 
not allowed to join the system unless the number becomes less than 
the limiting value. 


6. Calling Source or Population. The arrival pattern of 
the customers depends upon the source which generates them. If 
there are only a few potential customers, the calling source (popula- 
tion) is called finite. If there are a large number of potential customers 
(say, over 40 or 50), it is usually said to be infinite. There is still 
another rule for categorising the source as finite or infinite. A finite 
source exists when an arrival affects the probability of arrival of 
potential future customers. For example, a battery of M running 
machines is a finite source, as far as machine repair situation is 
concerned. Before any machine is broken, the calling source consists 

_ of M potential customers, As soon as a machine is broken, it 
becomes a customer and hence cannot generate another ‘call’ until it 
gets serviced (repaired). Ап infinite source is said to exist when the 
arrival of a customer does not affect the rate of arrival of potential 
future customers, 


104. Waiting Time and Idle Time Costs 


In order to solve a queuing problem, service facility must be 
manipulated so that an optimum balance is obtained between the 
cost of waiting time and the cost of idle time. 

The cost of waiting customers generally includes either the 
indirect cost of lost business (because people go somewhere else, buy 
iess than they had intended to, or do not come again in future) or 
direct cost of idle equipment and persons; for example, cost of truck 
drivers and equipment waiting to be unloaded or cost of operating 
an airplane or ship waiting to land or dock. The cost of lost business 
is not easy to assess. For example, vehicle drivers wanting petrol 
will avoid pumps having long queues. To determine how much busi- 
ness is lost, some type of experimentation and data collection i 
required. : 

The cost of idle service facilities is the payment to be made t 
the servers (engaged at the facilities), for the period for which they 
remain idle. 

By inereasing the investment in labour and equipment (service 
facilities), waiting time and the losses associated with it can be 
decreased. It is desirable, then, to obtain the minimum sum of these 

E costs; costs of investment and operation, and costs due to waiting. 
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This optimum balance of costs can be obtained by scheduling the flow 
of units requiring service and/or providing proper number of facilities. 
Yf the facilities are not under control, flow of units may be scheduled 
to minimize the sum of waiting time and idle time cost. If the flow 
is not subjeet to control, that amount of equipment and personnel be 
employed' which minimizes the overall costs ofoperation. If both 
ean be controlled, one should schedule the input as well as próvide 
facilities which minimize the overall cost. 


10-5, Transient and Steady States of the System 


Queuing theory analysis involves the study of system's behavi- 
our over time. If the operating characteristics (behaviour of the 
system vary with time, it is said to be in transient state. Usually a 
system is transient during the early stages of its operation, when its 
behaviour still depends upon the initial conditions. However, it is 
the “long-run” behaviour or the steady state condition of the system 
which is more important. A system is said to be in steady state 
` eondition if ita behaviour becomes independent of time. 


An essential condition for reaching a steady state is that the 
total elapsed time since the start of the operation must be sufficiently 
large (theoretically, it should tend to infinity). However, this is not 
the sufficient condition as the parameters of the system also affect 
its state. 


For example, if the average arrival rate is less than average 
service rate and both are constant, the system eventually settles down 
to a steady state and the probability of finding a particular length 
of queue will b» same at any time. If the rates are not constant, the 
system will not reach a steady state, but it could remain stable, 
Ifthe arrival rate is greater than ‘service rate, the system cannot 
attain a steady state (regardless of the length of elapsed time); it is 
rather unstable, queue length increases steadily with time and 
theoretically, it could build up to infinity. Such state of the system 
is called explosive state. Evidently, imposing a limit on the maximum 
length of the queue (so that further arrivals are not accepted) auto- 
matically ensures stability. Queuing situations which are unstable 
for a limited time are common in practice—rush-hour traffic is an 
example. In this text we shall consider the steady state analysis, 
transient and explosive states require complex mathematical tools for 
analysis and will not bo touched upon. 


10-6. Single-Channel Queuing Theory 
A single channel queuing problem results from random arrival ` 


2 
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time and random service time at a single service stat'on. The random 

arrival time ean be described mathematically with a probability 
distribution. The most common distribution found in queuing problems 
is Poisson distribution. This is used in single channel queuing 
problems for random arrivals where the serviee time is exponentially 
distributed. The sections ahead give the reader an insight into the 
true nature of operations research—-the difficulties of developing OR 
models, the need for logical assumptions and the utilization of higher 
mathematics. C 


10-6-1. Models for Arrival and Service Times 
Generally, arrivals do not occur at fixed regular intervals of 
times but tend to be clustered or scattered їп воте fashion. A Poisson 
distribution is a discrete probability distribution which predicts the 
number of arrivals in a given time. The Poisson distribution involves 
_ the probability of occurrence of an arrival, Poisson assumption ia 
quite restrictive in some cases. It assumes that arrivals. are random 
and independent of all other operating conditions. ‘The mean arrival 
rate (ie, the number of arrivals per unit of time) -A is assumed to 
be constant over time and is independent .of the number of unita 
already serviced, queue length or any other random property of the 
queue, 
Since the mean arrival rate is constant over time, it. follows that 
-the probability of an arrival between time £ and t+4dt is:A.dt. 


Thus probability of an arrival in time ФА. (10:1) 


The following characteristics of Poisson distribution are.written 
here without proof : 


Probability of n arrivals in time ac «+(10-2) 


Probability density function of inter-arrival time (time interval bet- 
ween two consecutive arrivals) 


=А.е- м, » (103) 
Finally, Poisson distribution assumes that the time period dtis very 
small so that (dt), (df), etc.+0 and can be ignored. 

Service time is the time required for completion of a service ien 
it is the time interval between beginning of a service and its comple- 
tion. The mean service rate is the number of customers served per 
unit of time (assuming the service to be continuous through the 


entire time unit), while the average service time 2 is the time 
" 
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required to serve one customer. The most common type of" distribu- 

‚ tion used for service times is exponential distribution. It involves ` 
the probability of completion of a service. It should be noted that 
Poisson distribution cannot be applied to servieing because of the 
possibility of the service facility remaining idle for some time. 
Poisson distribution assumes fixed time interval of continuous ser- 
vicing, which can never be assured in all services. 


Mean service rate pis also assumed to be constant over time 
and independent of number of unit already serviced, queue length 
or any other random property of the system. Thus probability that a 
service is completed between ¢ and ¢-+-dt, provided that the service is 
continuous pdt. ..(10:4) 


Under the condition of continuous service, the following characteris. 
tios of exponential distribution are written, without proof ; 


Probability of » complete services in time а. (10:5) 
: nt 


Probability density function (p.d.f.) of interservice time, Фе, time 

between two consecutive services = p.e- #t, (10-6) 

10.6.2. Single-Channel Poisson Arrivals with Exponential 
Service (Infinite-Population Model) 


Let us consider a single-channel system with Poisson arrivals 
and exponential service rates. Both the arrivals and service rates 
are independent of the number of customers іп the waiting line. 
Arrivals’ are handled on ‘first-come, first served’ basis. Also the 
arrival rate А is lesser than the service rate ш, 

The following mathematical notation (symbols) will be used in 
connection with queuing models : 

n=number of customers in the system (waiting line+-service: 

facility) at time £. 
| Ac mean arrival rate (number of arrivals per unit of time), 
| p=mean service rate per busy server (number of customers 
served per unit of time). 

Adt= probability that an arrival enters the system. between Ё 
| and ¢-+-dt time interval i.e. within time interval df. 
| 1—Adt=probability that no arrival enters the system within 
interval dé plus higher order terms in dt, 


j.— mean service rate per channel. 


— — —— E 2. 2420 2 —————P- mam 


pdt — probability of one service completion between ¢ and £4-dt 
time interval i.e., within time interval dt. 
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l—p.dt=probability of no service rendered during the interval 
dt plus higher order terms in df, 


p,-—steady state probability of exactly n customers in the 
System. : 


pa(t)=transient state probability of exactly n customers in the 
system at time ¢, assuming the system started its opera- 
tion at time zero. 


 fau(Ü)-transient state probability of having n+1 customers in 
the system at time f, 


Py-1(¢)=transient state probability of having n—1 customers in 
the system at time f, 


Pr(t--dt)=probability of having n units in the system at time 
1+0. 


L,=expected (average) number of customers in the queue. 


L,=expected number of customers in the system (waiting +- 
being served). 

W,=expected waiting time per customer in the queue (expec- 
ted time a customer spends waiting in line), 


-W,=expected waiting time per customer in the system. 


L,=expected. number of customers waiting in line excluding 
those times when the line is empty i.e., expected number 
in non-empty queue, 


W,=expected time a customer waits in line if he has to wait 
at all i.e, expected time in the queue for non-empty 
queue, 


To determine the properties of the single channel system, it is 
necessary to find an expression for the probability of x customers 
in the system at time ż i.e., p,(I), for, if p, (t) is known, the expected 
number of ‘customers in the system can be calculated. In place of 
finding an expression for Pa (t), we shall first find the expression for 
pt dt). х 

The probability of » units (customers) in the system at time 
44-0 can be determined by summing up probabilities of all the wayg 
this event could oceur. The event can oceur in four mutually exclu- 
give and exhaustive ways. = 
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Table 10-1 
Event No. of units | No. of arrivals | No. of services Mor MR 
VER at time t in time dt in time dt 
1+0 
1 n 0 0 n 
2 n+l 0 1 n 
8. n—1l 1 0 n 
4 n E 1 n 


Now we compute the probability of occurrence of each of the event, 
remembering that the probability of a service or arrival is pdt or 
Adi and (dt)*-+0. 


2. Probability of event 1=Probability of having » units at 
time ¢ 


x Probability of no arrivals 
x Probability of no services 


=Pn(t).(L—Adt) (1 —pdt) 
=р„() [1 —Adt— pdt + M(dt)*] 
=p,(t) [1 —Adt— pdt]. 
Similarly, probability of event 2— p, (4). (1—Ad!). (udt) 
=Pnia(t) [idt], 
probability of event 3=p,_,(t)[Adt], (1— pdt) 
=Pn_r(t)[Adt], 
probability of event 4— p,(/). (Adt) (u.dt) 
— p.t). Dad] 
=0. 


Note that other events are not possible because of the small” 
value of dt that causes (dt)? to approach zero (as in event 4). 


Since one and only one of the above ovents can happen, we can 
obtain p, (+d?) {where n20) by adding the probabilities of above 
four events. 

s. poll dt) pall) Араа (DUndr] + Pn ADMI] +0) 
or ранна) ри РА idt] + рь] н@]-- Pa- 


PÁG PO +p) Dill) ipt) Ара 0). 


AR 


622 < Operations Research : An Introduction 


Taking the limit when d£—0, we get the following differential equa- 
tion which gives the relationship between fn, ра 1, Pny1 at any time 
t, mean arrival rate À and mean service rate p : 


de (ра (D]mAps. i) Du a (1)— ОЧРА), where n>0....(10-7) 

After solving for p,(t-+dt) where n>0, it is necessary to solve 
for p, (t+dt) where n=0 i.e., to solve for p,(t+dt). If n=0, only 
two mutually exclusive and exhaustive events can occur as shown in 
table 10-2. 


Table 10-2 
Event | No- of units | No. of arrivals | No. of services AS que 
КЛ at time t in time dt in time dt 140 
+dt 
1 0 0 кен 0 
2 1 0 1 0 
.. Probabi- Probability Probability Probability 
lity of = of having x  ofnoarri. x of no ser- 
event 1 no unit at vals vices 
time ¢ \ i 
= P(t) x (1—Adt) x 1, 
and probabi- Probability ^ Probability Probability 
lity of . of having of no arri- of one ser- 
event 2 < one unit at vals vice 
time £ 


l =pi(t) x (1— Adi) x (uit). 
Note that if no units were in the system, the probability of no ser- 
vice would be 1, Probability of having no unit in the line at time 
1--dt is given by summing up the probabilities of above two events, 


S E 224-0) — pet). (1—Adt)-+-p,(t). (adt) (1—Adt) 
= Pol!) — риб) t) J-pq(t). (ut) 
or Po(HH-dt) — po(t) = —po(t). (Adt)+p,(t) (udt) 


t-- dt) — oq(t 
or, SER Bll (арар). 


When dé->0, the differential equation which indicates the relationship 
between probabilities pọ and р, at any time f, mean arrival rate А and 
mean service rate p, is 


d 
ar 12901=601(0) — Ape(t), where n=0. -- (10:8) 
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Equations (10-7) and’ (10-8) provide relationships involving the pro- 
bability density function p, (t) for all values of n but still we do not 
know the value of р, (t). 

Assuming the steady condition. for the system, when the proba- 
bility of having » units. (customers) in the system becomes indepen- 
dent of time, we get 


pui) Ds; 
d 
Ar 01-0. 


Therefore, for а steady state system the differential equations (10-7) 
and (10-8) reduce to difference equations (10:9) and (10:10): * 


0 — Ap, i Da (А-и), where n>0, (10-9) 
O=pp,—Apo, where л==0. (10-10) 


From equation (10-10), we have 
5 2 
Pı pe 


Putting n=1 in equation (10:9), we have 
0 =Арь+ um (0 i): 


Similarly, for n=2, equation (10-9) gives 
Хг 
Pe (+ ) Ро 


3 т 
Forn=n, we get »-( x) Po, where n20. (10-11) 
Equation (10-11) gives p, in terms of ро, А and y, Finally, an expres- 
sion for p, in terms of Aand р must be obtained. The easiest way 
todo this is to recognize that the probability that the channel is 


busy is the ratio ofthe arrival Tate and service rate (+). Thus p, 
E 


is 1. minus-this ratio.. 
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T À 
i.e. -1—-—. ‚(10-1 
Po 5 (10-12) 


Hence »-(z) . ( 1— ~) D .. (10:13) 
aw n 
Having known the value of p,, we can find the various charac- 
teristics of the system. i 
1, Expected number of unitsin the system (waiting--being 
served), L, is obtained by using the definition of an expected value. 


i-o 


vum zipi 
060). 
-(-+)- (#7 
(Ы) 05) 


(aeaa a] ] 


The seires within brackets is an infinite series of the form 0, a, 
2a?, Заз, ..., хат, .... For such an infinite series, ifa is a constant 
and less than one, the sum is given by the formula 


L =( 1-2) dcs ]- ENE fnt э 

i & JL àja) J^ 1-а А" 

4 ...(10:14) 

2, Expected number of units in the queue L,— Expected 

number of units in the system -- Expected number in service (single 
server). : s ғ 


. гае 
E 
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uci М йа ель} 
-À p B(p —^) 
L, =A?/4(H—A). 
Note that the expected number in service is 1 times the proba- 


(10:15 


bility that the service channel is busy i.e., 1. à. 


3. Expected waiting time per unit in the system (expected 
time a unit spends in the system) 
.. Expected number of units in the system 


W, У 
Arrival rate 


LEN _..(10-16) 


4, Expacted waiting time per unit in the queue W, Expected 
time in system—time in service. 


Тыалы (10:17) 


5. Expəcted number of units іп a non-empty queue, 
L Expected number in queue 
"= probability that queue is not empty 


Now, probability of non-empty queue 


e NAAA 

=1-p=1-(1- <-)= > 

M 

НЫ SAL ...(10-18) 
€ ( 


40—0.R. 
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6. Expected waiting time W, for a non-empty queue, 
Ww. Expected time in queue 
277 probability of waiting 
À 


W,  n(u—A) 1 
z Ља uei ...(10-19 
Vn Alu p—à ( 1 


"7. Probability density function of waiting time (excluding 


service) distribution : 


Let Y (w)=probability density function of the waiting time 
distribution. 
Then, d(w):dw = probability а unit.has to wait (on arrival) for a 
time between w and ш + ш. 
If n is the number of units in the system then 


Un (i6). dw=Probability [(n— 1) units are served at time w) 


x Probability [one unit is served in time dw] 


с (ьао)"-2 . е-ро 
мө. MEG oT REE x udw. 
Let W = Waiting time of a unit that has to wait, 
such that << dw, 
(n —1) units n units 
served 
t 


| One unit served | 
w w+ dw 
Fig. 10-2 
Then, probability density function, 
Y(w)-dw — Prob. (wK Ww +dw) 


m Pn Palo). dw 
"Jp EN 


(2 Y: 
À К о { — -yw 
w So Siu ug Sete E 
7 s): em Ad п=1 ` (n—1)! 
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A ы m Qut 
-( d „dw. ee, Not anne 
=A(1- ru лге. do. | 14455 ee ] 
-( p ). e-#w . dw, àv, 
m 
$ w)dw=a ( oF: eme des wo. (10:30) 
m 
e A e 
н" p(w) dw=A ( P ) я | е-(®- Aw. dw 
0 
À 1 
-— A). z(e- A) w 
pL Lee ] 
0 
À 
ry (p —2) jor] 
bf ...(10-21) 


m 
Note that the case for which W=0 has been excluded in equa- 
tion (10-20). 
Thus probability [W —0] = Probability [no unit in the system] 
inel. t. 10-22) 
8. Probabilitv density function of waiting time (waiting 
service) an arrival spends i in the system : 
Probability density function of waiting +-service time (for busy 
period) 
сые 


| yw). dw 
0 


À 1 1-2) * e` (P-À) w 
202 175... ы AA 27У 4 


| a ( 1-3) є`(®-%)юб . dw 
ф ы 


À ( 1— A e-(B-A) v 
m =(p—A) . eG -A) = 
A CIR 
+--(10-23) 
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EXAMPLE 10.62.1. 
Solve examp!c 10.1-1. 


Solution. Arrival rate =e =1:8 customers/minute, 


service rate p= 20, — 3 customers/minute. 
l. Average number of customers in the system 
A À 1:8 
(Equation 10.14), Xd Зеу --18 7? 


2. Average number of customers in the queue 


j 2 
(Equation 10.15) L= Car 


3, Average time a customer spends in the system, 


W,- —5 minutes. 


1 
ВА = 2—r8 
4. Average time *\ customer spends in the queue, 


1 1 18 1 
w=2(+,)--+( 3-18 )=#5 minutes. 


EXAMPLE 10 6 2.2. 
Solve example 10-1-2. 
15 


Solution. Arrival rate A= 80 Eds unit/minute, 


service rate в units/minute. 


Number of jobs ahead of the set brought іп = Average number 
of jobs in the system, у 
Las eee 
0 1/10—1/32- 

1/82 1 32 x 20 
1923509. 6:538 
32x20 

Number of hours for which the repairman remains busy in an 
8-hour day 


=5/3. 


À 1/32 20 
=8. AO 175 =8х -zy =5 hours 


Time for whieh repairman remains idle in an 8-hour day 
28—5-—3 hours. 
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EXAMPLE 10.6.2.3 
Solve example 101.3. 
Solution, Arrival rate=5 per hour, 
service rate=8 per hour. 


l. Equipment utilization, {= 2 =5/8=0-625. 


Equipment is in use 62.5%, of the time. 
2. The per cent time an arriving letter has to wait=per cent 
time the equipment remains busy =62'5% of time. 
= br E abs hr. 
Pe ea ES Te та 
20 minutes. 
4. Average cost per day=Number of letters typed per day 
x average cost per letter : 
— (8x 5) x average cost per letter 
—(8x 5) x average time per letter x Rs./hour 
=(8x5)xI/Bx 15 
= Ев. 20. 
EXAMPLE 10.62.4 


Solve example 10.1-4. 


3. Average system time, W,— 


Solution, |. The probability that а truck has to wait for 


н л 
service —utilization factor—| == =3/4=0-75. 


3. The waiting time of truck that waits 
1 1 


=W=- 77-3 


T =1 hour. 


Total expected waiting time of company trucks per day — Trucks 
diy x % of company trucks x expected waiting time per truck 


A 
=(3 x 8) x (0:40) x ———— 
хах CP uua) 


3 
a m24x04x 3 


=24x 0-4 x 2 =7:2 hours/day. 
EXAMPLE 10.6-2.5 
Solve example 10.1.5. 


Solution. Here arrival rate A=1/9 per minute, 
service rate p. —1/3 per minute. 


А ip 
=з" = 1/3 0:33. 


(0) Average queue length =: —" 13 


Еу" TS 


Б 4 
P" 


po Research wAn Inrtoduction 
(а) Probability that а person wil! have to wait 


1/5 
PIN 


m1/3x 9/2— 1:5 persons. 


(с) Average waiting time in the queue = 


Ay. 


Ds sees TESA 


A. or Xx 7/12«1/9. 


EY Na "Y - dI. arrivale/miamte. 
(d) Probability [waiting *imo; 10) 


-Í EIER" 

А Nr ea- T 
nU] 
- > XL нм ] 
снн 


-5 «09 1H. 1/3 27195, 1/30, 
(¢) Probability [time in system > 10) 


=| -Ñ > darw, dw 


CTii P)5me999,.0.1. 


(f) The expected fraction of a day that the Phone will be in 


h 
(аА) ` 


| 
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«expeoted fraction of any other time intorval that the 
- phone із in use, 


In some casos, unite arrive from a limited pol of potential 
customers, Опод a unit joins the queue, there is one lees unit which 
could arrive and, therefore the probability of an arrival is lowered, 
When а unit ia served, it rejoins the pool of potential customers, and 
the probability of an arrival is, thereby, increased. As a rule of 
thumb, If the population [в lose than 40, the equationa for a finite 
population should be used, : 


Although the concepts are same as those for infinite popalation, 
somo of the torms aro different and the equations теш. for analysis 
aro ifferont. Ons divtinet difference is that the probability of 
an arrival depends upas the number of potential eustomora avail. 
able to onter the ayatam: Thus ifthe total customers’ population is 
M and т representa the namber of customers already in the 
system, any arrival mustioome from Mn numbor that ja not yot in 
the system, x 

Now, if 1/À la the mean time betwoon servios needa for any unit 
f.e, mean time between arrivals for а given customer, then A is the 
probability that а customer will require service during timo interval 
di. Now, IfA is the probability of а арегійе unit requiring service 
and thera ane Mn customers not in the queuing system, then the 

of a customer requiring service is (Ма) A. Note that 
it ls still amumod that di ie too small for the probability of two or 
more arrivals to be significant, 


To determine the properties of this system, it is necessary to 
find an expression for the probability -of » customers in the system 
at time t4.¢., Pelt), for if, р, (0) in known, the expected number of 
customers in the system and other such. like properties can be found, 
In place of finding an expression for p, (0), we shall toitielly Bnd an 
expression for p, (f+ di). 


The probability of » units in the system at time ttdi can be 
determined by summing up probabilities of all the ways this event 
could docur, The event can occur in three mutoally exelusivo and 
exhaustive ways. 
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Table 10:3 
Event No, of units No. of No, of No. of 
at time t arrivals services unite at 


in time dt in time dt time t 4-dt 


1 n 0 0 n 
2 n+l 0 1 п 
Б] n- 1 1 0 n 


Probability of event 1— p, (t). [L—(M —7) А dt] (1—, dt) 
— ps (t). —Pn(t). (M —2) A di— p, (0). pdt. 
Probability of event 2=pp,, (t). [1L—M— »— 1) A dt] (ud!) 
=Pn p (D). p dt. 
Probability of event 3— p, , (t). [(M— 4-1) А d!] (1 — p dt] 
— y 1 (t). (M—n+1) А dt. 
- Pn (E--dt) p» (t)--Pn (t). (M—n) А dt—p, (t). p dt 
+Pnia (0). pdt- Pan (t) (M—n 4-1). Adt 
Pa АРНО py (0 [A (M—n) +a] + Pasa (0 А 


+Pn i (t) (М—»+1) А). 


or 


Taking the limit when df—0, we get 
d 
"p [Pn (0]= Pn (D КМ) i-a 0). врал (0. 
Y ў E [M—n 4-1) А. 
Assuming a steady state condition for the system when 


Palt)=Pp and £e [Pn (t)]=9, we get 


=—Pn [(M—n) MB] п (B) - Pn 1 d л). 
А 
Ў ркы | M-n) [41 |= (Мп). (10.24) 


This is a general expression for Payı аз а funetion of p, and 
Now we find an expression for p, in terms of pg, A, р and M. 
When n=0, po—2o 
л 
-when nel, pipe М (= ) 
(М—1)А 
m 


Pa-1 


A 
+1 [о (M—1+1) — 


when n=2, ра= 1 [ 
(From equation 10.24) 
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en (eph н) 
m peas] 


a A 
=p, — . М. (М1). — 
Lee ( ) Р, 


лү 
а (+ ) . M. (M—1) (M—2)...(M—n41) 


E Жү” М! М! А ү 
- (т) aor Pmt (e y- 
...(10.25) 
Now find P, in terms of А, м and M. 
n2M n-M 
У = x ao (>) 
n=0 
Lh P of an empty system, 
Реку ШЕ НӘ ЕЕ 410.26) 


> asl zt 


2. Therefore, from equation (10.25) and equation (10.26), we 
have, probability of n customers in the system, 


MI ( a y 
OL) UR MI! ‚лү 
s s IR кс =. wi) . (10.27) 
ars (x) 
n=! 
3. Expected number of customera in the system, 
п=М 
h=) n pei (1—P,). -..(10.28) 


4, Expected number of customers in the queue, 


a 
L=M- Le (1— 9. -..(10.29) 
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EXAMPLE 10.6-3,1 
Solve example 10.1.6, 
Solution 
This situation inyolves finite population. 


Arrival rate A --02, 


service rate p= = TE 
Let us first find the probability of an empty system, 
1 


Pom 


[r1 
41 PAL 
(£—5)1 (+) 

n-0 


H 
IR Er eS Ei MUI MN ZU NUUS EN NI ШШШ 
B 4(2)--(&x3)UZ)-E(£x 3x 2) x (2) (4x 3x 2x 1)(2) 
(a) Expected number of broken-drown machines in the system, 


L,=M— i- (1—pp) 


m4 T (L4) 4—5x-624—8-1, 


Expected number of operating machines in the system 
z4—1-3. 
(b) Expected down time cost per day (assuming an 8-hour day) 
==8 xexpected number of broken-down machines x Rs. 25 
per hour. 
=8x1 x 25=Rs. 200 per day. 
(c) When there are two mechanics each serving two machines, 


M-2. 
р 2 
eter = FRF xI 
Ж ET weve bt 2(2)2x1(2) 
em 1) 
n=0 
1 
=a" 09 


It is assumed that each mechanic with his two machines consti- 
tutes separate system with no interplay. Expected number of 


machines in the system—M— P. =(1-—p,) 


mg Ju 68)— 
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Expected down time/day —8 x -4& x number of mechanics 

=8х'4х2=6.4 hr/day. 

.. Total cost with two mechanics . 
= Кв. 2x 55-- Ra, 6.4х 25 s 
= Кв. (110 4- 160) = Rs. 270 per day. 

Total cost with one mechanio = Rs. (55-+200) = Rs. 255 per day. 

Hence use of two mechanics is not economical. 


10.7. Multi-Channel Queuing Theory 


Multi-channel queuing theory treats the condition in which 
there are several service stations in parallel and each element in the 
waiting line can be served by more than one station. Each service 
facility is prepared to deliver the same type of service. The new 
arrival selects one station without any external pressure, When а 
waiting line is formed, a single line usually breaks down into shorter 
lines in front of each service station. The arrival rate A and service 
rate p are mean values from Poisson distribution and exponential 
distribution respectively. Service discipline is first-come, first served 
and customers are taken from a single queue i.e., any empty channel 
is filled by the next customer in line. 


Let n=number of customers in the system, 
f» — probability of n customers in the system, 
cz. number of parallel service channels, 
A=arrival rate of customers, 
p=service rate of individual channel. 
When n<c, there is no queue because all arrivals are being serviced, 
whereas when n>c, a queue will be formed because the service deman- 


ded by the arrival (s) is greater than the capabilities of the service 
stations. The first case presents no problem, whereas the second 


does. 
To determine the properties of the multi-channel system, it is 


necessary to find an expression for the probability of n customers 
in the system at time £ t.e., p, (f) when n<c as wéll as when пос. 


(i) when n<c. Asa simplification, first let c—2. 
Let us first find p,(¢+dt). It can occur only in two exclusive 
and exhaustive ways : 
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Table 10-4 
mU Eo e E E ысы .  _ 


Event | No. of units | No. of arrivals | No. of services | No. of units 


at time t in time dt in time dt |а time t+dt 
1 0 0 = 0 
2 1 0 1 0 


Po @+@)=р» (t) - (L—23 . dt) +P, (0). (1—2dt) . (p df) 
=Po (t)——Po (0) «Mt 4p, (0) - (idt). 
o (t -dt)—p, (t 
Pe CEDER Oy (0) Ape (0 
Taking the limit when dt +0, a Po (D Je «d (t)—Apo (0). 
Considering the steady state system, 0— ppı—ÀPo: 


А 
жасы р. ... (10.30 
ficri ( ) 


Now, let us consider the ways in which р; (I) can occur. There are 
three exclusive ways : 

Table 10.5 
20r umen NP TEMTEM E аы А мы 


Event | No. of units | No. of arrivals | No. of services | No. of units 


at time t in time dt in time dt [а time (t-+-dt) 
1 0 1 1 
2 1 0 0 1 
3 2 0 1 1 


Pi (+@)=®ә (0) . (А. 4). (L—pdt) +p: (0). (l—adt) 
(1— pdt) +pa (). (1—Ай). (2. dt). 
Note that if both channels are filled, the probability of one service is 
pdt + pdt = 2:4. 
nop (40) e po (t) - Adt+p, (0)  [L—Adt— udt]-k ps (t) . 2p dt 


РО р.р, (Oem) +P (T 


ý 
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Taking the limit when dt-»0, — 


T E (0 Ja Po (0) 


—(А-Ен). pı (0-23. Pa (t). 
Considering a steady state system, 0=A Po—(A+#) р, -+2up, 


-. (10.81) 


Bons Ath Po {А 
-3[ р =й 3 x) 
Similarly, p= "oor А 


E Pa— Em D» 
Atu E y À À 
CESRA r3 (Gm) 
-(2)5 a 1 
u XN ] 


(2 ) for nc i.*., n «0, 1, 2, 3, ..., c—1. 
[38 7 


...(10.32) 
(ii) when n2, the threo exclusive and exhaustive ways for 
having n units at time /--@ аге: 


Table 10.6 


Event | No. of unite | No. of arrivals | No. of services | No. of units 
at time £ $n time dt in time dt 


at time t4-di 
1 n 0 n 
2 LES! 1 n 
3 n—l 0 n 


Pa ((++Ф@)=р» (0) - [(1—Adi) (1—2udt)] 
Pass (D) : IAM) . (2udt)} 
*pe.1 (t) (0. d£) (1—24!) 


zy (0) [L-Adt—2pdt} Pay (4) (2udt)+ Pns (0) A. dt) 
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1-- di).— 
о PAH Pn (P __ у зур, (+ араа (А. Pailt): 
Considering the limit when di+0, 

jer 

arp» t ]e 0 20) pa EMP MOEA» Pn- C) 


Considering a steady state system, 
0— —(-4-25)p,s-2Bpy41- ^Pn-1 

M2, . л 
2p 
This cau be generalized to c channels. 
À4-en 


or Pea 


л 
Фп —— Pana ...(10°34) 


Thus for с channels, p,,1« ci 


or ?һ= 


A à 
c Тас Pa-2>c for пәс+1 


or Paat a NIA T Pa 22, 3, ..., € 
id oh (10:35) 


Let n-c 


A+(c—1 A 
AVR MES AA 


en n A 
em twat) flue 


j рот. a 


ater Dee] 


Брата Gy. 


(10-36) 

Let nzc41 
Doa = Pe— Bes 

A+cH Po | лүе A Po (zy 

we ver pP rah с, 

ef Aken 

el \ p eu 

„Фе. [Шү ША 

"elu сш 


at Ds (zY" ...(10-37) 
m 
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Let nec42 


a MAS 
Т9 ыз” Pea—-- Ре 
zu me e A AT Rp ] 
elc , DEN 
А 1 Me 
ауду Я A (S ep -1) 


саен орог. 


(10-88) 
Thus Pam — P. ( 2y, 6. .. (109) 


Now p, must be expressed in terms of c, p and А. Then the 
values of p, and фу can be used to develop the other equations. Since 
sum of all possible probabilities must be equal to 1, 


A. Pr=l. 
n= 


Pu has been expressed for two cases, n<e (i.e, nqc—1) 


lps oe 
ES SGT es GT sd 


...(10'40) 
The second term within brackets is an infinite series. This 
needs to be expressed as a limit, 


LL 
La aS ee 


А Mpy" — (A/pyet® 
EE, Were paver h 


1 e+3 
-QJuy 4 AI. D ig ere T + 


=A [ б) 4 y+] 


-(): ==] 
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From equation (10-40), 


б L — — (1041) 


Ау Td 2% 
2 s(t) tart) x 
n=0 
Now the various properties of the multi-channel system can be 
found out, 


1, The expected number of units in the system, 


ap has 
fl la fimo k А 
ог Lay ^. xrl 2) at>. -—y. 
п=0 тас 
ate "У, xz) eres) Pe 


(10:42) 


Using а similar method of evaluating an infinite series, this 
reduzes о 


(OM May A 10-43 
1. a Siler Pot «+-(10-43) 


2. The cxp се queue length, L,-L,—mean number being 
served 


à a 
ee -. (10:44) 
3, Expected waiting iimo in the queue, 
1 B. (AJW. Po 45 
We. DAP .. (1045) 
4. Expected waiting time in the system, 4 
1 НААМ NO LT. . (10.46; | 
е t Те) ерде А can 
EXMAPLE 10.7.1 


In example 10.1-3, there is assumed a possibility of installing 
iwo type-writers or renting a better and faster machine. The date 
is given below. 


641 
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Table 16-7 
Service rate | Daily rental 
p per hour | cost (Rs.) 
Present typewriter 8 2.50 
Proposed typewriter 12 4-50 


Suggest the better alternative. 


Solution 
Total coat per day of the present typewriter 
rental cost-+lost time cost 

= Re. 2:50 - Rs. 20-00 — Rs, 22:50. 
For proposed typewriter; 


3 1 1 1 
Average system time, W, = y= ae =] hours. 


Lost time eost per day (8 x5) x х= Re, 
= Ra. 8:57. 


Total coat per day =rental cost-+lost time coat 
= Ra. 4-50 4- Rs, 8:57 e Re, 13:07. 


To calculate the waiting time in the system for two machines, 


first let us find ру. 
1 


41--0.R. 
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1 1 
= 5 25 = 88-1Б55+25 
І +- 88 
RS 1 
T 108. эү? 


Expected waiting time in the system, 
BABY po `1 
bi Cepa te 
11 
pe iit 
M 8x (5/8 x -37 1 
(@—1(2х8—Бу? g | 
26 11 
SUUM 
Rit +F 
25 1 
тву 
254-231 256 .32 
“88x21 88х21 ^ 381' 
Total cost per day =rental cost of two typewriters + cost of 
lost time | 


БЫ: (2x 2-50--8x 5x A x 150) 


=Re,( Sto )=в=. (5+8-31) 
= Кә, 13-31. 
It is slightly less expensive to use a single proposed better | 
(faster) machine, 
EXAMPLE 10-72 J | 
Solve example 10-1.4 assuming two equal sized docks. | 
Solution 


l. The probability that & truck has to wait for service = proba- 
bility фе that there are two or more trucks already in the system, 


where 
L/A\e Ch 
Pile] geri 
where m= : 


п==с—1 


AIEO ER 


n=O 
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1 
=l 3 EE 
1 х 
Dat Ot GD. Баст 
nnd 
1 
JY Tc 1 9 8 
or 9/2 т (3/49 4- эхх 
1 1 E 5 
vr amem! = 2041549 TAT 1T 
1+4 i3 -D 
1/3)! 2x4 5 1 9 8 9 
һ=зг(+{ ) зх 3* il -PXq X5 хта 


.. The probability that a truck must wait is 0-205. 
2. The waiting time of a truck that waite is, 
W= Expected waiting time of a truck, Wido 
= Probability that a truck actually has to wait, p, 


A ҳе 
TOEN 


еар X с 
43/4)? 5 44 
=m 77 ae XT Xo 
4 ви a 2 
стун Xo XTX з=”? 


3. ‘Total expected waiting dd of company trucks per day 
=Trucks/day x % of company trucks x Expected 
waiting time/truck 
zx (3 x 8) x (0:40) x Wg 
2224 x 0:40 x (p, x Wn) 


—24 x 040x up 


= 0:393. 

10:8. Monte Carlo Technique Applied to Queuing problems? 

The Monte Carlo technique is quite useful for analysing 
waiting-line problems which are difficult or impossible to be analysed 
mathematically. Simulated sampling methods, for example, are 
quite helpful when the first-come, first-served assumption is not valid 
for a particular queuing problem. In may cases, the observed 
distributions for arrival times and service times cannot be fitted to 
certain mathematical distribution (Poisson and exponential dis- 
tribution) and Monte Carlo approach is the only hope under such 
„tuations. Similarly, multichannel queuing, in which departures 


*For further details the reader is referred to Chapter 18 of this book. 
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from one queue form the arrivals for another, is another difficult area 
which can be easily handled by Monte Carlo technique. 

Simulated sampling methods consist of replacing the actual 
universe of items by its theoretical counterpart, which is a universe 
described by some assumed probability distribution. А random 
number table is then used for sampling from this theoretical popula. 
tion. Such simulated sampling methods are called the Monte Carlo 
Methods. 


The Monte Carlo approach has many advantages over the 
ordinary sampling method of just looking at the actual situation and 
forming a history of arrivals, services, queue lengths and waiting 
times, etc. Firstly, with a digital computer, this approach can 
develop many months or years of data in only a few minutes. 
Secondly, it allows manipulation of those factors which сап be con- 
trolled, For example, we can readily assess the effect of adding one 
ormore service stations without actually having to install them. 
Similarly, changes in queue discipline can be tried out experimentally 


- * on paper, without any disruption of the actual process 
To draw an item at random from a universe described by the 


probability density f(x) , one proceeds as follows : 
(+) plot the cumulative probability function 


* 
y-zF(z) -| f(u). du. 


(i) select а random decimal between 0 and 1 (ир to ав many 
decimal places as desired) by means of a table of random numbers. 
(Vii) project horizontally the point on the Y-axis corresponding 
to this random decimal, until the projection line intersects the curve 
У=1(а). 
(iv) write down the value of x corresponding to the point of 
intersection. This value is taken as the sample value of z. 
Illustration. А firm has a single-channel service station having 
the following characteristics based on empirical data : the mean time 
between arrivals, A, is 6 minutes; mean service time, S, is 5:5 
minutes and arrival and service time distributions are given in figures 
10-3 and 10-4 respectively. 
In figures 10-3 and 10-4 the probabilities of values of А, and 
S, are shown. The cumulative arrival and service time distributions 
are determined by summing up the individual probabilities, starting 
from left to right. The arrival and service times are then obtained 
from these cumulative distributions (figures 10-5 and 10-6) along with 
a table of random numbers, 
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^ Let us assume that the queuing process starts аё 9:00 А.М. and 
continues for approximately 2 hours. An arrival is served immedi- 
ately if the service facility is free. If not, the arrival will wait in a 
queue. Further, assume that units are served on ‘first-come, first- 


served basis’. 
Am=6°0 mMmules 


3456789 
ARRIVALS A,(MIN.) 


Fig. 10.3. 


3456789 
SERVICE TIME Sx(MIN) 
Fig. 10:4 


The arrival and service times are shown in table 10-8. These times 
have been obtained from table C-1 (in appendix) of random numbers (a 
group of numbers which occur in no order with no one number more 
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3456789 
ARRIVALS Ax(MIN.) 


Fig. 10-5 


6789 
SERVICE TIME Sx(MIN.) 


Fig. 10-6. 


ies 
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likely to occur than any other number). The random numbers for 
arrival times have been taken from the second last group column 
(first two digits) and the service times are taken from the last group 
column, (first two digits). These random numbers are related to 
figure 10-6 for arrival time distribution and figure 10-6 for service time 
distribution. For example, the first random number for arrival 
time is 83. In figere 10:5, 83 ог 0-83 lies between 0:6 and 0-85. 
Draw a horizontal line corresponding to the value of 0-83 alu:g the 
vertical axis. The vertical line which corresponds to the value of 
0-83, indicates a simulated arrival time of 6 minutes, All simulated 
arrival and service times are determined in the same manner, 


Having entered the random numbers and simulated arrival and 
service times in table 10-8, the next step is to list the waiting time in 
the appropriate column. As the first arrival takes place 6 minutes 
after the starting time, the server has to wait idle for 6 minutes; this 
is entered under the column of waiting time-attendant. Waiting time. 
oustomer column is blank as the waitin; time on the part of the first 
customer is zero. The simulated servico time for the first arrival is 
D minutes, Thus the service endsat 9:11 A.M. The next arrival 
comes at 9-12 A.M. which indicates that no one has waited in line. 
Therefore, the last column is blank for the first line. 


The second arrival comes at 9: 12 A.M. while the attendant 
has waited 1 minute from 9:11 to 9:12, Since the service time ia 
of 5 minutes, the service willend at 9-17. Before the attendant 
can complete the servicing for second arrival, a third arrival comes 
at 9:16, as a result this third customer will have to wait. There- 
fore, the last column-length of line indicates one person in line. 
Before the attendant can service the third arrival, the customer has 
to wait for one minute. The column waiting time-customer indicates 
1 minute of waiting time from 9:16 to 9: 17. The same procedure 
is used throughout the table 10-8. 


We can now find a few characteristics of the given queuing 
problem : 
1. Average length of waiting line 

This із obtained by dividiüg the number of customers in wait- 
ing line (for 2 hours) by the total number of arrivals— 9/22 —0-41 
persons, 


2. Average time a customer waits before being served 


This із obtained by dividing the total waiting time by the total 
uumber of arrivals=14/22—0-64 minute. 
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3. Average time a customer spends in the system 
N 


Total service time 


Artes aif vien mecs Number of arrivals 


\ =103/22=4.68 minutes. 
a y nee time a person spends in the system 
les Average service time+ Average waiting time 
—4.68--0-64—5.32 minutes. 


4. Would it be economical to add another attendant 


This can be ascertained by comparing the cost of one’ attendant 
plus customer waiting time to the cost of two attendants and no 
waiting time. (Simulated analysis for the two attendants indicates no 
customer waiting time). Ifthe cost of one attendant is Rs, 6 per 
hour and that of customer waiting time is Rs. 12 per hour, we get 
the following table : 


Table 10.9 
Two hours (approz.) period wis aids 
Customer waiting time 
14x12 Ез, 2-80 — 
(Re 90 ) 

Attendant's cost Ra. 12.00 Rs. 24:00 
(2 hrs. x Rs. 6) 

Total cost (of 2 hrs, approx. period) Rs, 14.80 Rs. 24-00 


Hence it is not economical to add the second attendant. 
109 Additional Examples 


EXAMPLE 10.9.1 

A drive-in bank window has a mean service time of 2 minutes, 
while the customers arrive at a rate of 20 per hour. Assuming that 
these represent rates with a Poisson distribution, 

(a) what percentage of time will the teller be idle ? 

(b) after driving up, how long will it take the average susto- 
mer to wait in line and be served % 
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(c) what fraction of customers will have to wait in line ? 
EXAMPLE 10-9-2 


An airport can accommodate three air-planes in 2 minutes for 
either take-off or landing. If this rate is Poisson, what is the mean 
time between arrivals (for landing or departure) to ensure that the 
average waiting time is 5 minutes or lees ? Assume an exponentia} 
distribution on the time between arrivals, 


EXAMPLE 10-9.3 


Аб а certain airport, it takes exactly 5 minutes to land an 
airplane, once it is given the signal to land, Although incoming planes 
have scheduled arrival times, the wide variability in arrival times 
produces an effect which makes the arrival of incoming planes as 
Poisson at an average rate of 6 per h: r. This produces occasional 
stack-ups at the airport which can be dangerous and costly. How 
much time will a pilot-expect to spend circling the field waiting to 
land ? (Ans. 24 minutes) 


EXAMPLE 10.9.4 
In the production shop ofa company, the breakdown of the 
machines is found to be Poisson with an average rate of 3 machines 
рег hour. Break-down time of one machine costs Rs. 40 per hour 
to the company. There are two choices before the company for hiring 
the repairmen, One of the repairmen is slow but cheap, the other 
fast but expensive. The slow-cheap repairman demands Rs. 20 per 
hour and will repair the broken down machines exponentially at the 
tate of 4 per hour. The fast-expensive repairman demands Rs, 30 
per hour, and will repair machines exponentially at an average rate 
of 6 per hour. Which repairman should be hired ? 
(Ans. Fast-ezpensive repairman) 


EXAMPLE 10:9.5 


An insurance company has three claim adjusters in its branch 
office. People with claims arrive in a Poisson fashion, at an average 
rate of 30 per 8-hour day. The time spent by an adjuster with & 
claimant is found to have exponential distribution with mean service 
time 30 minutes. If claimants are attended in the order of their 
arrival, find : 


(a) how many hours a week an adjuster expeets to spend with 
olaimants ? 

(b) how much time, on the average, does a claimant spend in 
the branch office ? 
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EXAMPLE 10-9.6 

A telephone company plans to install telephone booths in a 
new locality. It is decided that a person should not have to wait 
more than 10 per cent of the times he tries to use a phone. The de- 
mand for use is estimated to be Poisson with an average of 30 per 
hour. The average phone call has an exponential distribution with 
а mean time of 5 minutes. How many phone booths should be 
installed ? (Ans. Siz) 


EXAMPLE 10:9. 7 н 

A supermarket has two sales girls аф the counter. If the service 
time for each customer is exponential with average of 3 minutes and 
if people arrive in a Poisson fashion at the rate of 12 per hour, 

(a) what is the probability for having to wait for service ? 

(b) whatis the expected percentage of idle time for each 
sales girl ? 

(c) if the customers have tc wait, what is the expected length 
of their waiting time ? : 

10-10. Bibliographic Notes 

There are many books on the theory of queues, Of these, only 
three are mentioned here. An excellent book by W. Feller [4], in 
addition to exposition of the probability calculus, contains a discus- 
sion of some of the special cases, such as, theory of queues, 

Book by P. Morse [6] comprises not only an elementary exposi- 
tion of the queuing theory, but also many applications written in 
clear language. 

A more advanced exposition of this theory, dealing also with 
its application to technology is given in the book by A. Khinchin [7]. 
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REPLACEMENT 


Replacement problems fall into two categories depending проп 
the life pattern ofthe equipment involved i.e., whether the equipment 
wears out or becomes obsolete with time (because of constant use or 
new technological developments) or suddenly fails. 


For items that wear out, the problem isto balance the cost of 
new-equipment against the cost of maintaining efficiency on the old 
and/or that due to the loss of efficiency. Though no general solution 
is possible, models have been constructed and solutions have been 
derived using simplified assumptions about the conditions of the 
problem. 

For items that fail, the problem is to determine which items to 
replace and how often to replace so as to minimize the sum of the 
following costs : 

(i) cost of equipment, 
(ii) cost of replacing the unit, 
‚ (8i) cost associated with failure of the unit in terms of loss of 
earnings due to equipment breakdown. 

One extreme policy is to replace items only when they fail. It, 
no doubt, minimizes equipment cost but costs of individual replace- 
ment and failure may be very high. Other extreme policy is to replace 
all units when or before the first one fails. It minimizes failure cost 
and also replacement cost due to economy of mass replacement but 
increases equipment cost. ‘Lhe optimum policy usually lies between 
the two extremes. > 

Life spans of items that fail are probabilistic. A lot of work has 
been done to find probability distribution of failure of various items 
as function of time. . 
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111. Introduction 

All industrial and military equipment gets worn with time and 
usage and it functions with decreasing efficiency. For example, a 
machine requires higher operating cost, a transport vehicle such as a 
car or air plane requires more and more maintenance cost, a railway 
time-table becomes more and more out of date with the passage of 
time. The ever increasing repair and maintenance cost necessitates 
the zeplacement of the equipment. However, there is no sharp, 
clearly defined time which indicates the need for this replacement. 
The replacement policy, in this case, consists of calculating the 
increased operating cost, maintenance cost, forced idle time cost to- 
gether with cost of the replacing new equipment. 


A separate but similar problem involves the replacement of items 
such as electric bulb, radio tubes, etc. of equipment which does not 
deteriorate with time but suddenly fails. The problem, in this case, 
is of finding which items to replace and whether or not to replace 
them in a group and, if 80, when. The objective is to minimize the 
sum of the cost of the item, cost of replacing the item and the cost 
associated with failure of item. 


There is still another situation in which replacement becomes 
necessary. This is obsolescence due to new discoveries and better 
design of the equipment. The equipment needs Teplacement not 
because it no longer performs to the designed standards, but because 
more modern equipment performs higher standards, For example, 
an equipment may have an economic life of 20 years, yet it may 
become obsolete after 10 years because of better technical develop- 
ments. 
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112. Replacement of Items that Deteriorate i.e., Whose 
Maintenance Costs Increase with Time 


Quite often the repair and maintenance costs of items increase 
with time and a stage may come when these costs become so high 
that it is more economical to replace the item by a new one. Since 
both of these costs tend to increase with time, they are grouped while 
analysing a problem. : 

If these costs decrease or remain constant with time, the best 
policy is never to replace the item. However, this condition is hardly 
met with in practice. If these costs fluctuate with time, the item 
should be replaced only when they are increasing, of course, the 
analysis becomes more involved. 

Generally, all costa that depend upon the choice or age of the 
equipment must be taken into account while analysing the decision 
of its replacement. However, in special situations, certain costs may 
not be considered, For example, costs (such as labour cost, electric 
cost, etc.) that do not change with the age of the equipment may not 
be included in calculations. 

Now we shall consider a few cases of items that deteriorate 
with time and it will be assumed that suitable expressions for main- 
tenance costs are available. 

11.21. Replacement of Items whose Maintenance and 
Repair Costs Increase with Time, Ignoring Changes 
in the Value of Money During the Period. 

Let us first consider a simple situation which consists of 
minimizing the average annual cost ‘of an equipment whose main- 
tenance cos is a function increasing with time and whose scrap value 
is constant. As the time value of money is not to be considered, the 
interest rate is zero and the calculations can be based on average 
annual cost. 

Case 1. When time ‘t’ is a continuous variabk 

Let C= Capital cost of the item, 

S =Scrap value of the item, 
Т.г = Average annual total cost of the item, 
ns=Number of years the item'is to be in use, 
ЛЕ) - Operating and maintenance cost of the item at time t. 

It is desired to find the value of n that minimizes T. 

Annual cost of the item at any time ¢=capital cost—scrap 
value + maintenance cost at time ¢. 

в 


Now total maintenance cost incurred during » years = | ОТА 
0 
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п 


Total cost incurred during n years, Т„С—8-+ [eae 
0 
Average annual total cost incurred on the item, 
п 
1 
Tam 1 co-s+ [roam (14) 


Now we shall find that value of л for which Tg», is minimum, 
Differentiating equation (11-1) w.r.t. n, we get 


п 
4 1 1 1 
dy (Te)-—À (0-8— 2. | feat fin). 
0 
For Шет) 0, we have 


fen [c-8-- | füyit |= T... 4112) 
0 


Thus the item should be replaced when the average annual cost 
to date becomes equal to the current maintenance cost, Using this 
result we can decide when to replace an item provided an explicit 
expression is given for the maintenance and repair costa, 

Case2: When time ‘t’ is a discrete variable 

Tabular method is used in this case, It hasthe advantage of 
being a simpler method, The examples below explain this method. 
EXAMPLE 112.1 : 

The maintenance cost and resale value per year of a machine 
whose purchase price is Rs. 7,000 is given below, 

Tabie 11-1 


Year 1 2 3 4 5 6 7 8 
ba paged 900 1,200 1,600 2,100 2,800 3,700 4,700 5,900 
in Ra. 


реу Se NL CE Ue pU as 
2h value 4,000 2,000 1,200 600 500 400 400 400 


in . 


When should the machine be replaced ? 

Selution 

Capital cost С. Ев, 7,000. Let it be profitable to replace the 
machine after » years. Then » should be determined by the minimum 
value of Tas. Values of Taw for various years are computed in 
table 11.2. 
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We observe from the table that average annual cost is minimum 
(Rs. 3,020) at the end of 5th year. Hence the machine should be 
replaced at the end of 5 years of service. 


EXAMPLE 11:2-2 


(а) Machine A costs Rs. 9,000. Annual operating costs are 
Rs. 200 for the first year, and then increase by Rs. 2,000 every year. 
Determine the best age at which to replace the machine. If the 
optimum replacement policy is followed, what will be the average 
yearly cost of owning and operating the machine ? Assume that the 
machine has no resale value when replaced and that future costs 
are not discounted. 


(b) Machine B costs Rs. 10,000. Annual operating costs are 
Ra. 400 for the first year, and then increase by Rs. 800 every year. 
You have now а machine of type A which is one year old. Should 
you replace it with B, and if so, when ? 

[Delhi 1968, Agra M. Stat. 1974] 

Solution 

(а) Let us assume that the machine A has no resale value when 
replaced. The average annual cost is computed in table 11-3. 

From table 11-3 we find that machine A should be replaced at 
the end of 3 years and the average yearly cost of owning and 
operating the machine at this time of replacement is Rs. 5,200. 

(b) The average annual cost for machine В is computed in 
table 11:4. 

Table 11.4 indicates that machine B should be replaced at the 
end of 5 years. Moreover, since the lowest average cost of Rs. 4,000 
for machine B is less than the lowest average cost of Rs. 5,200 for 
machine A, machine A can be replaced by machine B. 

Now we have to determine ав ќо when machine A should be 
replaced. Machine A should be replaced when the cost for next year 
of running this machine becomes more than the average yearly cost 
for machine B. 

Now total cost of machine A in the first year—Rs. 9,200, 

total cost of machine A in the second year 

=Rs, 11,400 —Ra. 9,200 — Rs. 2,200, 
total cost of machine A in the third year —Rs. 4,200, 
total cost of machine A in the fourth year-- Rs. 6,200. 

As the cost of running machine A in third year (Rs. 4,200) is 
more than the average yearly cost for machine B (Rs. 4,000) ; 
machine A should he replaced at the end of two years t.e., one year 
after it is one year old. 
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EXAMPLE 11.2.3 
(а) An suto-rickshaw driver finds from his previous records 
that the cost per year of running an auto-rickahaw whose purchase 
rice is Ra. 7,000 is as given below. 
ear 1 2 3 a 5 6 7 8 
Running 


cost Re 1,100 1,300 1,500 1,900 2,400 2,900 3,500 4,100 
Resale 


price (Ra) 3,100 1,600 850 475 300 300 300 300 

At what age ів a replacement due 1 

(b) Another person has three auto-rickshaws of the same 
purchase price and cost of running each as in part (a). Two of these 
vehicles аге 2 увага old and the third one ів 1 year old. He ів 
considering a new type of auto-rickshaw with 50% more capacity 
than one of the old ones and ata unit price of Re, 9,000. He 
estimates. that the running costa and resale price for the new vehicle 
will be aa follows : a 


Year 1 2 3 4 5 в 1 8 
Running 


cost (Rs.) : 1,800 1,600 1,900 2,500 3,200 4,100 5,100 6,200 
Resale 


price (В+.) : 4,100 2,100 1,100 600 400 400 400 400 

Assuming that tho loss of flexibility due to fower vehioles is of 

no importance, and that he will continue to have snfficiont work for 
hel of — ОНИН, VP ical дога 


Li 
(a) The average annual cost for old auto-rickshaw is computed 
in table 11,5. 


Table 115 
1 (4 6) 
т ni Perlis au FE e Тиш AT. 
service value — price — main. ој main. cost annual 


(n) (8) resale value tenance tenance (3)4+(5) cost 
(0—8) cost cost 


оо о OC Ф о tO е 
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Thus the old auto-rickshaw should be replaced at the end of 
6th year. 
(b Now let us compute the average annual coat of the new 
auto-rickshaw of larger capacity. This is done in table 11.6. 
Table 11.6 
(1) (2) (4) (4) (9) (6) (2) 
Yearsof Resale Purchase Annual Summa- Total Average 
service value price— main- tionof cost атта 


(м) (S) resale value tenance main- (3)--() cost 
(С-8) cost tenance 6 
м) cost (1) 

40) 


H 4,100 4,900 1,800 1,300 6,200 6,200 

2 2,100 6,900 1,600 2,900 9,800 4,900 

3 1,100 7,900 1,900 44,800 12,700 4,233 

4 600 8,400 2,500 7,300 15,700 3,925 

5 400 8,600 3,200 10,500 19,100 3,820 

6 400 8,600 4,100 14,600 23,200 3,867 

7 400 8600 5,100 19,700 28,300 14,043 

8 400 8,600 6,200 25,900 34,500 4,312 

Ав the new auto-rickshaw has 50% more capacity than the old 
one, the minimum average annual cost of Rs. 3,820 for the former is 
equivalent to Rs. 3,820 x 2/2— Rs. 2,547 for the latter. Since this 
amount is less than Rs. 2,967 for it, the latter will be replaced by the 
new auto-rickshaw. 

Having decided to replace the old vehicle by the new one, we 
now will determine as to when this replacement should be made. 
For uniformity we assume that all the three old auto-rickshaws will 
bereplaced by two new larger ones. The new vehicles will be 
purchased when the cost for the next year of running the three old 


vehicles becomes more than the average annual cost of tke two new 
ones. 


Total annual cost. of one smaller auto-rickshaw during first year 
= Ев. 5,000, 

annual cost of one smaller auto-rickshaw during second year 
=Rs. 7,800— Rs. 5,000 — Re. 2,800, 

annual cost of one smaller auto-rickshaw during third year 
=Re. 2,250, i 

annual cost of one smaller auto-rickshaw during fourth year 
= Rs. 2,276, 
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annual cost of one smaller suto-rickshaw during fifth year 
=Rs. 2, 576, 

annual cost of one smaller auto-rickshaw during sixth year 

== Rs, 2,900, and so on. 

Total cost during next first year for two smaller vehicles aged 
two years апа one vehicle aged one yearz232,260--2,800 Rs. 
7,300. á 

Similarly, total cost; during next second year 

=2 x 2,275-+-2,250 =Rs. 6,800, 
total cost during next third year 
=2 x 2,015 4-2,275 — Ra. 7,425, 


total oost, during next fourth year е 
«2 x 2,900+2,575 — Ба, 8, 375, and so on. 
But minimum average cost for two new vehicles=2 x 3,820 — Rs 7,040. 

As the total cost of old vehicles during next second year is less 
than the minimum average cost of the new vehioles and becomes 
more only in the next third year, the old auto-rickshaws should be 
replaced by the new larger ones in the next third year of their life. 
112.2. Replacement of Items Whose Maintenance Costs 

Increase With Time and Value of Money also Changes 
With Time. 

As the money value changes with time, we must calculate the 
present value or present worth of the money to be spent a few years 
hence. If it is the interest rate (# may also be considered as the 
rate of inflation or the sum of the rates of interest and inflation) per 
year, a rupee invested at present will be equivalent to (1--3) a year 
hence, (14-$)* two years hence, and (1--i)" in n years time. In other 
words, making a payment of one rupee after n years ів equivalent to 
paying (14-07% now. The quantity (1+5) is called the present 
worth or present value of one rupee spent n years from now. 

“Present value of a rupee spent n years hence=(1+¢)"" 


zy, 


where vee is called discount rate and is always 
leas than unity. 

In order to find the optimal policy of replacement $.e., when в 
manufacturer should replace a machine on which he is working, let us 
assume that the machine is replaced after n years. . Let О be the 
purchase price of the machine and Rj, B ..., Rp be the running 
eosta in Ist, 2nd, ..., nth year respectively. Assuming that scrap 
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value of the machine is zero and that all payments are made at the 
beginning of each year, the present worth of expenditure in n years is ` 
P, CER E VR 4 VIR, 4L yt7i.R, . (11.8) 

Thus P, is the amount of money required now to pay all future 
costa of acquiring and operating the machine assuming that it is to be 
replaced after » years. 

Now P, increases as increases which means that the present 
worth, if the machine is replaced after n-+1 years is greater than if 
it is replaced after. years. Thus for any additions! amount spent 
we get an extra year’s service, We are, therefore, interested in find- 
ing some function of the replacement interval which ullows for this. 

In order to do во, let us assume that the manufacturer invests 
the amount P, by borrowing money at the interest rate í aud repays 
it off in fixed annual payments, each of value z, throughout the life of 
the machine. Thus after n years he will have paid off the total cost 
P, of the machine, 

The present worth of fixed annual payments, each of value z, 
for ù years is | 

Z-pyz4- viet... pve inum = z. 


Since this is equal to the sum P, borrowed, 


or ont Py (114) 


Thus the best period to replace the machine is the period x 
Which minimizes s=- 7—7 
constant the period at which to replace the machine is the period л 
which minimizes the function Eq * Bince s can have only 
discrete values, method of finite differences (appendix B) can be used 
to caloulate its optimal value. By this method, » will be optimal i.e., 
F, will be minimum if 

ЛЕ, 40 c AF, ..4(11.5) 

Now AF,-F4—F, ». (11:6) 

„Вны B. 
l—wHü Тун 
0-м) Р... (I - vp, 
ayy 


P,. However, since (1—у) is a positive 
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1 
ута Or Te rnt Pan) 


(117) 
Further, P, у= (C-- R4 2-9 BsF... Hy Ra) +y” Бау 
=Р,+у Raga 
;. From equation (11-7) we get 
1 


Ае deny v) 
о" Ray) HH P, УР, 4- v^ Basi} 


1 
=a [^ Pra 01—707 P, d—9 
у" (1—v) 1—w 


гуу Anar, | (11:8) 


=a positive constant, | = =” Ray P, | 


F, has always the same sign as the quantity in brackets. 
+, From inequation (11.5), п will be optimal if 


LU в, Р, 1<0< Т Ru P» NE 
From inequation (11.9), we have 
1-7 К„ы—Р>0 
ог Ray Ps Кос 
ог Ray > P| 
or Ray > Ox RebyBa Bap ovr? В, (11:108) 


14-v4- 4... 2 


LU 
C+ > Ryd 


fæl 
or В.ы> x Т 


-1 


«(11-10 b) 
y” 

rel 
or next periods cost > weighted average of previous costs, since the 
expression on the R.HS. of inequation (11-10 a) is the weighted 
average of all costs upto and including period n—1. The weights 
1, v M, «+» vt are the discount factors applied to the costs in each 


period. 
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The other part of inequation (11-9) can, similarly, be expressed 


as 
Rc EE Rt E RTT 
n 
c+ В, yr 
or Real - (1:115) 
yr-1 
т=1 


From expressions (11-105) and (11.115) we conclude that 

(a) The machine should bc replaced if the next period's cost is 
greater than the weighted average of previous costs. 

(b) The machine should not ie replaced if the next period's cost 
їз less than the weighted average of previous costs. 

The corresponding value of the minimum annual payment z is 
obtained from equation (11.4) as 

1—у 


sep 


P,. 
Further, if а and z, are the minimum annual payments for two 
machines A and B, A will be preferred if zı >x, and vice versa. 


It may: be noted that the replacement polioy of section 11-2-1 in 
which money value is ignored is a special case of this section. As 


interest rate i-»0, the discount rate у->1 and expression (11.10а) 
reduces tc 


2 С-ЬВ1+В,+...-В„ 
б Baa Ера times 


or Beats which is identical to equation (11.2). 


In actual practice, this type of replacement problem may be 
further complicated by the prevailing tax laws, A discussion of tax 
laws is beyond the scope of this book, but in any real problem the 
effect of taxes has got to be taken into account, Р 


ЕХАМРІЕ 112.4 


The yearly cost of two maohines A and B, when money value is 
is shown in table 11.7, Find their cost patterns if money 


value is 10% per year and hence find which machine is more 
economical, 
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Table 11-7 
Year 1 2 3 
Machine A (Rs.) 1,800 1,200 1,400 
Machine B (Rs.) 2,800 200 1,400 


Solution. When the value of money is 10% per year, the dis- 
count rate $ 
1 1 
"TERO107 117 
The discounted cost patterns for machines A and B are shown in table 
11.8. 


0-9091. 


Table 11.8 
Zu quoc NC E CREER dE e 
Year 1 2 3 Total cost (Re.) 

Machine A 

(Discounted 1 ,800 1,200 0-9091  1,400x 0.90912: 4,047.94 

cost in Rs.) = 1,090.90 ==1,157-04 

Machine B 

(Discounted 2,800 200 «0.9091  1,400x0.9091* 4,138.86 

coat in Rs.) =181-82 ==) ,157,04 


‘As total cost for machine A is less than that for machine B, 
machine A is more economical. 


EXAMPLE 112-5 

A machine costs Rs. 500. Operation and maintenance costs are 
zero for the first year and increase by Ев. 100 every year. If money 
ia worth 5% every year, determine the best age at which the machine 
should be replaced. The resale value of the machine is negligibly 
small. What is the weighted average cost of owning and operating 
the machine ? 

Solution. Discount rate, 

л. АЁ 1 
У= Тут = 140-05 

To find the best replacement age, we enter the caloulations in a 

table. Table 11-9 represents these calculations. 


From table 11-9 we find that 
200< 217-66 <300, 
where 200 is the running cost of 3rd year and 300 is that of 4th year. 
Therefore, the machine should be replaced after third year. The 
weighted average cost of owning and running the machine is,Rs. 


217.66. 
M U 


=0:9524. 
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EXAMPLE 11.2:6. 


A manufacturer is offered two machines A and B. A has cost 
price of Rs. 2,500, its running cost is Rs. 400 for each ofthe first 5 
years and increases by Rs. 100 every subsequent year. Machine B, 
having the ваше capacity as A, costs Rs. 1,250, has running cost of 
Re. 609 for 6 years, increasing by Re. 100 per year thereafter. If 
money is worth 10%.per year, which machine should be purchased ? 
Scrap value of both machines is negligibly small. 

Solution. As money is worth 10% per year, the discount rate 
for both machines is 

1 1 
=i ~1+4+0-10 

The calculations for machines A and B are entered in tables 
11:10 and 11 11 respectively. 

From table 11-10 we conclude that for machine A 

800< 875-86 <900, 

where 800 is the running cost during 9th year and 900 is that 
in 10th year, Hence machine A should be replaced after 9th year. 

Similarly from table 11-11 for machine B find that 

800 <840-11<900, 

where 800 is the running cost in 8th year and 900 is that in 
9th year. Hence machine B should be replaced after 8th year. 


=0-9091. 


Further, since the weighted average cost in 9 years of machine 
A is Rs. 875-86 and weighted average cost in 8 years of machine B is 
Ке. 840-11, it is advisable to purchase machine B. 


EXAMPLE 11.2-7 


A scooter costs Rs. 6,000 when new. The running cost and 
salvage value (sale price) at the end of the year is given ip table 11.12. 
If the interest rate is 10% per year and running costs are assumed to 
have occurred at mid year, find when the scooter should be replaced . 


Table 11.12 


К he ete c toa Ee ИЭ ae nega tiet а PRESERVAR IN ME MC IUE 
Year ў 1 2 3 4 5 6 7 


Running cost Rs. 1,200 1,400 1,600 1,800 2,000 2,400 3,000 


Salvage value Rs. 4,000 2,666 2,000 1,500 1,000 600 600 
Ы ced ee ә уез до Dep E 


Solution 
As the interest rate is 10% per year, discount rate 
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The running costs given in table 11.12 occur at mid-year and we 
can discount them to the start of the year by multiplying by 
vit 4/0.9091=0.95346, The remaining calculations are shown in 
table 11.13, Costs have been calculated upto first decimal place 
only. It follows from the table that the scooter should be tare 
after 5 years. 


11.3. Replacement of Items that Fail Suddenly 

In the previous section we considered replacement of items that 
deteriorate with time resulting in increasing maintenance and opera- 
tion costs. The optimal lives of the items were found by balancing 
the increased running costs against decreased depreciation, However, 
there are many real life situations in which items do not deteriorate 
with time but fail suddenly. A system usually consists of a large 
number of low cost items that are increasingly liable to failure with 
age (e.g., failure of some resistor in a radio, television, computer eto.). 
Sometimes, the failure of an item may cause а complete breakdown 
of the system. The costs of failure, in such a case will be quite higher 
than the cost of the item itself. For example, a tube or a condenser 
in an aircraft costs little, but its failure may result in total collapse 
of the aircraft. Similarly, failure of an industrial equipment such 
аз а pump іп a refinery may close down the entire system and may 
cause heavy losses due to loss in production, idle labour, wastage and 
other damages. 

It is, therefore, quite important to know in advance as to when 
the failure is likely to take place so that item can be replaced before 
it actually fails. Rigorous inspection may be required to detect 
imminent failures and once they are detected, preventive replacement 
may be quite economical. Quite often, however, it may not be 
possible to predict the time of failure by direct inspection. In such 
cases, the time of failure can be predicted from the probability 
distribution of failure time obtained from past experience. The 
problem, then, is to find the optimal value of time t which minimizes 
the total cost involved in the system, 

Two types of replacement policies are considered when dealing 
with such situations : 

l. Individual replacement policy in which an item is replaced 
immediately after it fails. 

2. Group replaced policy in waich all items are replaced, irrespeo- 

` tive of whether they have failed or not, with a provision that 
if any item fails before the optimal time, it may be individually 
replaced. 


48—0.В. 


674 Operations Research : An Introduction 


11.3-1. Individual Replacement Policy 


The probability distribution of failure time (or survivals st 
different ages) can be obtained from mortality tables or life tables for 
& particular item on a large sample basis, Let us imagine a large 
population which is subjected to a given mortality curve for a long time 
period. Let all deaths (part failures) be immediately replaced by births 
(replacements) and let there be no other entries or exits. The problem 
is to determine the rate of deaths that occur during a certain time 
period. 

Let us assume that each item in the system fails just before 
time t=k, where k is an integral constant so that no item survives 
' beyond time k+-1. 


Let f(t) denote the number of births (replacements) at time ¢ 
and p, denote the probability of an item dying (failing) just before 
k 


attaining the age z--1. Obviously, > Фа=1. Ав f(t—z) denotes 


: 2-0 ï 

the number of births at time £—z, these newly borns attain the age 
z at time ¢ and their a- priori probability of dying just before time 
1+1 із p, Consequently, the number of deaths of these survivors 
just before time t--1 is pz . f(t--2). 


e. Total number of deaths just before time ¢+1 
k 


= Ул-ә ET (11.12) 


2=0 


Since deaths are immediately replaced by births, this quantity equals 
the births at time ¢+1. 


k 
TES ` Jia) "ps where Sb, 4 LRLS = 


z-0 


(113) 


Equation (11.13) is a difference equation int. Let its trial 
solution bs 


f(t)=A at, where A is a constant. 
The difference equation (11.13) becomes 


k 
A «а У А 2-2. pr. 


2=0 


"————— ————————— w—— 
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Dividing both sides by A ot**, we get 
k 
on > at. Dy 


==0 
k 


ony ak-2 .р„=0 
m0 
or «®+1—[ at роо 71.9 pat... - px] - 0 (11.14) 
Now we know that the sum of all probabilities is unity. 


1o. 


Ter >D 2,0. (11.15) 


Comparing equations (11.14) and (11.15) we find that one root 
of the polynomial (11.14) is «=l. However, since the polynomial: 
(11.14) has exactly k+l roots, let its remaining roots Бе x a, 
se) а 

The most general solution of this polynomial has the form 

f(E)= Ao НА, af H- A, os! +... An oat 
=А, БА, I As а... HAr «и, 
where Ay, A;, Аз, ..., Ар are constants which can be determined 
from the age distribution at some given point in time. Further, 
since absolute value of all remaining roots is less than unity, i.e., 
| | «1 for all i, 
a8í—co, lim. f(t)=Ao, 
to 


which means that the number of deaths (or births) per unit time is 
constant at Ay. 
Let P(z) denote the probability that an item survives beyond z 
time units. Then 
P(z)=1—probability that the item dies before z time units 
=1—[Po Pi --- +01] 


z—l 


Clearly, probability of surviving at 2-0 i.e., P(0)—1. 
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Now, since birth and death rates have settled to a constant rate 
Ao the number of survivors of age z also becomes stable 
at А, Р(х). Moreover, as deaths are always immediately replaced 
by births, the size N ofthe total population remains the same, 80 
that 

5 k 

+ N-A, M Р) 


Ог Ag= > ~ (11.16) 
P(z) 


z—0 


Finally, we have to show that the denominator in (11,16) can 
be interpreted as the mean age at death. For this we write 


i. k k 
: > P (z). 1 as > P(x). Az. [' Az-—(x—1)—z-1] 


z=0 2-0 


Now from the knowledge of difference operator Д we have 


b b 
У ле ле @=f0+1). g+) fa). да) У; 
ў (+1). ДЛО). 
k k 
E: P(z)& Y P (2). Az 
дг, 
k 
© ELD PU-HD- 0-0) S. (241). A Pee) 
z-0 
k 
=(k+1). P(k41)— У (24-1). [P(z4-1)—P(z)] 
z=0 


=(k+1). P(E4-1) — ox (x41) H- Sa} 
z-0 t= 
2—1 
-h- > Pı H 
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k 
=(@+1). PREV—S (+D (в) 


$-0 


k 
= > (2-1). pz (since Р (k+-1)=0, by assumption) «57 
т=0 
= mean аде at death, 


From equation (11.16) we have 


796 N, the size of population 
o™ mean age at death 


Hence we conclude that the age distribution ultimately becomes 
stable and the ultimate rate of death is obtained by dividing the size of 
population by the mean age at death. 


11.3-2. Group Replacement Policy 


Quite often a system consists of a large number of. identical, 
low cost items which arè more and more likely to fail with time. It 
may be economical to replace all such items at fixed intervals. Such 
a policy of replacement is called group replacement policy and is 
particularly suitable when the cost of individual item is compara- 
tively small. An important example is of replacing the street light 
bulbs, 


Thus under this policy we replace all items at fixed interval «f 
whether they have failed or not and at the same time go on replacing 
failed items as and when they fail.. The problem is to determine an 
optimum group replacement time interval. 

Let N : The total number of items in the system, 

N,: Number of items that fail during time f, 

C(t) : The total Cost of group replacement after a time t, so that 

редуту 
average cost per unit time is XR 

С, : Cost of replacing an item when all the items in that group 
are replaced simultaneously, 

C, : Cost of replacing an individual item on failure. 

Then, clearly 

C(t) - CiN +6, [N1 +N +. Ne]. 

*. Averagé"'cost per unit time= З =Е(0) 

_ GN+Q [N Ns P EN; 


. (11.17) 
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Now optimum group replacement time +t’ will be that period 
which minimizes the average cost per unit time. 
The condition for minimum F(t) is 
A F(ti 1) 0 AF(t). .- (1.18) 
Now A F(t) = F(t--1)—F(t) 
Сё) CH 


і ~ t 
— 004-6 №, €. 
tI А 


НОО, Му—0 (0) (4-1) 
1 (14-1) 


_ tC, N,—C(0) 
mro) 


GN 
HIC 211-19) 
which must be greater than zero for minimum F(t). 
са) 
t 


or AF (= 


, GN = 
f.e., UE mE > 


or ON, > 0, ...(11-20) 
Bimilarly from AF (t—1)< 0, we can prove that 
ON ,— d à (11:21) 
From equations (11-20) and (11-21) we get the following group 
replacement policy: ^ 
1. Group replacement should be made at the end of tih period if the 
coat of individual replacement for the th. period is more than the 
average cost per unit time through the end of t periods. 
2. Group replacement should not be made at the end of t. period 
` if the cost of individual replacement for the tt period is less than 
the average cost per unit time through the end of t periods. 
EXAMPLE 11-3.1 
The following mortality rates have been observed for а eertain 
type of light bulbs : 
Hnd of week 1 2 3 4 5 6 
Probability of failure to date 0-09 0-25 0.49 0-85 0.97 1-00 
There are а large number of such bulbs whi ch are to be kept in 


| 


| 
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working order. Ifa bulb fails in service, it costs Rs. 3 to replace but 
if all the bulbs are replaced in the same operation, it can be done for 
only Rs. 0:70 a bulb. It is proposed to replace all bulbs at fixed 
intervals, whether or not they have burnt out, and to continue 
replacing burnt out bulbs as they fail. (a) What is the best interval 
between group replacements ? (b) At what group replacement price per 
bulb, would a policy of strictly individual replacement become 
preferable to the adopted policy ! 
Solution. Let the total number of bulbs in use be 1,000. 
Let p, be the probability that a new light bulb fails during the ith 
week of its life. 
Thus we have 
р1= 0:09, 
ра= 0:25 —0-09 = 0:16, 
30:49 —0:25 2 0-24, 
p«—0:85—0-49.—0-36, 
5 0:97—0:85—0-12, 
Фе = 1:00—0-97 — 0-03. 
Sinoe the sum of all probabilities is unity, all probabilities 
higher than p, must be zero $.e., p; —ps-- py, eto. =0. Thus all light 
bulbs are sure to burn out by the 6th week. 


Further, we assume 


(i) that light bulbs which fail during a week are replaced just 
before the end of that week. 


(ii) that the actual percentage of failures during а week for a 
sub-population of bulbs with the same age is the same as 
the ezpected percentage of failures during the week for that 
sub-population. 

Let N; represent the number of replacements made at the end 

of ith week when all the 1,000 bulbs are new initially. Then 
we have 


NN, 221,000, 
N,2N, pi=1,000 х 0:09 = 90, 
N,—N, p, 4-N; 2:— 1,000 x 0:164-90 x 0-09 = 168, 


N,2N, pj -N; ра -М№ pı= 1,000 x 0:24-1-90 x 0:16 
+168 х0.09= 269, 
N,2N, Pat Ni + М; р, + № р =1,000 x 0:36 
+90 x 0-244. 168 x 0:164-269 x 0-09 — *432, 
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N,—N, p,4 N, pa+ Na 254-Ns Pa tN, p; 51,000 x 0-12 
+90 x 0.36 + 168 x 0-24 -269 x 0-16 +432 x 0-09 — 274, 


N,SN, p,--N, Pi. Ni Pa +N, py. N, Pa+Ns р, 


=1,000 x 0:03 + 90 x0-124168 x 0-36-4269 x 0-24 
+432 x 0-16 4.274 x 0 09.280, 


N,=0+N, р, N, Pst+Ny ФМ рь -N; ру- М, р, 
72 900 x 0-03-1- 168 x 0-12-1-269 x 0-36 4.432 x 0-24 
4-274 x 0:18 4.260 x 0:09 — 291, 
and so on. 


Thus we find that the number of bulbs failing each week 
increases till the 4th week, then decreases and again increases from 
7th week. Thus N; will continue to oacillate till the system attains 
a steady state. 


6 
Average life of light bulbs = dir 
i=l 
=1 x00942 x 0:1643 x 0-24.-4 0:36 
+5 x 0-12-46 x 0-03 
23-35. 


Average number of failures per week — er: = 299, 


Cost of individual replacement of bulbs 
== Rs. 3 x 299 Ва. 397. 


Since the replacement of all the 1,000 bulbs in one operation 
costs Rs. 0:70 per bulb and replacement of an individual bulb costs 
Ra. 3, the total cost of replacement is 


End of week Total cost of group replacement Average cost per week 


1. 1,000 x 0-70 4-90 x 3-976 970-00 

1,000 x 0-70-1-3(90 1-168) — 1,474 937-00 

3. 1,000 x 0-70-4.3(90 1-168. 269, 760-33 
22,281 


(а) As the average minimum cost is in the 2nd week, it is 
optimal to have a group replacement after every iwo 
weeks. 
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(b) Let Rs. z be the group replacement price per bulb. Then 
1,000 2+ guk 168) 


2 


Rs. 897< л v>Rs. 1-02. 


EXAMPLE 11:3.2 

(a) At time zero, all items in a system are new. Each item has 
a probability p of failing immediately before the end of first, month 
of life and a probability q(-1— p) of failing immediately before the 
end of the second month (i.e., all items fail by the end of the second 
month). If all items are replaced as they fail, show that the expected 
number of failures on. at the end of month z is given by 


ора ; [1-9 J, 


where N is the number of items in the system. 


(b) If the cost per item of individual replaeement is C, and the 
cost per item of group replacement is Cy, find the condition under 
which 


(i) а group replacement policy at the end of each month is 
the most profitable. 


(ii) а group replacement policy at the end of every other 
month is the most profitable. 


(1?) по group replacement policy is better than a policy of pure 
individual replacement. 
[Delhi M.Sc. (Math.) 1971, 76; Meerut M.Sc. (Stat.) 1970] 
Solution 


(а) Let М; be the number of items expected to fail at the end 
of ith month, 


zn N,=Number of items expected to fail at the end 
of Ist month 
=N.p 
-N(—9, 


N,-Number of items expected to fail at the end of 
2nd month 


=Nq+Nip 
=Nq+N, (1—9) 
=Nq+N(l—q} 
=N(l—q+¢), 


N,—Number of itema expected to fail at the end of 
3rd month 
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—Ng4 Np 
2 =М1—4@+М(1—:+@) (1—9) 
:=М1—9+0—9) 
Nn=N[1 -g+ — +... +(—9)"]- 
Ј(а) = Number of items expected to fail at the end of 
month z 


=МПп—0+@—@+...-+(—)] 
С N 
EN eae ЗИРЕ И р euin ae 
Ge. ihe cen] 
(b) Average life of an BED Seu 


Average number of failures= TG 


Cost of individual replacement = Rom 


N 
1+9 
(9) Fora group replacement policy at the end of each month, 
the cost of replacement is NC,. 
This ia policy is most profitable if 
ica: х q C,>NC,. 
. (8) Fora group replacement policy at the end of every other 
month, the сов of replacement is NC, 4-N,C, —NC,4-NpC,. There. 
- NO,+NpC, 
fore the average cost per month is =e 
This replacement policy is most profitable if 
N OF N20, 4 
1+4 2 
(tii) No group replacement policy is better than a policy of 
pure individual replacement x 
NG> 1 +: C, 
NC,+NpC, N 


and ра пота ag 


114 Staffing Problems 


Problems eoncerning recruitment and promotion of staff oan 
sometimes be analysed in a manner similar to that used in replace- 
ment problems in industry. The next two examples will make the 
idea clear. 
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EXAMPLE 11.4-1. 


An airline requires 250 assistant hostesses, 350 hostesses and 50 
supervisors. Girls are recruited at age 21 and, if in service, they 
retire at age 60. Given the ‘life’ table (table 11-14), determine 


(i) How many girls should be recruited each year ? 
(it) -At what age promotions should take place ? 


Table 11.14 
Age No. in service Age No. in service 
(years) (years) 
21 1,000 41 120 
22 700 42 112 
23 500 43 105 
24 400 44 : 100 
25 300 45 92 
26 260 46 88 
27 230 47 80 
28 210 48 72 
29 195 49 65 
30 180 50 60 
31 170 51 53 
32 165 52 45 
33 160 53 40 
34 155 54 32 
35 150 55 26 
36 145 56 20 
37 140 57 18 
-38 135 58 15 
39 130 59 315510 
40 125 60 — 


Solution 


If 1,000 girls had been recruited each year for the past 39 
years, the total number of them serving upto the age of 59 years 
=6,603. Total number of girls required in the airline 


= 2501-350 1-50 = 650. 
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(ù) .. No. of girls to be recruited every year in order to main- 


A 1,000 

tain a strength of 650 — 6,603 

(i$) Let the assistant hostesses be promoted at the аре =. 

Then upto age z—1 year, number of assistant hostesses 

required=250. Now out of 650 girls, 250 are assistant 

hostesses; therefore out of 1,000, their number is 
250/650 x 1,000. —385 (approx.). 


From table 11.14, this number is available upto the age of 24 
| years. 


x 650 — 98 (approx.). 


-. Promotion of assistant hostesses is due in the 25th year. 
Now out of. 650 girls, 350 are hostesses. Therefore, if we 


350 
550 X 1,000 =538 
(approx.). 


., Total number of assistant hostesses and hostesses іп а 
recruitment of 1,000—385 + 538—923. 


`. No. of supervisors required =1,000—923=77. 


recruit 1,000 girls, the no. of hostesses will be 


_ From table 11.14, this number is available upto the age of 47 
years. 


Promotion of hostesses is due in the 48th year. 


EXAMPLE 11:4-2 


A faculty in a college is planned to rise to a strength of 50 staff 
members and then to remain at that level. The wastage of recruits 
depends upon their length of service and is as follows : 

Year uz $24 Sa BaT 8.9 .10 


Total % left up to : 5 35 56 65 70 76 80 86 95 100 
the end of year 


(i) Find the number of staff members to be recruited every 
year. 


(4) If there are seven posts of Head of Deptt. for which length 
of service is the only criterion of promotion, what will be 
average length of service after which a new entrant should · 
expect promotion ? 

Solution — 

Let us assume that the recruitment is 100 per year. Then, 


when the equilibrium is attained, the distribution of length of 
service of staff members will be as follows : 
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| 49 Tablelli5 . 
Year. . No. of staff members 


© doo-oo0m»ct- 


æ 


Total 432 
(#) Thus if 100 staff members are recruited every year, the 
total number of staff members after 10 years of service 


=432- 1 

To maintain a strength of 50, the number to be recruited 
fe EEE 

every year-- -53- x 50=11:6. 


In the calculations above we have assumed that those staff 
members who completed x years’ service but left before z-|-1 years’ 
service, actually left immediately before completing 24-1 years. . 
If it is assumed that they left immediately after completing x years’ 
service, the total number will become 432— 10022332 and the required 
intake will be See е 
апу timə -in the year so that reasonable number of recruitnients per 
11-6415 

29 . 


=15. In actual practice they may leave at 


уеаг== = 13 (nearly). 


(i) With 50 staff members in the faculty, the distribution of 
the completed length of service is as given in table 11:16. 
Table 11.16 


Year No. of staff members 
50 x 100 
0 133 =11.6=12 
50x 95 


Ei. mih 


- 
Ффомчо оњ 2 о ы 
CONN WAP ж Ot 00 
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Thus the promotion of a newly recruited staff member will be 
due after completing 6 years and before putting in 6 years of service 
(7 No. of staff members having 5 years’ service is 34-2--2—7). 
11:5 Miscellaneous Replacement Problems 


There are many replacement situations which do not clearly 
fall under the categories discussed in the previous sections. We shall 
consider two such problems here. 


EXAMPLE 11.5.1 


A piece of equipment either can fail completely, so that it has 
to be scrapped (no salvage value), or may suffer a minor defect which 
can be repaired. The probability that it will not have to be scrapped 
before age t is f(t) and the conditional probability that it will need a 
repair in the instant ¢ to {+ dt, knowing that it was in running order 
at age t, is r (t). dt. The probability of a repair or complete failure is 
dependent only on the age of the equipment, and not on the previous 
repair history. 

Each repair costs Rs. C, and complete replacement costs Rs. K. 
For some considerable time, the policy has been to replace only on 
failure. ; 

(a) Derive a formula for the expected cost per unit time of the 

present policy of replacing only on failure. 

(b) It has been suggested that it might be cheaper to scrap 
equipment at some fixed age T, thus avoiding the higher 
risk of repairs with advancing age. Show that the expected 
cost per unit time of such policy is 

T 


c [zm r (u): du+K 


que: 
| f (9). du [ Kuru, M.Sc. (Math.) 1975 ] 
0 


Solution 


Since f (f) is the probability that the equipment will not have to 
be scrapped before age 2l f (t). dt—1. 
0 


Further, it is given that the probability that equipment will 
need a repair in the interval ¢ and t--dt, knowing that it was running 
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at age ѓ is 
r (t). dt. 
(a) The probability that equipment will need a repair between 
age и and u--du is 


f (ш). т (и). du 


Expected cost of repair—C f f (u). т (и). du, 
0 i 


and total expected cost =C ET r (и). du--K 
0 


Ј (и). du 


о— g 


=C | / (м). т (м). du+K ; since [1o dul. 
9 0 


(b) If the equipment is scrapped at a fixed age T, the expected 
cost of repair is 
T 


I (и). т (и). du, 
0 


and the total expected cost up to age T is 
©. 


С | f (и). (и). du4-K. 
0 


Expected cost per unit time is given by 
T. 


Е (t)--C | f (u). т (u) du--K. 
0 


T 
[/ (u). du 
0 


EXAMPLE 11-5-2 


Automobile batteries are manufactured by a firm at a factory 
cost of Rs. 20 each. The mortality table for the battery life is given 
in table 11.17. Тһе batteries are covered under a guarantee policy 
such that if & battery fails during the first month after purchase, full 
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price, of the new battery is refunded ; a failure in second month 
carries a refund of 19/20 of the full price, in third month 18/20 and 
во on till the 20th month, during which a failure carries a refund of 
1/20 of the full price. What should be the break-even selling price of 
the batteries ? 


7 Table 11:17 
Month Probability of failure Month Probability of failure 
in next month in next month 
0 0.05 ll 0.01 
PE 0.00 12 0.01 
2 0.00 13 y 0.01 
3 0.00 14 0.01 
4 0.00 15 0.015 
б 0.00 16 0.020 
6 0.00 17 0.025 
7 0.00 18 0.030 
8 0.00 19 0.035 
9 0.00 20 and above 0.785 
Total 1,000 
10 0,00 dri 
Solution 


Let p; be the probability that a new battery will fail during 
i4-1st month after purchase and let X be the break-even price. 
.. Average refund for a battery that fails is 


i 19 7 18 17 15 15 

А Y= Я " Cr ee qure а ice AMET 

Х| 005x000 1 35 371-25 735 +35 

1€ 18:7 12 11 10 9 8 7 
+39 + 20 +30 t3] [3 +30 + 2} 

4 3 


36 +0.030 х — 


6 5 
+0.015 x 39 +0:020х 57 4-0.025 x 20 


Be ie сс уу 

+0.035 x 7- 7.88 x 50 

934 009 0.10 010 ,0.09 007 0.785 
=ҳ[о0з+ 30 t^39 "^39 + ag *-39 39-439 


2.575 
-x[ » ]=0.12875 X. 


eer 
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Now the break-even price X is the sum of the factory cost and 
the expected refund. 
X=20+0.12875 X 
or Хх. Ка. 23 (approx.). 


11:6 Renewal Theory 


Ifthe probability distribution of failure time of items is 
known, one can solve replacement problems analytically- The mathe- 
matical technique used to solve these replacement problems is called 
renewal theory. This theory treats the life of the item as a random 
variable. In statistical terminology, a renewal takes place when an 
old item is replaced by & new one or it is repaired so that the prob- 
ability density function (p.d.f.) of its future life time is same аз that 
of the new item. We give below the basic principle bypassing the 
details of a renewal process; readers interested in the basic theory 
itself may consult Cox, [3]. 


Renewal Density Theorem 


Let the life of each item be denoted by random variable zy, 
i=1, 2, 3, ... and let each item be replaced immediately on failure. 
Then, if we start using the first item at time £—0, the nth will start 
being used at time £—254-z, p... maa Let z, be identically and 
independently distributed with probability distribution Fg and let thé 
probability of event х be pa. 

The probability that a renewal occurs during a small interval 
(t, t-4-dt) is called replacement rate at time t, where t is measured from 
the start of use of the first item. 16 із denoted by А). dé and is 
called renewal density function. 

Thus A(t). dt— probability that а renewal occurs in time interval 
(t, t4- dt), and this probability = prob. that first machine fails in time 
interval (£, 44-00) 

+Prob, that second machine fails in time interval (t, 44-0)... 


uo Om AUD RÁAOT 


-5 70, (4122) 


pen 

where f,(ij«»density funetion ofa random variable with probability 
distribution F5, 

48—0.R. 


= 
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must be replaced or retreaded when it wears smooth, However, 
retreading is possible only if the tyre walls have not deteriorated. 
For the data given in table 11.18, find the average cost per thousand 
km. if 

(a) the old tyre is always replaced by a new tyre, 


(b) the old tyre is retreaded whenever possible. Of course, a 
tyre can be retreaded only once. 


Table 11-18 


Age. : 10 п 12 13 14 15 16 
(thousands of km.) 


Probability that tyre 
becomes smooth : 0-15 0-5 0:25 0.25 


Probability that smooth 

trye can be retreaded : 08 08 07 07 
Probability of failure 

of a retreaded trye ; 01 015. 02 


Solution 

Let us assume that. smoothness occurs at the middle of km. 
intervals. Then the average age in thousands of km. at which a new 
tyre becomes smooth is 

13-5 x 0:15-- 14-5 x 0:15-- 15:0 x 0:25-+4 16:5 0-25 = 12:2, 

Thus the cycle time is 12:2 and the cost per cycle is Rs. 200. 
200 
j93 = Rs. 16:40. 

. Similarly, the average age in thousands of km. at which the 
tyre must be retreaded is 10:5x 0-1-4-11.5 x 0-15+4 12-5 x 0:2 5:275. 
Average cost of retreading per thousand km. 
Bor —Rs. 12:32. 

In order to find the cost per thousand km. of new tyre and a 
retreaded one, whenever possible, we must find the total average 
life of both. 

Now total average life of both — Average life of a new tyre+ 
probability of using a retreaded tyrexavcrage life of retreaded 
tyre. 

Now probability of using a retreading tyre 

— Probability of smoothness at each age x probability that the 
iyre can be retreaded, 

= 0-15 X08 015 x 0-8-4 0:25 0-7-4 0-25 x 67 

z20:24.1-0:35— 0:59. 


Average cost per thousand km.— 
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possible 
=Rs. «05 = Кз. 15.57. 
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EXERCISES 

1. Explain how the theory of replacement is used in the following 
problems : 

(i) Replacemert of items whose maintenance cost varies with 
tige. 
(ti) Replacement of items that fail Us s М. Com. 1974) - 

2. Find the optimum replacement policy which minimizes the total 


Total average life till we again have new tyre 

=12.24-0.59 x 5-275 

12-243-11=15:31. 

Expected cost over the cycle=Rs. (200+0.59 x 65)— Rs. 238.35. 
.. Average cost per thousand km. if we retread whenever 


of all future discounted costs for an equipment which costs Rs. 
a and which needs maintenance costs of Rs. Ci, C,, ..., C, ete. 
(Cyi1>C,) during the first year, second year, etc., respectively ; 
and further d is the depreciation value for unit of money during 
& year. 


‘Rs, 200. The maintenance costs are found to be as follows : 


_ Year mios vge MW Po 047 8 


Maintenance 
Coat (fw) : 200 500 800 1,200 1,800 2,500 3,200 4,000 
Determine when the firm should get the machine replaced. 

(Апа. 7th year) 
A fleet owner finds from ‘is past records that the costs per year 
of ranning а truck whose purchase price is Rs, 6,000 аго ав 


Year act | 2 3 4 5 LX, 
(in Ba.) + 1,000 1,200 1,400 1,800 2,300 2,800 3,400 
Resale value 


(in Ra.) : 3,000 1,500 750 370 200 200 200 
Determine at what ago is the replacement duo t 
(Delhi M. Se. (Math) 1969, 
(Ana. End of Sth year) 
Following table gives the running costa per yearand resale 
prices of a certain equipment whose purchase price in 
Ra. 5,000 : 
Year A 2 3 85. 34. Се 6 


(in Re) : 1,500 1,600 1,800 2,100 2,500 2,900 3,400 4,000 


(m Re) — : 3,500 2,500 1,700 1,200 800 500 500 500 


[Bombay M. Com. 1976} 
(Ana, End of 4th усаг) 


Section 11 2.2 - 


6. 


7. 


ж pe Ru T. Д о; >` 
ИИ" AL. i 
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Ё 
(Section 11 2.1 
-— 3. A firm is thinking of replacing а particular machine whose cost : 
price ів Ва, 12,200. The scrap prico of this machine is only 
l 


Porchaso price of a machine is Rs. 3,000 and its running cost is 
given in the table below, If the discount rate is 0-90, find at 
what age the machine should be replaced. 

Year 1 2 3 * 5 6 1 
Hwaning 500 600 800 1,000 1,300 1,600 2,000 


сом (Hs.) 
‹ (Ans, After б years) 


The cost of a new machine is Rs. 5,000. Tbe maintenance cost of | 
nth year is given by R,--500 (n—1); nel, 2,... Suppose 
that the discount rate per year is 0.05, After how many years, 
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it will be economical to replace the machine by а new one | 
[Agra M. (Stat.) 1974) 
(Ans, Aftor 0 увага) 
8. A truck is priced at Ra. 60,000 and running costs are catimated 
at Ra, 6,000 for cach of the first four years, Increasing by Ra, 
2,000 per year in the fifth and subsequent years, If money is 
worth 10°), per year, when should the truck be replaced t 
Asumo that the truck will eventually be sold for scrap at a 
negligible. price. 
(Delhi М.В.А, 1974, 1976] 
(Ans. Aftor 0 увага) 
9. It ia required to find the optimal replacement. timo of a certain 
type of equipment, The initial eost of equipment i» C, Salvage 
value and repair cost are given by 801) and Rit) respectively. 
The eost of capital is ғ per cont and Т із the time period of 
replacement cycle, 
(0) Show that the present value of all future costs assoolated 
with а poliey of equipment replacement after time T is 


(45 СЕТ "4 |] 


{й) The optimal value of T is given by 
Rit) 8) 480). rm rh tt) 
hore k is the present value of the ayele. 
е (1.81. Dip. 1970) 
10 If you wish to. have а return of 10% per annum on your in- 
vost ment, whieh of the following plane would your prefer t 
Plan B 


Plan A 
(in rupees) 
1м cost 2,00,000 2,000 
деер уме унды. 1 60,000 10,000 
Breves of annual revenue : 25,000 3,000 
отет annual disbursement 
(Meersi M. Com. 1979) 
Sections 113 to 116 фе Duo A) 
11. А large population is subject toa given mortality curve fora 
long period of time. All доза am immediately replaced by 


births and there are no other entries or exits. Show that the 
age distribution becomes stable and that the number of deaths 
per unit time becomes constant, 

1f. The following mortality rates have been observed for a oertain 
type of light bulbs. 
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Week а 1 2 3 4 5 
Per cent failing: 10 25 50 80 100 
by week end 


There are 1,000 bulbs in use and it costs Rs: 2 to replace an 
individual bulb which has burnt out. If all bulbs were replaced 
simultaneously, it would cost 50 paise per bulb. It is proposed 
to replace all the bulbs at fixed intervals, whether or not they 
have burnt out, and to continue replacing burnt out bulbs as 
they fail. At what intervals should all the bulbs be replaced ! 
[Meerut M.Sc. (Math.) 1972; Delhi M.Sc. (Math.) 1972] 
(Ane. Every two weeks) 
18. The probability P, of failure just before age n is shown below. 
1f individual replacement costs Rs. 1.25 and group replacement 
costs Rs. 0.50 per item, find the optimal group replacement 
policy. : 
- 1 2 3 4 5 6 T 8 ULIS: 1 
Pa: 0.01 0.03 0.05 0.07 0.10 0.15 0.20 0.15 0.11 0.08 0.05 
[Bombay M. Сот. 1975] 
(Ans. After every 6 weeks) 
14. The following failure rates have been observed for a certain 
type of light bulbs : 


End of week Probabisity of failure to date 
1 0.05 
2 0.13 
3 0,25 
4 0.43 
5 0.68 
6 0.88 
7 0.96 
8 1,00 


The cost of replacing an individual failed bulb is Re. 1.25. The 
decision is made to replace all bulbs simultaneously at fixed 
intervals, and also to replace individual bulbs as they fail in 
service, If the cost of group replacement. is 30 paise per bulb, 
what is the best interval between group replacements ? At 
what group replacement price per bulb would a policy of 
strictly individual replacement become preferable to the adopted 
policy * 
[Madras I.I.T. (M. Tech.) 1978, Bombay B.Sc. (Stat.) 1974, 75] 
(Ans. After every third week, 49 paise.) 
15. A computer contains 10,000 resistors. When any resistor fails, 
it is replaced. The eost of replacing a resistor individually ig 
Re.lonly. If all the resistors are replaced at the same time, 
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the cost per resistor would be reduced to 35 paise. The per cent 
surviving at the end of month t is given below. 


Month Moly Wasa 4 B5 6 
Per cent surviving at the: 100 97 90 70 30 15 0 
end of month 


What is the optimum replacement plan? — [I.S.7. Dip. 1971] 

(Ans. Replace avery 3 months) 

16. Truck tyres which fail in service can cause expensive accidents. 

A failure in service is estimated to cost Rs. 2,000 excluding the 

cost of replacing the blown tyre. А new tyre costs Rs, 800 

and has the mortality shown in the table below, If the tyres 

are to be replaced after covering a certain fixed number of km. 

or on failure, whichever occurs first, determine the replacement 
policy that minimizes the average cost per km, 


Truck Tyre mortality 
Age at failure Probability of failure 
(km.) 
<10,000 Р 0.000 
10,001 — 13,000 0.035 
13,001 — 16,000 0.083 
16,001 — 19,000 0.190 
19,001 — 22,000 0.476 
22,001 — 25,000 0,217 
1.000 


[Hint : Assume that failure takes place at the exact ages 
11,500, 14,500, 17,600, eto.] 

17. A certain piece of equipment is very difficult to adjust. During 
a period when no adjustment is made, the running cost increases 
linearly with time at the rate of Rs. b per hour. The running 
cost immediately after an adjustment is not known precisely 
until the adjustment has been made. Before the adjustment, 
the resulting running cost z is deemed to be a random variable 
z with density function f(z). If each replacement costs Rs. k, 
when should replacement be made ? 

[Meerut M.Sc. (Math.) 1970) 

18. Ifthe life of electric light bulbs follows the distribution 

f(z)dz = Ае 32. dz (A>0; 0« zoo), 
find the renewal density A(t) after the end of the period (0, !). 


If there are M points in a building, how many bulbs would you 
expect to replace within a period (Is, 44), where t>#, ! 
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INVENTORY CONTROL 


More operations research has been directed toward inventory 
control than toward any other area in business, military and industry. 
That is why much more number of models are available for inventory 

„control than for any other, . 


It was in 1915 that F.W. Harris developed an economic-lot-size 
equation. This equation minimized the inventory carrying and setup 
costs for a known and constant demand, Research work in this area 
was taken up by mathematicians, economists and industrial engineers 
and by 1950 a lot of literature was available. However, niost of the 
tools and techniques being currently used in inventory control area 
have been developed in the recent past only. 


The models described in the current chapter are suited to 
specific inventory problems only. We shall start our discussion with 
very simple situations and move towards more complex ones, It 
should, however, be borne in mind that no one of the models deve- 
loped here.can be applied in toto to any specific situation. But once 
the method of constructing the model is clearly understood, one can 
make the necessary modifications to take care of the specific situation 
one comes across. 


12 


Inventory Models 


121. Introduction 


This chapter presents the hind of analysis which’ develops 
mathematical models of inventory processes. Efforts will be made to 
develop not a single general model but a wide variety of models each 
for a specific situation, 


An Inventory consists of usable but idle resources such as 
men, machines, materials or money. When the resource ` involved is 
a material, the inventory is also called ‘stock’. An inventory problem 
is said to exist if either the resources are subjected to control or if 
there is at least one such cost that decreases as inventory increases. 
The objective is to minimize total (actual or expected) cost. However, 
in situations where inventory affects demand, the objective may also 
be to maximize profit. 2 


12.2. Necessity for Maintaining Inventory 


Though inventory of ‘materials ів ап idle resource (since the 
materials lie idle and are not to be used immediately), almost every 
business must maintain it for efficient and smooth. running of its 
operations. If an enterprise has no inventory of materials at all, on 
receiving a sales order it will have to place order for purchase of raw 
materials, wait for their receipt and then start production. The custo- 
mer will thus have to wait fora long time for the delivery of the 
goods and may turn to other suppliers resulting in loss of business for 
the enterprise. Maintaining an inventory is necessary because of 
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the following reasons : 
1. It helps in smooth and efficient running of an enterprise. 
2. It provides service to the customer at a short notice, 


3. In the absence of. inventory, the enterprise may have to 
pay high prices because of piece-meal purchasing. 
Maintaining of inventory may earn price discount because 
of bulk purchasing. 

4. It reduces product costs since there is an added advantage 
of batching and long, uninterrupted production runs. 

5. It acts as a buffer stock when raw materials are received 
late and shop rejections are too many. 

6. Process and movement inventories (also called pipeline 
stocks) are quite necessary in big enterprises where signi- 
ficant amounts of times are required to tranship items from 
one location to another. 

7. It helps in maintaining economy by absorbing some of the 
fluctuations when the demand for an item fluctuates or is 
seasonal, 

However, too often inventories are wrongly. used as a substitute 
for management. For example, if there are large finished goods 
inventories, inaccurate sales forecasting by marketing deptt. may 
never bə apparənt. Similarly, a production foreman who has large in- 
process inventories may be able to hide his poor planning since 
there is always something to manufacture. Furthermore, inventory 
means unproductive ‘tied up’ capital of the enterprise. Maintenance 
of inventory costs additional money to be spent on personnel, equip- 
ment, insurance, etc. Thus excess inventories are not at all desirable. 


This necessitates controlling the inventories in the most useful 
way. 


123. Variables in an Inventory Problem 


There are two types of variables used in an inventory model : 
(i) Controlled variables 
($$) Uncontrolled variables. 
Controlled Variables 
Variables that may be controlled separately or in combination 
are: 
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1. The quantity acquired i.e. how much. The quantity may be 
acquired by purchase, production or some other means. This may be 
fixed separately for every type of resource or collectively for all items. 

2. The frequency or timing of acquisition i.e., how often or 
when. Either both or only one of these variables may һе under the 
direct control of the decision maker. 


3. The completion stage of stocked items. The more finished 
the stock items, the lesser the delay in meeting demands but the 
higher the cost of holding them in stock. The less finished the stock 
items, the longer the time in meeting demands but lesser the cost of 
holding in stock. 


Most inventory models deal with only the first two control 
variables and only these two will be considered in the discussion that 
follows. 


Uncontrolled Variables 


The following are the variables that may be uncontrolled : 


1. Holding costs. They are assumed to vary directly with the 
size of inventory as well as the time the item is held in stock. V»vious 
components of holding cost are : 


(a) Invested Capital Cost. This is, by far, the most important 
component. It means an interest charge; careful investigation is 
required to determine its rate. 


(b) Record-keeping and Administrative cost. There is no use 
of keeping stocks unless one can easily know whether or 
not the required item is in stock. This signifies the need 
of keeping funds for record-keeping and necessary 
administration. 


(c) Handling Costs. These include all costs associated with 
movement of stock, such as cost of labour, overhead 
cranes, gantries and other machinery used for this purpose. 


(d) Storage Costs. These consist of rent for space ог deprecia- 
tion and interest if the space is owned, 


( Depreciation, Deterioration and Obsolescence Costs, They 
are especially important for fashion items or items under- 
going chemical changes during storage. 
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(f) Taxes and Insurance Costs, All these costs require careful 
study and generally amount to 1% to 2% of the invested 
eapital per month, 


2, Shortage Costs or Stock-out Costs. These costs are associated 
with either a delay in meeting demands or the inabilit y to meet it 
atall. Therefore, shortage costs are usually interpreted in two ways. 
In case the unfilled demand can be filled at a late stage (backlog 
саве), these costs are proportional to quantity that is short as well as 
the delay time. They represent less of goodwill and cost of idle 
equipment. Incase the unfilled demand. is lost (no backlog case), 
these costs become proportional to only the quantity that is short. 
These result. in cancelled orders, lost sales, profit and even the busi- 
ness itself, 


3. Setup Costs. These include the fixed cost associated with 
placing of an order or setting up а machinery before starting 
production, They include costs of purchase, requisition, followup, 
receiving the goods, quality control, etc. Also called order costs or 
replenishment costs, they are assumed to be independent of the quan- 
tity ordered or produced. - М 


4. Purchase Price or Production Costs. Purchase price per 
unit item is affected by the quantity purchased due to quantity dis. 
counts or price breaks, Production cost per unit item depends upon 
tho length of production runs, for long uninterrupted production runs 
it is lower because of greater efficiency of men and machines, The 
order quantity, therefore, must be suitably modified to take advan- 
tage of these price discounts. 


5. Salvage Costs or Selling Price. When the demand for 
an item is affected by its quantity in stock; the decision model of the 
problem depends upon thegwtfit maximization criterion and includes 
the revenue from the sale èf the item. Salvage costs are generally 
combined with the storage eosta and not considered independently. 


6. Demand. ів һе number of items required per period. 
It may not be the number of items sold, since some demand may 
remain unfilled due to shortage or delays. 


‘The demand pattern of an item may be either deterministic or 
probabilistic, It is deterministic if the quantities required in future 
periods are known exactly. Further, the known demand may be 
fixed or variable with time. Such demands are called Майс and 
dynamic demands respectively. 


We’ 
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The demand is probabilistio if tbe requirement over a time 
period is not known with certainty but can be described by a known 


probability distribution. А probabilistic demand may be either 
stationary or non-stationary over time, 


Further, the demand over a given period may be satisfied 
instantaneously at the beginning of the period or uniformly during 
the period. 


7. Lead Time or Delivery Lag. It is the time between placing 
an order and its receipt in stock, Lead time may be deterministic 
or probabilistic. If the lead time ів zero, there ів no need to order 
in advance. If it is not zero but known with certainty, one has to 
order in advance by an amount equal to lead time, provided the 
demand is also known, If the demand or lag time are known only 
probabilistically, an order should be placed only after considering 
the expected costs of holding and shortage over the lead time, 


8. Number of Items, An inventory system may comprise 
of more than one item; This aspect is especially important in case 
of some interaction between different itema e.g., different items com- 
peting for a limited space. 


9, Stock Replenishment. 1t may ocour instantaneously or 
uniformly. Instantaneous replacement ocours when the items are 
purchased from outside while uniform replenishment takes place 
when the items are manufactured іп the enterprise. Tn general, a 
system may operate with positive lead time as well as with uniform 
stock replenishment. 


10. Time Horizon. Jt in the time period over which the size 
of inventory will be controlled. It depends ypon the demand of the 
item and may be finite or infinite. 


The above variables are the basic characteristies to be consider. 
ed while analysing an inventory problem. However, of all, demand is 
the most important characteristic since it determines the manner of 
analysing and solving inventory problem. 


An Introduciion 
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125. Inventory Models with Deterministic Demand 


It is extremely difficult to formulate a single general inventory 
model which takes ʻinto account all variations in real systems. In 
fact, even if such a model were developed, it may not be analytically 
solvable. Thus inventory models are usually developed for some 
specific situations. 

In this section we shall deal with situations in which demand 
is assumed to be fixed and completely known. Models for such situa- 
tions are called Economic lot size models or Economic order quantity 
models. 

12.5-1. Model 1 (a) (Demand Rate Uniform, Production Rate 

Infinite) 

This is one of the simplest inventory models. A manufacturer 
has order to supply goods at a uniform rate R per unit time. Hence 
demand is fixed and known. No shortages are allowed, consequently, 
the cost of shortage is infinity. He starts a production run every £ 
time units, where ¢ is fixed; and the setup cost per production run is 
Cs. Production time is negligible i.e., production rate is infinite во 
that replacement is instantaneous (lead time is zero). The holding 
cost is assumed to be proportional to the amount of inventory as well 
as the time inventory is held. Thus the cost of holding inventory 
I for time T is СЇТ, where C, is the cost of holding one unit in 
inventory fora unit of time. The cost coefficients Cis C, and C, are 
assumed to be constants. The manufacturer's problem is to 

determine. 

(i) How frequently he should make a production run. 

(it) How maniy units should be made per production run. 

This model is illustrated schematically in figure 12,1 


Figure 12.1, Inventory situation for model 1 (a). 


45—0,.R. 
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If a production run is made at intervals t£, a quantity q— Rt 
‘must be produced in each run. Since the stock in small time @ is 
В, the stock in time period ¢ will be 

t 


[Re di—}Rt?=4gt—Area of inventory triangle ОАР. 
0 


Cost of holding inventory per production run — jC; Ré. 
Setup: cost per production run 03. 


Total cost per production run— 3C; Rt} C;. 


2. Average total cost per unit time, C()- 40,84 5 «s. (12.1) 


aC (t) _ 


C will be minimum if ET 


act). сес 
0 and БЕТГЕ is positive. 
Differentiating equation (12.1) w.r.t. ‘t’, 


dC (0) Cpa reek: 
E -6GR—4 =0, which gives 


feng ILES 
GR 
Differentiating equation (12.1) twice w.r.t., ‘t’, 
2 2 6 
са ВЕСА which is positive for value oft given by the 


above equation, 
Thus C (2) is minimum for optimal time interval, 


2C 
"= a/ GR ; (19:2) 
Optimum quantity 4 to be produced during each productio ` 
run, 
| T (12.7) 


which is known as the optimal lot size formula due to В.Н. Wilson. 
Any other order quantity will result in a higher cost. 
The resulting minimum average cost per unit time, 


£30 GR 

CIR. af T+ A 6; 
3 1 HOW eee 
үй . SOCR + oF vC CR 


= J2G0R ..(12.4) 


EN E 


X E 
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\ Equation (12.1) can be written in an alternative form by 
replacing ¢ by g/R as 


QR 
CE ae (12:5) 


It may be realized that some of the assumptions made are not 
satisfied in actual practice. For instance, it is seldom that a 
customer demand is known exactly and that. production time ів 
negligible. 

Corollary 1. Inthe above model if the setup cost is O,-bq 
instead of being fixed, where b is the aetup cost per unit item pro- 
duced; we can prove that there is no change in the optimum order 
quantity produced due to the changed setup cost. 


Proof. The average cost per unit time, ' O(g)- 3 E 


(C, 4-59). [ From equation (12 5] 


For the minimum cost —— >= © e =0 and TO is positive, 
: RC, Эне, 
ie, О,— g =0 or q= “Oa? 
2 h 
and oe E 2 › which is necessarily positive for above value 


of q. 


= y T » Which is same as equation (12-3). 


Hence there is no change in optimum order quantity produced 
as a result of change in the setup cost. 


Corollary 2. In model 1 (a) discussed above, the lead time has 
been assumed to be zero.: Most practical problems, however, have & 
positive lead time L from the time the'-order is placed until it is 
actually delivered. The ordering’policy of the above model, therefore, 
must satisfy the reorder point. 


If L is the lead time in days and R is the inventory consumption 

rate in units per day, the total inventory requirements during the lead 

‚ time—LR. Thus weshould place an order q as soon as the stock 
level becomes LR. This is called reorder point p=LR. 


In practice, this is equivalent to continuously observing thr 
level of inventory until the reorder point is obtained. That is why 
the economic lot size model is also called continuous review model. 
Figure 12-2 shows the reorder points. 
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LEVEL REOROER 
POINTS 


TIME 
Fig. 12:2. Inventory situation with lead time. 


1 a buffer stock B is to be maintained, reorder point will be 


p=B+LR .. (127a) 

Furthermore, if D days are required for reviewing the system, 
b- BAIR poe 

=в+в ( 145). .. (12-75) 


EXAMPLE 12.5.1 

A manufacturer has to supply 12,000 units of a product per year 
to his customer. The demand is fixed and known and the shortage cost 
is assumed is to be infinite. The inventory holding cost is Rs. 0.20 per 
unit per month and the setup cost per run is Rs. 350. Determine 

(i) the optimum run size фу, 

(si) optimum scheduling period to, 

(їй) minimum total expected yearly cost. 

Solution 
12,000 

12 

C, — Rs. 0-20 per unit per month, 
C, —Rs. 350 per run. 


(a) =a] A 223001000 =1,870 units/run. 


Supply rate R= =1,000 units/month, 


0 20 
20, . 2x350 
GR 0-20 x 1,000 
weeks between runs. 
(iii) C= у 20,0,R— у 2x 0-20 x 350 x (1,000 x 12) 
z Rs. 4, 490 per year. 


(й) t= = 1-87 months = 81 
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EXAMPLE 12.5.2 
\ A particular item has a demand of 9,000 units/year. The cost 
of one procurement is Rs. 100 and the holding cost per unit is Rs. 


2-40) [per year. The replacement is instantaneous and no shortages are 
allowed. Determine 


f the economic lot size, 
(%) the number of orders per year, 
(iii) the time between orders, 
(iv) the total cost per year if the cost of one unit is Re. 1, 
Solution 
R=9,000 units/year, 
C,—Rs. 100/procurement, 
C,— Re. 2.40/year. 


(4) n= | SOR. -J 3x O0 x 0,00 pe Eg i units/proqurement, 


2:40 
OR. 2-40 x 9,000 E 
@) == 30; -\/ —»x1090 = У 108 


2210-4 order/year. 
(i) ha M 
(iv) Co=9,000+ y 200R 
=9,000-+4 у 2x 2:40 x 100 x 9,000 
=: 9,000-+4 2,080 — Rs. 11,080/year. 
EXAMPLE 12.5.3 


A stockist has to supply 400 units of a product every Monday 
to his customers, He gets the product at Rs. 50 perunit from the 
manufacturer. The cost of ordering and transportation from the 
manufacturer is Rs. 75 per order. The cost of carrying inventory is 
7:5% per year of the cost of the product. Find 


=0-0962 years between procurement. 


(i) the economic lot size, 
(ii) the optimal cost. 
Solution 
R=400 units/week, 
C, — Rs. 75/per order, 
=7.5% n year of the cost of the product 


= тоу T00 х x) per year 
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75 50 
=Rs, (sar 100 Х 52 x) week 


=Rs. 82 —=>— per week. 


; 20,R 2x'15x400x52 : 
=A) a N — 335 лш =288 units/order. 


(ii) 0,=400х 504 4 26,0;R 
2x3.75 
222, ке. ы Азы 5 
20,000-- д /' gg — X 16x 400 
—20,000-1-65-80 — Rs. 20, 065-80 per week. 


EXAMPLE 12.5.4 
A stockist purchases an item at the rate of Rs. 40 per piece 
from a manufacturer, 2,00( units.of the item are required per year. 
What should be the order quantity per order if the cost per order is 
Rs, 15 and the inventory charges per year are 20 paise ? 
Solution 
R 2,000 units/year, 
C,—Rs. 15/order, 
C, e Ra. 0:20/rupee/year — Rs. 0:20 x 40=Rs, 8/unit/year. 


ME 


2x 15x 2,000 

NOESTE Aseo 
—87 units/order. 
EXAMPLE 12.5.5 . 

The demand for a commodity is 100 units per day. Every 
time an order is placed, а fixed cost of Rs. 400 is incurred. Holding 
cost is Rs. 0.08 per unit per day. If the lead time is 13 days, 
determine the economic lot size and the reorder point. 


Solution 
_ [OR [2200100 1,000 units. 
=| C= 0.08 
Length of cycle, to = I — 10 days. 


As the lead time is 13 days and cycle length is 10 days, re- 
ordering should occur when the level of inventory is sufficient to 
satisfy the demand for 13—10 -=3 days. 

Reorder point —100 х 3—300 units. 
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It may be noted that the ‘effective’ lead time is taken equal 
to's days rather than 13 days.. It is because the lead time is longer 
than fy. 

12.52. Model 1. (b) (Demand Rate Non-uniform, Production 
Rate Infinite), 
this model all assumptions are same аз in mgdel 1 (a) with 
the exçeption that instead of uniform -demand rate R, we are given 
some total demand D, to be satisfied during some long time period Т: 
Thus demand rates are different in different production runs. 

Let д be the fixed quantity produced, each time the production 

run is made, 


Number of production runs N=? { 


If t is the time interval between run 1 and 2, t, the time 
interval between run 2 and 3 and so on, the total time T will be 
=һ-+%+...+Һ. ..-(12.8) 

This model is illustrated schematically in figure 12.3. 


Figure 12.8. Inventory situation for different rates of demand in 
different cycles. 

Holding costs for time period T will be. 
— (425)C: + (25)C1... (0): 
—HO (ttt +) 
=G,T, 

and the setup costs will be 

=0,.N 
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=C;. T where C, is the setup cost per oysle 
(run). 


Total cost equation for fixed run size q will be 
: р 
C(g) 40:7 - C. xa (12.9) 


; di { S 
For minimum oost d; Cor and СФ! should be posi- 


tive. 
Differentiating equation (8.9) w.r.t. q, 
d uH Do... 5 [35D . [36 DIT 
1001-407-020 5 4- а, & 


a 
and Ta [Cg] с? ‚ which is positive for the value of q given 


above. 


Optimal lot size, = fe ... (12.10) 


and minimum total cost, Co(q)=4CiT. J сы 40D M. = : т 
3 


= 4/26,0,(D/T) - ...(12.11) 


From equations (12.10) and (12.11) we find that results for this 
model can be obtained if the uniform demand rate R in model 1 (a) 
is replaced by average demand rate D/T. 


12.53. Model 1 (с) (Demand Rate Uniform, Production Rate 
Finite) 


It is assumed that run sizes are constant and that a new run 
will be started whenever inventory is zero. Let 
Re-number of items required per unit time, 
К number of items produced per anit time, 
С, = Cost of holding per item per unit time, 
С, = cost of setting up a production run, 
q=oumber of items produced per run, q=Rt, 
tz. interval between runs. 


Figure 12-4 shows the variation of inventory with time. 
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Figure 12.4. Inventory situation with finito rate of production. 


Here, each production run of length ¢ consists of two parts й, 
and t, where 
(i) tis the time during which the stock is building up at а 
constant rate of K —R units per unit time, 
(ii) tj is the time during which there is no produetion (or 
supply or no replenishment) and inventory is decreasing at 
a constant demand rate R per unit time. 
Let Im be the maximum inventory available at the end of time 
t, which is expected tv be consumed during the remaining period fy 
at the demand rate R. 
Then L,— (К--В)һ or 42g Е ‚ (12.12) 
Now the total quantity produced during time f, is q and the 
quantity consumed during the same period is ВА, therefore the 
remaining quantity available at the end of time t, is i 


I,24—H4 ...(12.13) 
Б. Im 
mer ape K—R . 
А R K—R 
Ta iter) aq ot Inet (12.14) 
Now holding cost per production run i.e., for time period £ 
=}. „О, 


and setup cost per production run =C3. 
Total average cost per unit time, © (Int) =m C,+C,/¢ 
.. (12.15) 
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L/h C, 
or - Og, t) -( = а) cr 
к= C. 
DEO C(q)=4 (==. a) + ae E q=Rt) 
К 
=E Do. q4 SR ; -. (12.16) 


For minimum value of C(g), 
d K—R 
g C (91-i—y 
a=A/ 2C,RK -JẸ RK 


-Q= E =0, which gives 


E-I N O EE 
3 
and 3 [O(g)]— TE » Which is positive. 
Optimum lot size, g, = 1201 ЕК 
R i id Ni Cc КОК 
Га 20,6 1012.17 
Хк. E iib 
. SA C L_ [20 K 
Optimum time interval, t=} = б, R(K—R) 
ds ene eT ...(12.18) 
S ^ с 


Optimum average cost/unit time, С, 


КВ) Гаа RE on [GEIB 
GI. el G KR ^J Son 


K—R Ке Е ^B 
= 2668. =, КЕЕ, vaca. 
...(12.19) 


Particular Cases : (i) If K=R, then C, —0, which means that 
there will be no holding cost and no setup cost. 

(5) IfK=o0, ie, production rate is infinite, this model 
reduces to model 1 (a). 


EXAMPLE 12.5.6 

À company has a demand of 12,000 units/year for an item and 
it can produce 2,000 such items per month. The cost of one setup is 
Rs. 400 and the holding cost/unit/month is Rs. 0.15. Find the 
optimum lot size and the total cost per year, assuming the cost of 
l unit аз Rs. 4. Also find the maximum inventory, manufacturing 
time and total time; s 


N 


\ 


b 
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Solution ( 
| Е R=12,000 units/year, 
\ K=2,000 x 12=24,000 units/year, 
‘C,=Rs. 400/setup, 
C,—Rs. 0.15 x 12 —Rs. 1.80/unit/year. 
5 і 20; RK 2x400 12,000 x 24,000 
(Q) бе, лз. e N ҮЗ ЖО 12,000 
С, K—R 1.8 12,000 


=3,264 units/setup. 
(ii) y= 12,000 4+ 4 20,R. Lm 
Saas Saker оса Ac tS 
—48,000 Ў | 12,000 
+4] 2x 1:8 x 400 x 12,000 x 34,000 
—48,000 4-2,740 — Rs. 50,740/year. 
(ii) Max. inventory us Фо 


4,000—12, x 
.24,000—12,000 3 264 _ 1,632 units. 


— 24,000 
i Ud I 1,032 ; 
(iv) Manufacturing time з= = Sor О years, 


(v) Total time fo = 400-022 year. 
12.5.4. Model2 (a) (Demand Rate Uniform, Production Rate 
Infinite, Shortages Allowed) 
This model is just the extension. of model 1 (a), allowing short- 
age. Let 
` ` R_number of items required per unit. time i.e., demand 
rate, 

C,=cost of holding the item per unit time, 

C,—shortage cost per item per unit time, 

C,=cost of setting up а production run, Д 
q=number of items produced per production run, 
q=Rt, 
t=interval between runs, 


Im = number of items that form inventory at the begin- 
ning of time interval /; it is a variable. 


Figure 12.5 shows the varia- 


^ 


Lead time is assumed to be zero. 
tion of inventory with time. 
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A 


уш | 
Figure 12,5. Inventory sitnation for model 2 (a). 
Here, the total time period T is divided into » equal time 
intervals, each of valuo /. ‘Che time interval ¢ is further divided into 

two parts f, and г. 

te.,t=t+t, 

where &, is the time interval during which items are drawn 
from inventory and ta is the intezva! during which the items are being 
accumulated but not filled, Using the relationship of similar 


triangles, 
UN 198 "T Jf 
TEES 1= ar 
and ur du god la, 
t 7 q 


Now total inventory during time /—area of AOAB-—H,,.1. 
Inventory holding cost during time £— 36,1. 
Similarly, total shortage during time / 
area of ABCD = 3(—Im)to. 
Shortage cost during time t=430C,(q—I,,)ta, 
and setup cost during time t=C,, 
Total cost during time 1460,45 4 20,4 —I,)6 4€; 


or total average: cost per unit time, 


Cs. N= [ЕЙ 14-19 6]. GE (12.30) 
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\ 1 ME 4—1 C; 
\ = xl jos 7T +040 15): up s t IE ES 


\ 12 ‚  (g—1 mn)? , CHR 
A Oam p= +C 04—15) к 012.21) 
Total average cost per unit time C(L, q) being в function of two 
variables I,, and q, has to be partially differentiated w.r-t. Im and g 
separately and then put equal to zero. 


ie [aCUm D0, which gives 
Tm 
21, 2 (q—I 
іо. +}, Ue Im) (1) +40=0 
or a Tn (7—1) =0 
on Урие йн ns 
q 
С, 
г I,—-——m d. 
i €, +0, 4 
2 Ws б IE CON б. i 
and d [ [^ d, |= ^3 L9. 908 _ which is positive. 
<. Optimum value of I, 
jou ST (12:29) 


CF C: d 
Similarly, onl С (Io, 4) J= which gives 


2 „)—(4—т)* R 
101, (—т)++® 42 а+ы а=". _© шо 


or 0,1,0 {0—16 0+) |е" 


ог 0112—05. (0 -1,42)4-20;R—0 
or Gf (014-09) In? +258 


ү C? 
DE C= (C+C). QVO ` qi4-2 €;R 
os 
=GiG q*--20,R 
T ( о, \ @=2 CB 
O6 P 


2 
e = 
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oe (SEE aR 
and it can be proved d 
[сао ] is positive. 
Optimal meters of q, 
o. OG pd 129 
ve m УСЕ E wee 0223) 


For equation (12-22), 


© 20,8 ...(12:24) 


Substituting values of Imo and go in equation (12-21), we get the 
minimum average cost per unit time as 


© Ce ER 
САТ, 0- S e a} 4+. 0+6, | TOT 


q 
е Go сш бүк o 
“пр te CNC А 
EL je QE 
1 TGT i T ў 


сво VOR LA ex VOR: 


С, 
=,|_& СЕ. „.-(12-25) 
Vase, 20,08 


Optimal time interval t between runs is given by 


t Gao a 
C6, 


GG [5 12-26 
fe OR «t ) 


4 
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Particular cases (i) If shortages аге prohibited i.e. 
С,=оо, equations (12:23), (12:25) апа (12-26) reduce to equations 
(12:3), (12:4) and (12-2) for model 1 (a), which must be true since 
model 1(a) is a special case of model 2(a). 


(ii) If O,A00, q Ca _./$С,С,Е from equation (12:25) 
O,+C2 
cA 20,C,R from equation (12-4). 


Total expected costs associated with policy of model 2(a) 
Ca 


1+2 


12.5.5. Model 2(b) (Demand Rate Uniform, Production Rate 
Infinite, Shortages Allowed, Time Interval Fixed). 
Time interval Ё is fixed which’ means that inventory is to be 


replenished (produced) after every fixed time f. All other assumptions 
of model 2(a) hold good. 


are 


of the costs associated with policy of model 1(a). 


n 
Here Re md ‚ 
7 


and 


Total inventory during time t— 1. 
Total inventory holding cost during time f= 43CiLyfs- 
Similarly, total shortage during time t=}.(g—Im)to- 

+, Total shortage cost during time t= 1C,.(q—15)5. 

Setup cost C, and time interval tare both constant, hence the 
average setup cost per unit time A is also constant and hence is 
not to be considered. 

Total average cost per unit time, 


1 l 
оаа) [5 00+ 1 оа | 


BE PN 4—12 g 
=] © ques 049—15)-— 1 


с, с, ) 
оа) Pat a1. | (12:277) 
2 
Now C(L,) will be optimal if gr ieu ]=0 and iG [OL] ів 
positive. 


d Е 
di, [C(1,)]—0 gives 
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"X C 
DE ntz 3(—L,)(—1)-0 
or Cm — C. (q— 15) =O 


C 
a VUE 


a 
and 2 req). 0 


dii Os which is positive: 
т 


4 
Optimum order quantity is given by 


Б гү 
ge +0," 
Q: 
= Rt. 
AT C: 
The minimum average cost per unit time from equation (12-27) 
is given by 
_ Сс, C vM 2 (4-с) 
мы=ъ (оо) 3 (176a 


1 ауа ү 
eres : pone = 
2 о) vg v) 


CC. 
` Teo + 


JM 
atO ...(12-29) 
OO Ri 
C0 c 

From equation (12-28) we observe that unless C, is zero, 
optimum order level I„ is less than the demand q during the time 
interval /. Therefore, it is a3 vantagecus to plan for shortages. 


12.5-6. Model 2(c) (Demand Rate Uniform, Production Rate 
Finite, Shortages Allowed). 


This model has the same assumptions as in model 2(a) except 
that production rate is finite. Figure 12-6 shows the variation of 
inventory with time. 

Referring (о Figure 12-6 we find that inventory is zero in the 
beginning. It increases at constant rate (K—R) for time f, until it 
reaches а level Lj. There is no replenishment during time £j, in- 

` ventory decreases at constant rate R till it becomes zero. Shortage 
starts piling up at constant rate R during time tj until this backlog 
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reaches a level s. Lastly, production starts and backlog is filled at a 
constant rate K—R during time М tillthe backlog becomes zero. 
This completes one cycle ; the total time taken during this cycle is 


Fig. 12-6. Inventory situation for model 2(c). 


tat S tts tta 
This cycle repeats itself over and over again. 
Now holding cost during time interval £ 
z C, area of AOAB 
$4] tle) 
and shortage cost during time interval t 
=. area of ABCD 
C. sla 14). 


Also setup cost during time interval = Сз. 


Total average cost per unit time. 
Cz tC Tins +l + 16,8. (+ 1)4- C; 


21-51-84 (40) 


Now C is a function of six*variables Im, 8, f, fs, Ёз, and f, but 
we can derive relationships which determine the values of Im, А, £s, t 
and t, in terms of only two variables q and s. An inventory policy 
is given when we know how much to produce i.e., q and when to start 
production, which can be found if s is known. 


46—0.R. 
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Now ыһ=(К—В)һ, ..(142-81) 
. alse І„= Её. ...(12:32) 
S (K—Ry; —R4. -..(12:33) 
Further, s=Ri,, .- (12:84) 
also s—(K —Ryt,. +++(12°35) 
a (K—R)4,—R4,. ...(12:36) 
Adding equations (12-33) and (12-36) we get 
(КВ), 4-1) = ВА). (12:37) 


The manufacturing rate multiplied by the manufacturing time 
gives the manufactured quantity. 


а= Kt--Kt,— (t5 4 t)K 
Uh E .. (12:38) 
Adding equations (12-32) and (12-34), 
L5 В+) 
-(K—HB)(-44) [Using equation (12:37)] 
= (КВ) [Using equation (12-38)] 
Tn=a c -* (12:39) 


From equations (12-31) and (12-32), 
hh t = | 
dress 
[Using equation (12-39)] ...(12-40) 
Similarly, thse gg 


1 1 
=8 | =y «(12:41 
-( КЕТЕ ) : аА) 
1 1 K—R 
and ананан (р +E y COS edd 
319 (12-42 
-TR- (12:42) 


Substituting values of Im, ff, ts+f and 54-4 -t4-t, in 
equation (12-30), we get 


96 9- 2[3 6 [«(1— x )-]- (« (17 x) } 


* 
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1 1 1 1 1 x 
K—R g^ бу (cere): | Ties 
R[1 1 1 R 2 
SIE ehe) [46 r) P7] 
La 
TE 


1 K K 
or (as Er " к=к [ef 
Now cost C (q, s) will be minimum if 


aloe J-e] = 
СОКСО 


Differentiating ч PE 43) partially w.r.t. s, 
TACE 


alele par ett 
tid 


or 20. ( EB =2 0+0, ) 2 
к 


or LC GG 


-d.—u—. RA ... (12: 
&=@. -K GG (12:44) 


Differentiating equation (12-43) partially w.r.t. g, 


alele Jed ete [ole ча 40] 


1 K K—R K—R^ RC, 
ta xR ?© (a. x ) PN. 
which on simplification gives, 
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C+ Cs ` KR 
oe eS Ga V KR 


Л m 
It can be proved that ‚| “o( q 8 )| is positive, so that 


c, (CE Fh Ыы KR 


doma Уа COSS, КБ 
GG, ГК, 2GR 1245 
LE: c9 
From equation UMS 7 ze 
Ri K—R) 
2 Sie) . (1240) 
se 2 егеу ` 2 


aes values of qo and s in equation pud 30), and simpli- 
fying we get 


206, RKR 
Т a ON сЗа 


ЕЕ Е . AX2QGR. ...(12:47) 


CEE Si 
Optimum time interval tọ is given by 
i (€; +C) K 


20046 20) 
пв туб ес ЕТС) 


се TER RC Nex: ... (12:48) 


and La do ( T Jn [Equation (12:39)] 
[2G ха Rj 
T x YEN 
1 Е [208 . (249 
are: €, 
Particular cases 


(0 If Коо, i.e., production rate is infinity, equations (12-45), 
(12-49) and (12-47) giving до, Imo and С, reduce to equations (12-23), 
(12-24) and (12-25) for model 2 (а). 

(ši) If C,— oo, i.e., no shortages are allowed, equations (12-45), 
(12-48) and (12-47) reduce to (12-17), (12-18) and (12:19) for model 
1 (9). 

(i) If Kaeo, C,—eo, this model becomes model 1 (а) and 
equations (12-45), (12-47), and (12:48) reduce to equations (12-3), (12-4) 
and (12-2) respectively. 
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EXAMPLE 12.5-7 
Find the results of example 12-5-2 if in additien to the data . 
given in this problem the cost of shortage is also givem as Rs. 8 per 
unit per year. 
Solution. R=9,000 units/year, 
C, —- Rs. 100/procurement, 
C, — Rs. 2-40/year, 
C, —Rs. 5 per unit/year. 


(i) From equation (12-23) 


= у C, 4-6, 26, 

do— POT. С е 
_ [240 T5 2x100x 9,000 
"CES x - 34 5 


= 4/11,10,000 — 1,053 unite/run. 
(ii) From equation (12-25), 
C: amm 
Co (Im 2) 9,000 x 1 Гео, V 2C,C;R — 9,006 
5 л Pep adeo T 
Em .V2x24x 160 x 9,606 


Вв. (9,000 -- 1,710) 
= Rs. 10,710/year. 


(ii) Number of orders/year, 
9,000 


No=yo5g = 85: 
(iv) Time between orders, 
E 1 
X рар year, 


EXAMPLE 12:5-8 
The data for this example is same as that ef exemple 12-5.6 
except that the shortage cost of one unit is Rs. 20 per year. Find 
the various results. 
Solution. — R—12,000 units/year, 
K=2,000 x 12=24,000 units/year, 
C, — Ва. 400jsetup, 
C, — Rs. 0-15 x 12—1-80 per unit/year, 
C,— Rs, 20 per year. 
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(t) Using equation (12-45), 
а= C 4-C, K 
= . is : КОЕ 
za. x 400 a 12,000 18420 op me a 
КАЙ ae "Л. 24.000 —12, 000 


_ I. v 


=3,413 units/year. 
(ii) From equation (12-47), 


эле ©; КЕЕ. 
€, (0, 5)—12,000x 4 + 420,6,R . бб | EL 


—48,080 + 4/2 x 1.8x 400 x 12,000. pH 8 


x / 24,000 —12,000 
24,000 


48,000 1 2x18 400 x 12:000 d oce 
ee Е > 109 ` y 

— Ra. 81,330/year. 
(it) Using equation (12:49), 


mwa E кде, уы 


d 2х 400 x 12,000 SoU XR 24,000—12,000 
к 1-80 XA Ts0+20 `  ~ 24,000 


etu TENERE! 


1-80 *109* 2 
=1,564 units/production run. 


(iv) Manufacturing time interval £y J-t, 
= t [equation (12-38)] 


3,413 
734000 -1422 years. 


(v) Fotal time interval, to 
E ES [equation (12-48)] 
3,413 
—12,000 
—0:2844 year. 
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EXAMPLE 12:5-9 


. A eontractor supplies diesel engines to a truck manufacturer at 
the rate of 20 per day. He has to pny a penalty of Rs. 10 per engine ` 
per day for missing the scheduled delivery date. Holding cost ofa 
complete engine is Rs. 12 per month. The manufacturing of engines 
starts with the beginning of the month and is completed at the end 
of the month, What should be the inventory level at the beginning 
of each month ? 

Solution. R=20 engines/day, 
C,=Res. 10 per engine рег day, 
C,= Rs. 12 per month = 2 —Rea. 0-40/day, 
t=1 month=30 days. 
Using equation (12:28). 


=577 engines/month. 
126. Inventory Models with Probabilistic Demand 


The models discussed in the previous sections are only artificial 
since in practical situations, demand is hardly known precisely, In 
most situations demand is probabilistic since only prabability distri- 
bution of future demand, rather than the exact value of demand itself, 
ів known. The probability distribution of future demand is usually 
determined from the data collected from past experience. In such 
situations we choose policies that minimize the expected costs rather 
than the actual costs. Expected costs are obtained by multiplying the 
actual costs fora particular situation with the probability of occur- 
rence of that situation and then either summing or integrating accor- 
ding as the probability distribution is discrete or continuous. 


126.1. Model 3 (a) (Instantaneous Demand, Setup Cost Zero, 
Stock Levels Discrete and Lead Time Zero). 
Let R=discrete demand rate with probability pg, 
I,,=discrete stock level for time interval £, 
tesconstant interval between orders, 
C,=holding cost per item per unit time, 
C, =shortage eost per item per unit time. 
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Production is assumed to be instantaneous and lead time 
negligibly small. The problem is to determine the optimal inventory 
level Im, where R < І, or R > IL, at the beginning of each time 
interval. The variation of inventory with time for these two cases is 
shown in Fig. 12-7 (a) and (5). 


INVENTORY 
LEVEL 


Fig. 12-7. Inventory situation for model 3 (a), (а) R&zL,, (b) R»Is. 


When R<I,,, as shown in figure 12-7 (a), there are no shortages; 
when R>I,,, as shown in figure 12-7 (b), shortages occur. The inven- 
tory units may be either discrete or continuous. In this model we 
shall consider inventory comprising of discrete units only. The cost 
equation for this model may be derived as follows : 


1, When number of units used is < number of units in stock 


i.e., R&L,, the cost of oversupplying due to the units lying surplvs 
in stock =C,(I,,—R). 
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2. When number of units required is > number of units in 
stock i.e., R>I,,, the cost of undersupplying due to shortage of units 
in stock = C,.(R— Im). 

;. Expected cost per unit time associated with any partieular 
value of R is either С, (Im— R). pg, where В < In 
or C, (R—In) рв, where R>I,,. 

If R=I,,, expected cost is zero. 

The total expected cost is the sum of all the expected costs t.e., 
the costs associated with each possible value of R. 

Total expected cost per unit time 


T2 = 
саы=б. у, (IL, —R).pn 4-0, > (R—Lj).pm. —— (2:59) 
R= R-IQ41 
Now we have to determine the value of I, that minimizes the 
total expeeted cost. 
First we substitute (Iy 4-1) for Im in equation (12:50), obtaining 


Intl Р 
са„+1у=© X 1+1) +0 23 (R— I, F1)ps 
R=0 Relm+2 
Im 
=0 У Gel -R) pee [Ont Cnt) ] oa 
R-0 S 


© 


+0, У 8-1,0), [ +000 | эы 


R=I,+1 
TS - 
-0, 23 (Io 4-1—R) . pr tC; hi (R—L,—1). pr 
R=0 R-IQ41 
Im í Is 
-0 У @„—В) P+D Pr 
R=0 R=0 
+0, S @-„ура—б, У т 
R=I,,+1 R=la +l 
© ә Im 
Now PR= PR— 5, Pr 
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з өд.) e. Y (L,—R)pa -C, Se 19 ] 


R=0 Р 


+0, 3 m6 f1— Sid 


R=0 


ere ce > pa—Cy. 


R=0 
© mt I= (ln) + (C+C) - Prey, — C (251) 


Similarly, C (I, —1) = C(1,)—(C; 4- €) . Pret) Oi (12:62) 


New consider Ij, such that 
(0,+0,). раат (Есе, 
1 RLI m , 


...(12:53. 
and — (C; 4- 63) EE +C,>0. ( ) 


Fer any integer I’, greater than Hox and for-any integer I",, 
` lesser than Ti , inequations (12-53) ie hold since Pret is non- 
dooroasing Tw inereasing ў . Hence if inequations (12: 53) hold, 
‚ then 2 
€ (In) > € са ), for II, ; 
and € (17,)-C а ), for Pech. 

Thus I. is the optimum value of I,, which minimizes the total 


expeeted cost and it satisfies inequations (12-53). These inequalities 
may be rearranged to give 
€ 
- (12: 
ae i o6 Pret, (12-54) 


.. Ifthe oversupply cost C, and the shortage cost Ca are 
known, the optimum quantity QE is determined when the value of 


Inventory Models 731 


cumulative probability distribution exceeds the ratio 
с, 
C 4-6; й 
ieo Ты їв determined by comparing a cost ratio with probability 
figures, 
Note that if Tj, is such that 
С, > 
PREI m-l <a ==, , then equation (12:51) gives 
GG PRG m 
I = 
cc m +) Са) 


In this case optimum value of I, is either I orI +1, 
mo mo 


Similarly, if I ів such that 
me 


PRE, a7 ge Рет" the equation (12-52) gives 
С а, —1)=С [LN ) 


In this case optimum value of I, is either LL —l or L. А 


EXAMPLE 12.6.1 


A newspaper boy buys papers for 5 paise each and sells them 
for 6 paise each. He eannot return unsold newspapers. Daily demand 
R for newspapers follows the distribution : 


R: 10 п 12 13 14 15 16 
PR: 9.08 O16 040 020 010 005 0:05 


If each day's demand is independent of the previous day's how 
many papers should be ordered each day ? 


Solution. LetI, be the number of newspapers ordered рег 
day and R be the demand for it i.e, the number that are actually 


sold per day. 
Now C,—Rs. 6-05, 
C, —- Rs. (006—005) = Вз. 0-01. 
The probabilities for demand are 


R: 10 п 12 13 14 15 16 
Ба: 0:05 @15 040 0:20 @10 905 005 
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The desired optimum value for Im is determined by double 
inequality, 


P "Rr 
ReIq—1<0, +0, ^PR«t, 


C, 0-01 1 4 
G7 001105 — $79 167. 
This suggests that Le must lie between 10 and 11 because 


Now 


005<0-167<0-20. 


І =. 
тшу 


EXAMPLE 12-6-2 


i Some of the spare parts ofa ship cost Rs. 50,000 each. These 
spare parts can only be ordered together with the ship. If not ordered 
at the time the ship is constructed, these parts cannot be available 
оп need. Suppose that a loss of Rs. 4,500,000 is suffered for each 
spare that is needed when none is available in the stock. Further 
suppose thatthe probabilities that the spares will be needed as 
replacement during the life term of the class of ship discussed are 
Spares reguired Probability 
0 0-900 
1 9040 
2 0-025 
3 0-020 
4 0-010 
5 6-005 
6 or more 6.000 
Total 1:900 
How many spare parts should be procured ? 
Solution. €, — Rs. 50,000, 
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Im 
Now У fa > 0.988. 
+ R-0 
Cumulative frequency distribution is 
Spares required: 0 1 2 3 4 5 бог more 
In 
Pr : 0.900 0.940 0.965 0.985 0.995 1.000 1.000 
0 


ые & 
EXAMPLE 12.6.3 


(a) A firm із to order a new lathe. Its power unit is an expen- 
sive part and can be ordered only with the lathe. Each of these 
units is uniquely built for a particular lathe and cannot be used on 
any other. The firm wants to know how many spare units should be 
incorporated in the order for each lathe. Cost of the unit when 
ordered with the lathe is Rs. 700. Ifa spare unit is necded (because 
ofits failure during service) and is not available, the whole lathe 
becomes useless, The cost of the unit made to order and the 
down time cost of lathe is Rs. 9,300. The analysis of 100 similar 
units on similar lathes yields the following information given in 
table 12-1. j 


(b) If in the above problem the shortage cost of the part is 
unknown and the firm wants to maintain stock level of 4 parts, find 
the shortage cost. 


Table 12-1 
No. of spare No. of lathes requiring Bstimated probability of 
units required indicated number of spure occurrence of indicated 
units number of failures. 

9 87 0.87 

1 5 0.05 

2 3 0-03 

3 2 0.02 

4 1 0.01 

5 1 0.01 

6 1 0.01 

7 or more 0 0.00 
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Solution. (a) The range of optimum value of stock level, Im 
is given by 
Д с, Р 
elu 12:54 
Рр <„—1< G EG, PL. [Equation ( )l 
Table 12.2 gives the data of table 12.1 after reformulation. 


Table 12.2 
Ig 
E om Pa Pil, (У тк) 
f R-0 
0 С) 0.87 0.87 
m 1 0.05 0.92 
2 2 0.08 0.95 
3 3 0.02 0.97 
4 4 0,01 0.98 
5 5 0.01 0.99 
6 6 0.01 1.00 
7 or more .0.00 1.00 
1.00 
Now пакт P300 =0.93. 


s G+, ^ 700+9,300 


< 0.95 cp 
Pea. вл. 


Optimum value of I,,=2, since Рас «0.93 Pac. te. 
0.92.—0.93 < 0.95. 


(b) Here I, —4. 


Y €, 
e Р оч Валар [Р 
вез < 7700410, ^ в 
[o 
or ro RT 
097— 700-0; < 0.98, 


The least value of С, is given by 


ane —0.97 or E — Re. 22, 633.33, 
and the greatest value of C, is given by 
C, 700 x 0.98 
700+-C, 110,027 
.. The value of shortage cost ranges from Rs. 22,033.33 to 
Rs. 34,300. 


=0.98 ог C,-— — — ^. = Re. 34, 300. 
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12.62 Model 3 (b) (Instantaneous Demand, No Setup Cost, 
Stock Levels Continuous, Lead Time Zero). 

In this model, all conditions are ваше as in model 3 (a) exeept 
that the stock levels are continuous (rather than discrete). Therefore, 
probability f(x)dx will be used instead of pg, where f (х) is the 
probability density function. 

The cost equation for this model is similar to the one derived 
for model 3 (а) with the difference that pg is replaced by f (В). dE 
and the summation is replaced by an integral. Let L, be the quantity 
isstock, C, be the holding (penalty) cost per unit of oversupply 
(R<I,,) and C, the penalty cost per unit of undersupply (R>I,,), 
where R is the demand rate with probability f (В). 

Expected size of oversupply 

Ig 
i [a--9. f(R). dR, and 
9 


expected size of undersupply 


x | (R—1,)/ (В). dR. 


In 
The total expected cost, 
І. 
C(ln)= оја —R) f (R). aso |e- In) f (В). dR 


1, (12.56) 
C (Im) will be minimum if 


an [С(1)]=0 and a [C(1,)]7- 0. 
Now we know that if 
м) › 
саы= | f(R, 1). de then 
ag) 


a pe a Jo. 

az[ о) J- [Hr 1 1 алво тт. 
гы) allm) 

Differentisting Ж (12.55) w.r.t. Im we get 


ace J= fe- —0) f (R). B+ Of („—В).Д®). = 
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жоот) лв an «o; (Ta). F(R) SE 
Im Rely 
In oe 
=c] J (В). dR4.0— | f (В). 48-0 
R=0 ve, 


t ü 
=a JR). dR—C, Í / (B). dR 
R-0 T 


Im М ы 
-o| / в). m-o [| 70. eel гаек | 
R=0 0 


Ila & 
=(©+сә | лв). а-о, | f (R). aR. 
R=0 R=0 


e at аын (К) 480, 


ar са) ]^ for optimality, 
ii. 


1» 


(Ci +С.) | лю). dR—C,=0 
R=0 
Ë = 
Ue Vo #8 жос (12:66) 


Furthermore Tul [ са) | 7 (€i4- €) [/ (8). aT 
0 


—(C 4 03. f (1a). 
< Cı, C, are positive constants and f (Im) is > 0, 


4° г 
d, L C(1,) ] > 0. 


The optimum value of I, is the one that satisfies equation 


(12.56). 
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EXAMPLE 12.6.4 
A baking company sells one of its types of cakes by weight. It. 
makes a profit of 95 paise a pound on every pound of cake sold on the 
day it is baked. It disposes of all cakes not sold on the day they 
| are baked at a loss of 15 paise a pound. If demand is known to be 
rectangular between 3,000 and 4,000 pounds, determine the optimum 
amount to be baked. 


[Delhi M.Sc. (Math.) 197 3] 
Solution. Penalty cost/unit of oversupply, C, — Rs. 0.15, 
Penalty cost/unit of undersupply, C4— Rs. 0.95, 
В, = 3,000 pounds, 
| К, = 4,000 pounds, 
R,—R, = 1,000: 


Optimum value of I,, is given by equation (12-36), which is 


Im 
с, 
| Г), Rae Pe. 


+0, 
Ig 
| 1 dR 0.95 0.95 
1000 '^*— 91841035 = 110 ' 
3,000 
1 0.95 
mo 12—300 e= 


EXAMPLE 12.6-5 
A baking company sells one ofits types of cake by weight. It 
makes a profit of 95 paise a pound on every poand of cake sold on the 
day it is baked. It disposes of all cakes not sold on the day they 
are baked at a loss of 15 paise a pound, If demand is known to be 
| triangular with probability density function 
| f (R) 20.03— 0.0003R, 
| find the optimum amount of cake the company should bake daily. 
Solution. Using the relation 


га e 
J se daar we get 


47—0.Е. 
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Im 
0.95 0.95 
nuen Rere LI 


0.0003 1,2 0.95 


5 EFT 
or 0.03 I„—0.00015 I,2—0.8636 

or 3,000 I,,—151,,2=0.86360 

or 200 1,—1,2—05,757 

ог 1,2—200 I,--5, 757=0 

_ 2004+ У (2007 —4 x 57707 - 
= л + 


220903 I,— 


or I, 


= 2001203. _ 165,18 or 34.86 pounds. 
1,—105.15 pounds is not feasible since the given probability 
distribution of R is not applicable above 100 pounds. 
* Optimum value of I,,=34.85 pounds/day. 


12.6.3. Model 4 (a) (Continuous Demand, Setup Cost Zero, 
Stock Levels Discrete, Lead Time Zero) 

This model is similar to model 3(a) with the difference that 
demand is continuous rather than instantaneous i.e., withdrawals 
from stock are continuous rather than instantaneous. Also the rate of 
withdrawals is assumed to be constant. Let 

БК. demand rate with probability Pr» 
І,„ = discrete stock level for time interval t, 

{== prescribed constant time interval between orders, 
C,=holding cost per item per unit time, 
C,—shortage cost per item per unit time. 

The reorder time is assumed to be fixed and known; hence setup 
cost is not included in calculations. Production is assumed to be 
instantaneous and lead time negligibly small. 

The problem is to determine the optimal order level Im where 
R«L, or R> I, at the beginning of each time period. The variation 
of inventory with time for these two cases is shown in Fig. 12.8(a) 
and (b). 


When R«I, as shown in Fig. 12.8 (a), there are no shortages; 
when R>I,,, as shown in figure 12.8 (5), shortages occur. The inven- 
tory units may be either discrete or continuous ; in this model we 
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Now inventory area—area of AOAB 
a. 0AOB- 2. L,.0B. 


2 
From similar triarigles, саи бн... 


і R 
^ 1 Int Pt 
., Inventory area= glw TR "CR and 
shortage area area of ABCD 


iso. ср Y R—In ) 


The cost involved in this case 
(R—L)tt 
2R 
The total expected cost/unit time is given by 


-S a( 3) DT к CM se Cum] Pn. 
R20 


Belo 


... (12:57) 
C(L,) will be minimum if I,, satisfies the relation 
AC(L, —1) «0 & AC(L,), ... (12:58) 
where ACT) = C(L,4- 1) — І). (12:59) 
Applying this relation for each term of the equation (12:57), we 
have 
Im 
R 
ACam) =C; >{( һ+1— = H In- = } Pr 
R=0 : 
Unt)! In? 
T6 а { 2R TERT PR 
Beli 
q-Lo qon 
+0 M Soe Cau Pr 
R=I,,+1 
1 вә 
-c Ўн уа леле 
#20 RelQ4l 


a 
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R20 Rol,+1 КАК Тагут! 
ls æ ч E 
D TA MP, DAS 
=0; > PrtC, » «m -PrP У "E ра Ox * PR 
= Жаы в-а Ске 
21, +1 = = 
=C, eee t IE n {5 „-У r} 
sai 0 60 
1 
4 C,4- C, )> Pg--(Ci4- C2) узы аш - Pr—Cg. 
R=0 nar 
But /AC(L,) must be >0 for minimum value of C(I,,). 
Eu a 
Pr+ oR + Pr> GG 
R0 Relate 
In » 
1 Pr C, 3 
ог > mH Int ) R? G+G, -..(12:60) 
R=0 Relat 


The optimum stock level will be the value of Im satisfying the 
above relation. Similarly, the condition AC(IL,—1)-—0 gives 


1 үх с 
Уљ+( n=) m Ge (12:61) 
EO Ral, 


Combining relations (12-60) and (12:61) with relation (12-58), we 
get 


i-i = I, 
1 PR e A 1 
p = > 
R=0 Rol, R=0 
> FR. 0202 
Reip tI 
' Relation (12:62) may also be written as 
L(I, -- D< < Llin). ». (12:63) 


Relation (12-62) gives d. range of optimum value of I,,. 
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126-4. Model 4(b) (Continuous Demand, Setup Cost Zero, 
Continuous Stock Levels, Lead Time Zero) 


The cost equation for this model is similar to that of model 4(a) 
with the difference that pp is replaced by f(R) . dR and summation 
(2) is replaced by integration (f). Thus the expected cost equation is 


Ie 
Cn) =| a( .-8) 
0 
INE. Sexe] KR).dR. ...(12:64) 


ойыншы equation (12- в) wart. Ls, 


E =o Je- —0) ДЕ). “GR+C, K eet ДВ). E 


(ж 21, In ‚2. ac» . AR) . dR 


dom дысы Ц Tm] mm 
i 


^ ДЕ) dR+0, [( Ij 3) s). 1 ] 
jos OG ү EE ar+(—n[ fo, 3 TE +оо} ДЫ). 1] 


1 » 
- | (0 ARF тла | 0o FEM) .ав 
A i 


=, | дв). ав S In f.) 


Im 


Im = Ld 
=å |; mco] In LE .ав-с, | sR) aR 
0 
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5 5 12:85) 
For C(I,,) to be minimum, 3. CIm) | 
T. - 
m R с, \ 
m [лв | 4в+( D: 20). R= T ...(12-66), 
0 а 
and i D 
E > - R) 
| s. | 90) etn [4 ноо | 409. .гв-(сб,+®) 
t 9 i, 
ув) RI 
| [1 чы =| 0 
| Is 
R 
ооз Л) Оно) [AED . a8 +0) 
T 
Slm) 
| [ot a а) 
mE 
9+9 | Др ‚4в 
= 40e y 


Equation (12-66) gives the optimum value of L, for minimum 
total expected cost per unit time. 


EXAMPLE 12.6.6 


Let the probability density of demand ofa certain item during 
a week be 


0-1, 0<2<10; 
fe- 0, otherwise. 

This demand is assumed to occur with a uniform pattern over 
the week. Let the unit carrying cost of the item in inventory be Rs. 
2 per week and unit shortage cost be Ва. 8 per week, Нож will you 
determine the optimal order level of the inventory ? 


[Agra M. Stat. 1973] 
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е 
Solution. Here f(z)—0-1, 0<2<10, | 
C, — Ra. 2/week, 
C,—Rs. 8/week. ' 
As the demand is uniform over the week, the optimum order 
lével of the inventory, L, is given by 


TA Ж ү 
Ја) v a 
[лә -def Im [2 dea a 
9 Im 
r4 10 
0-1 8 
or | 0-1 dz4-L, [= dea 
0 
or 0-1 I, 4-0-1 I, (log 10—1og I,)—0-8 
or - 1„+2°3 L, —I, log І,„=8 
or 3-3 I, —L, log Im = 8. 


.On solving the equation by trial and error method, we get 

Ім=4:5. 
EXAMPLE 126-7 

The probability distribution of monthly sales of a certain item 
is as follows : 
Monthly sales: 0 1 27928 4 5 6 7 8 
Probability : 0:1 004 0:25 0:30 0:23 0-08 0:05 003 0-01 

The cost of holding inventory is Rs. 8 per unit per month. A 
stock of 5 items is maintained at the start of each month, If the 


shortage cost is proportional to both time and quantity short, find the 
imputed cost of shortage df unit item for unit time. 


Solution. As the problem is stated in discrete units, the 
answer will consist of a range.of values for the imputed cost. Неге, 
optimum inventory, I,,=5 units, 
holding cost, C, — Rs. 8 per unit per month. 
Range of monthly sales=0 to 8. 
Probability pa for sale R in each month ів 
Po n Ds Ps Р, Ds Pe Р Ps 

00l 004 025 0:30 023 0-08 005 0-03 0-01 

Range of optimum value of L, given by 
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I, 
TI i - ET m 
Ф 
У LM)» нс < = 
R-0 8-1 = 
+(Int5)>, A. [ Equation (12-62) ] 
{аз t 
The least value of C, is given by 
= 1 PR 
Y» ly ! CC; 
R=0 Стя 
4 1 8 с 
PR 2 
or 5 P 5-5) “R= ON 
R=0 
9 т 9 С, 
ог велено (s By EAR ) SEG 
0.08 0:05 003 100 
or (0:0140:044+0:25+0:30+0: 234 zx ts ) 
Е 
8+0, 
or 0-884-4:5(0:016+0-0083-4-0:00434-0:00125)= zm 
a 
Cy 
or 0:834-4:5 x 0.02985 5 — —— SFG 
x ері 0.9643 х8 — 
ог 0:9643— FG, or Q= T-0357 =Rs 216 


Similarly, the greatest value of C, is given by 


ТЕ qc 


pes $ Rælm+l 
с 
3 Xe sey )2 R + 
R=6 
j с 

Ot (рыр Pat Pst Pt Pty S (t5 )-:5 
or (0014.004..025.1030.1023.40,08)4. E ( 909,979. , OOF ) 

ge 

(00846 


or — 0914. (001385) im 
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à с, 
ог 0:914+0:076165 — 836; 
or C,=Rs, 576-62. 


-. Range of values for the imputed cost C, is Rs. 216 <0, 
<Rs. 576-62. 


EXAMPLE 126.8 ^ 


A manufacturer wants to determine the optimum stock level 
of а certain part. The part is used in filling orders which come in at 
& constant rate. The delivery of these parts to him is almost instan- 
taneous. He places his orders for these parts at the start of every 
month. The requirements per month are associated with pro- 
babilities shown intable 12-3. Holding cost is Re. 1 per part per 
month and shortage cost is Rs. 19 per part per month, Also find the 
expected cost associated with the optimum stock level. 


Table 12:3 
No. of parts required[ month Probability 
0 0.10 
1 0.15 
2 0.25 
5 0.30 
4 0.15 
5 0.05 
6 or more 0.00 
Solution. We write equation (12-62) as 
Tacl e ly 
PR о, 
Set (1—3) bx а ops PR 
R=) RZl, R=0 | 
v p 
Up Jue 
R=I,,+1 
i С, 19 
Tn th ps 1 EL 
n this example, OLG ILS 0.95. 


The data given in table 12.3 isreformulated and presented in 
table 12.4. 
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000001 00000'0 0000 0 0000-0 00°T 00-0 g< e1ou 10 9 
000001 000000 0000'0 0010-0 001 90:0 N g 9 
00966'0 009700 00100 91800 960 9т:0 i4 T 
969960 92991'0 ©!%0`0 000гО 08'0 08:0 € € 
9,898'0 918980 917ТО 09г0 090 960 ё ё 
9,8990 918090 96160 009ro 960 9т'0 I I 
901180 921120 92270 оо oro oro Dgr 0 
I o=u (Aaa ag: $ т+®т=ч о=хя 
EX (Ep xd c a (2+) A < do ws ЖЖ ЕЕЕ 
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From table 12-4, we now select that value of Im which satisfies 
relation (12.62) written above. We find that 1,,=3 satisfies this 
relation, since 

0.86875 < 0.95 < 0.96625. 


The total expected cost associated with stock level of 3 units 
(parts) is given by the equation 


R=0 R-L 


n M 
[c 1 +0. DC |» [Equation (12.57)] 


Um S 
R L2 
or € (1,)-6, *( m=z) fg4-0 ix Pr 
; E 


0 RTL: 
(8-1, 
uy 
Bah 
д R Z 3: 
PR 
= [1. p 3—-) pat. гага 
R=0 > R= 
ч, 
Hy ©) т) 
R-4 


— Bs. [{e-o (0.10) +( 8-3) (015) --(3— 1) (0.25) 


(2-5) (30 9000 995 o )} 


(4—3)? а (5-3) 
HB 019352 (00540 | 
= Вз. [(0.30--0.315--0.50--0.45)--0.21375--0.13625] 


= Rs. 2.58. 


12.6.5. Model 5 (a) (Continuous Demand, Zero Setup Cost, 
Stock Levels Discrete with Lead Time) 

This model is similar to model 4 (a) with the difference that 

lead time is not zero. Lead time is the time interval between plac- 
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Let 

I, — diserete stock level, 

tp=the prescribed interval between orders, 

C,=holding cost per item per unit time, 

C,=shortage cost per item per unit time, 

C,=setup cost per production run, 

z—demand during prescribed time tp with probability pz» 
y - demand during lead time L with probability py. 


Since setup cost C, and prescribed time interval # are both 


Be bles ihe 
constant, the average setup (replenishment) cost per unit time = is 


also constant and hence is not to be considered. It may be noted 
that quantity in stock at any time depends upon the inventory order 
level Ij, demand х during time tp and demand y during lead time L. 
There are three possible inventory situations depending upon the 
relative magnitudes of Im, ж and y. They are represented graphically 
in figures 12.9 (a), (6) and (c). 


w 


Sitestun ll. € € pater ием M. o > lo. 
=> iser soe ^ 


Figure 12.9 (а), (b) and (c). Inventory situations for model 4 (a). 


Tbe period t, starts after the lead time L has elapsed. Decision 
taken in the beginning i.e., before the elapse of lead time L, affects 
the situation during time tp. Objective isto minimize the expected 
cost during fy. 


Situation I: The prescribed time tp starts with an inventory 
1,—y and ends with inventory I,—y—#, 80 that the total (actual) 
cost is Р 

= Сух hatched area 


дб, decr eram, 


mgr. (1-3) ty. 
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Situation II. The prescribed time tp starts with an inventory 
l,—yand ends with a shortage x+4—I,,. The area Tepresenting 
inventory cost is the area of hatched triangle ABO, which is 

—1(l,—y) side AC 


Iny 


={#(ШЬ—). РЧ 


ty 


I,—y 
чен, 


`2 from similar triangles, = = 
- 


Also, the area representing shortage cost is 
=area of ACDE 
=}. Ср. DE 
=}. (2—40). (@@+y—I,,) 


1 I 
=z tp— =, w] (@+y-I,) 


Ae т, 


=>: fr 


= (zr y—I9y* t 
2x an 
The total cost is 


I,— #+у—1„)* 
=(, ( oz yy t 4-C,. EL ty 


2 310 0.990, (039— LM]. ty 


Situation III. t, starts with a shortage y—I,, and ends with а 
shortage %+y—lI,, во that the cost is L 


=0, LEM), 


o ( 969—1, z 

Let us assume the random variables z and y to be independent 
80 that the joint probability density function is p,. Фу. Let C (In) 
represent the total expected cost per unit time. To obtain this cost 
we multiply the cost associated with each of the three situations by 
the joint probability of demands for y items during the lead time L 
and = items during the prescribed time t, (i.e., we multiply by pepy) 
and sum over the appropriate range of z and y. 
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The expected cost per unit time, 


020 а=1„—у+1 


5 3 C. ($ +9 —In) pups ...(12.67) 


y=I,,+1 2-0 


Now C(L,) will be minimum if AC(I,,)>0> AC(Im—1), where 
AC (Lm) = Cm 4- 1) — (15). 


Figure 12.10. 


To find AC(Ly) we proceed as in. section B. 3-4.2 of appendix B. 
ў The summation is over the first quadrant of zy-plane divided 
и into parts as shown in figures 12.10. Here, 
Л ys =O, (2. -у-9 Jose 
1 
Sil, y; ®)= ae [01 Oa Ta d | рь 


Salts ys z)=0;. (5+2 pera 
to) Ls. 
(у, 2)==1„—У, 
d (y, z)= +оо. 
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I In-y c #* 
SAU) n 6 S Od 
y=0 2-0 
TI. е 7 
+> > [exo („—у+4)— -o ] P:Dy 
y=0 =„—у+1 > 
23 open, 
y=I,,+1 2—0 
Im Im—y+1 


d EpcCexe9) 


y-0 z-I,—y-Fl 
+55 C+- 1] PzsDy 


D Im—y+1 
2d» с (1 i-a ) mo Sf (Is --1— y)* 
M ecd 
cx (z4-y —1,—1) } Ds 
AT | 
DYU (+9) в р. ..12:68) 
2-=0 


We find that all terms except the first three reduce to single 
summation, and in fact, all except the first three terms vanish. Thus 
Im I«—y 
400-0 S Зур, 
y=0 z=0 
Ты а 
+> > zl o«ay m— +y x )-9«] Pz Py 
y=0 z=I,,—y41 
-6 БУ Ps Py ...(12-69) 
y=I_+l z=0 
І» In—y 
от An) =C; > в 
У=0 z-0 


T. = 


+H) > > z( Ig Jos Py 
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l4—V 


-aF D Pz— > | 


2-0 


-6 [> У is Yn] 


у=0 z-0 y=0 y= 
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The above result can be considerably simplified by using relations 


5 Pz=1 and 


z=0 


Py=l 
у—0 
I, ы-у 
We have AOI) 6 У, > NN 
y=0 ==0 


І 
(C; +0) > У Leg) Pa Py 


y=0 z-lQ4—y4l 


-6 $3555 n] 
ЎА 


y=0 
Im Im—¥ 
or доы=(б+сә[`ў У Ps ws 
m0 2=0 y=0 
X (п) и) e 
z-laQ-—y-l 
Now C(I,,) will be minimum if AC(I,,)>0 
In In—-y In LI 
or if > > Pz r+ >, 
1 у= ==0 у=0 g—la—y4l 


48—0.R. 


(12-70) 
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1 1 ©, 
(5-9) Pz W>- : (12-71) 


Equation (12-71) determines the optimum order level. 
12.6.6 Model 5(b) (Continuous Demand, Zero Setup Cost, 
Stock Levels Continuous, Significant Lead Time) 


The cost equation for this model is similar to that of model 5(a) 
with the difference that p, and Py are replaced. by f(x) dz and g(y)dy 
and summations (ХХ) are replaced by double integrals (ff). Thus the 
expected cost equation is 


In z—y 
оа) | ow) ао (e (Inv) дә) de 
0 0 


үа = : 
- КО 

[om dy ffa бес” io, кесүү” 

0 I, 


[ою dy fo (0-1, F ) Ste) ae. (12-72) 
0 0 


Differentiating equation (12.72) by using the result of case 1 
of section C-2 of appendix C (at the end of the book) and simplifying | 
we get 


TS i 
чт 0021-00) | ө) dy [ |( 1 ea] 
0 0 


—0,—0,  ..(12.73 
which is analogous to equation (12-70). 


Differentiating once again, we get 


Im Im—y 
а? 
TH 1001—0009 | дә av [ fun [8 ао, 
0 0 


à (12:74) 
-. Optimum order level is determined by the equation 
Im In-y 
[ 9(y) . dy I = TERES ...(12-75) 
3 d z C6 


» 
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12-7 Inventory Models with Price. Breaks 


In the inventory models diseussed so far the production or 
purchase cost per unit was assumed to be constant. It was not con- 
sidered during their formulation since it did not affect the level of 
inventory. In this section we shall consider a class of inventory 
problems in which this cost is variable and depends upon the quantity 
manufactured or purchased. This usually happens when discounts are 
offered for the purchase of large quantities. These discounts take 
the form of price breaks. For example, the price breaks may be given 
as 

Rs. 1 per item for purchase of items upto 500, 
Rs. 0:95 per item for purchase of items upto 1,000, 
Rs. 0:90 per item for purchase of items 1,001 or more. 


Clearly, the purchase cost C(g) is a variable and is given by the 
expression 


14 0<7<500, 
C(g)—4 1x 500-+-0-95{q—500) 501<<1,000 
1%5004-0:95(1,000— 500)+0:90 (g—1,000 g>1,001. 


Such а variable cost must be considered іп ће inventory model. 
Further, as this variable production or purchase cost per unit is most 
appropriate for purchased parts (because of quantity discounts), we 
shall, hereafter, refer only to purchased parts and the problem, then, 
is to determine 


(i) how often the parts be purchased, 
(ii) how many units should be purchased at any one time. 


12.71 Basic Cost Equations (Purchase-Inventory Model) 


Let R=number of units purchased or manufactured per unit 
time, i.e., demand rate, 


t—interval between placing orders, 
q-- number of items purchased per order, 
К, = purohasing cost of one unit, 
P-holding cost/month expressed as a fraction of the value 
of the unit, 
C,—setup cost per production run or setup cost associated 
with procurement of the purchased items. 
Tt is assumed that 
(i) demand rate R is constant, 
(ii) demand is fixed and known, 
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(277) no shortages are permitted, če., shortage cost С. =оо, 
(iv) production or supply of items is instantaneous. 


The problem is to determine 
(a) how often units be purchased, 
(b) how many units be purchased at a time, 


This model when represented graphically for any one value of 
the unit purchase cost K;, has the same shape as that of model 1(a). 


As in that model, qa Rt. or taf. 


For each run or procurement, the number of part-month 
inventories 


edm 
== м( n= oR’ 
while the number of lot-month inventories 
1 
34 5] zd 
-— "X73 
The component costs associated with each run of size q are 


C,-—setup cost per procurement, 
gK,— purchasing cost of q items, 


€, (dx) =holding cost, associated with the setup, of inventory 
for time period t, 
qK; (ж ) P=holding cost, associated with the purchase, of inventory 


for time period ¢. 
Total expected cost for time period t is 


Gen +O p P+: (o Р. 
Total expected cost per unit time is 
1 
C= [0н ee (Rea (e ] 


g 
È P 
_Е -q q 
= wake e(t )p+aK, (sa)? ] 
d. i +K,B+440,P+4K,Pq. (12:76) 
C(g) will be minimum if al C(g) | апа E Cig) р 


z С 
aq a=- TA SEO 
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or == 
9 


Also Sl c@ I , which is positive. 


ЭСЕ. 
KP 


Optimal order quantity, an (1277) 


Substituting this value of q in equation (12 76), we get 


К;Р 2C,R 
сф = СЕ, | —1—. з 
009) — Us SER ^ EiR-HIGP-EHGP J KP 


3 J pes LE BA GOPA- LA 


-420,K,PR +K,R+40,P.. (12.78) 
12.72. Purchase-Inventory Model With One Price Break 


When there is one price break (one quantity discount), the situa- 
tion may be represented as follows : 


Unit purchasing cost Range of quantity 
En 0<q<), 
Ky b&g«oo (or g 2 0), 


where g is a (constant) quantity at and beyond which the discount 
applies and Kj Ку. 


Total cost per unit time for 0<g <b is 
GR? eee 
Ci(g) = 7 +KuR +4 C,P+3Ku Pg. ...(12.79) 


For >}, this cost is 


С. R А. 
C= +R + AGP + Has. (12:80) 


Equations (12.79) and (12.80) will now be represented gra- 
phically. However, while doing so the terms K,R+4C,P in equation 
(12.79) and K,,.R+4C,P in equation (12.80) being independent of the 
value of q, will be ignored. The graphical representation of the above 
two functions is shown in figure 12.11. 

The solid portions in curves C, (g) and C,(q) represent the 
actual cost curves while the dotted portions represent the costs that 
would be obtained without the price breaks, Let q, and да be the 
quantities at which minimum values of О, (q) and С, (g) occur. 


758 Operations Research : An Introduction 


The solid curve C(g) in figure 12.11 represents the total cost 
function for the entire range of g. This curve shows a discontinuity 


TOTAL COST C(&) 


ИА 
ике 
PEISEN V 


ead. 
ie? 
L4 


о [rm LUT SIZE $ 
Figure 12,11 
at q=b and the minimum value C(g) will depend upon the respective 
positions of 91, qaand b. The various situations that can exist are 
shown in figures 12.12 (а), (t), (c) and (d). x 
1. If b>g, and C, (b) C, (qı), the optimal lot size is q, and 
minimum value of C (g) -C,(q). This is shown in Fig. 12.11 (a). 


с (4) 4 
, 


eG), 


12 
(a) 
Figures 12.11 (a) 
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2. 


2, If bg and C, (b) < Co (9), the optimal lot size is b and 
min. O(g)e C,(b). This is shown in figure 12.11 (b). 


ta 


------4т 


Е i pod vacent РҮ, — 
qq 3; 5 4 
(>) 


Figure 12.11 ,5) 


3. Ifb<qa the optimal lot size is Фа and min, C(g) C, (4): 
This is shown in figures 12.11 (c) and (d). 


о a > 92 < оь U k 
(e) (6) 
Figures 12.11 (c) and (d). 
Thus the first quantity to be calculated is qy whioh will then be 
compared with b. Next we calculate, according to the situation, 
Саа, » Са (b) and Colga). 
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EXAMPLE 12.7.1 
An automobile manufacturer purchases 2,400 castings over a 
period of 360 days. This requirement is fixed and known. These 
castings are subject to quantity discounts. Determine the optimal 
purchase quantity if 
K,,=Rs. 1,000 0<¢<500, 
K,,=—Rs. 950 q>500, 
cost of ordering, C, — Rs. 70, 000, 
cost of shortage =0.12% of the unit cost. 
Solution. First we compute quantity q,. 
EE 
a= Ky P 
- 2,400 — 
360 


[ 2x70. 000 x 


A 950 x 912. 


100 


2 x 10,000 x 2,400 x 100 
950 x 0-12 x 360 


—905. 
v 5-500, b<q,. .. Optimal lot size—q,— 905 units. 
EXAMPLE 127-2 
If in example 12.7-1, price break intervals are changed to 
Kj— Rs. 1,000 0<9<1,000, 
Kj Rs. 950 471,000, 
find the optimal purchase quantity. 
Solution. Here g,=905, 5—1,000. Since b>6,, we must 
calculate q, and then С, (g;) and C, (b). 


20,6 
a= = 
: Ver 


pm 000 x = 360 


=А/ тоохоо 
= 882. 
From equation (12,78), 


б(ш)= V 20; K; PR 4-K,,R+4C,P 


400 


2 
2x70, 000 x 1, 000 x 0.12 x 10-2 x =! 
= x x x x10-*x 360 


Inventory Modela 761 


+1, 000 x ae ++ X70, 000 x 0.12 x 10-2 
=Rs. 7, 767.07. 


From equation (12.76), 
R H 1 
Q0) — 0, —FEsB- > GP Бара: 


70,000 2,400 2,400 1 
7,0x- X 360 +907 359 +9 X70 000 


X0.12x 107344 x 950 x 1, 000 x 0.12 x 107? 


= Rs. 7, 412. 
C; (b) C, (у), optimal order quantity ів 6=1,000 unite. 


EXAMPLE 12.7.3 
If in example 12.7.2, price break intervals are changed to 
Ky,=Rs.1,000 > ` 0<g<4, 000, 
К,.= Ев. 950 424000, 
find the optimal purchase quantity. 


Solution. Неге qg,—905, b=4,000. Since bg, we must’ 
calculate g, and then C, (gı) and C,(b). 


Now 41 882. 
Са) = Re. 7,767.07/day. 
R 1 
€,0)- C, az ant y C,P4 E KP 
70, c 2, ке 2,400 
774,000 Х "380 +X 360 
+4%70, 000 x 0.12 x 10-3-1-3 x 950 x 0.12 x 10-3 
x4,000 
= Вз, 8, 772/day. 
v 0000) <C; (b), optimal purchase quantity == {889 unite. 


12.7-3. Purchase-Inventory Model With Two Price Breaks 


When there are two price breaks (two quantity discounts), the 
situation can be represented as follows : 


Unit purchasing cost Range of quantity 
E 0<9<, 
Ky b«c «b, 


Es <a, 
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where b, and b, are the quantities which determine the price breaks. 
The function C(g) will have the shape shown in figure 12.12, where 


there are obviously two discontinuities. 


eQ) 


^ 
Ue EC 


l 


Figure 12.12. 


The optimal purchase quantity is determined in the following 
way: 

1. Calculate дз. If 9:>5,, optimal purchase quantity is qs. 

2. If q3<b,, calculate gẹ. Since q; —5,, then necessarily ga<bs. 
As a consequence we have qs «5, or qb. 

3. Ifg,—b, and b,—g,« 5, compare C (qa) with C, (5). The 
smaller of these quantities will be the optimal purchase quantity. 

4. Ifq,<b, and qj &,, calculate C,(q,), which will necessarily 
satisfy the inequality qı<bı. In this case compare О, (q1), C,(b:) and 
Ca(ba) to determine the optimum purchase quantity. 


EXAMPLE 12.7.4 


Find the optimal order quantity fora product for which the 
price breaks are as follows : 


Unit Cost (Re.) Quantity 
Rs. 1, 000 j 0<q<500, 
Rs. 925 5000 < 4,000, 


een Rs. 875 4000«q. 
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Ordering cost C,— Rs. 35,000, demand D=2,400, time period 
T—360 days and cost of shortage =0.06% of the unit cost. 


Solution. First, we calculate q;. 
_ Га 
b=] KP 
[8x38, 000 2,400 


a 0.06 X 360 
" 875x 199 


=956 units. 
b,—4,000 units. 


Since g, «b, we next calculate qs. 
d 2c,R 
SEN Re. 


79 х 35,000 x 2,400 
=\/ 7925 x 0:06 x 10-2 x 360 


=917 units. 
b,2 500 units. 
b, qa bs. 
We shall determine C, (9) and C; (б). 
Now G Ue VIG KqPR +KuR+-5 0 P 
— Re. | \/ 235,000 x 925 x 0- Cnr ш 2,20) 
[v x 0 x 925 x 0:06 x 10-* x. -zag +925 х "355 


M x 35,000 x 0-06 x 10-* ] 


—Rs. [509-+6,167--10:50] 
—Re. 6,686-50, ; 
1 

UE 


: 35,000 2,400 2,400 1 
= Вв. -4,000 Х 360° 4875 x 360 +9 Х 35,000 x 0:06 x 10-* 


and ©, (6-0, E +КьВ-+ > OPH 2 Kıs Pg 


1 1 
ЕЕ 3 X875 х0-06 x 10-2 x 4,000 ] 
= Rs. 6,952-17. 
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Since C,(g,) « C(b;), the optimal order quantity is g,=917 units. 
This situation is represented in figure 12-13. 


1 
0 $2500 | [ppm ъ= 4000 €, 
422917 
_ Fig. 1213 


EXAMPLE 12.7.5 


Find the optimal order quantity fora product for which the 
price breaks are as follows : 


Quantity Unit Cost (Ез.) 
0g 500 Rs. 10, 
500<4 <750 Rs, 9:25, 
750<4 Rs. 8:75. 


The monthly demand for the product is 200 units, shortage cost 
is 2% of the unit cost and cost of ordering is Rs. 100. 
[Delhi M.Sc. (Math.) 1976] 


Solution, Here, we calculate 
20,R 
a= кър 
ре 2x 100 x 200 
8:75 x 0-02 
=478 units, 
5,—'150. 
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qa<ba we next calculate gz. 
20,R 
Q= KP 
2 2 x 100 x 200 100 x 200 
= 935x002 
—465 units. 
b,—500 units. 


qa by, we next compute q;. 


26 R 
а= кор 


2x 100 x 200 
=N 105002 10 x 0-02 


2447 units, 


Next we compute 
„== 1 
б(д)= У 20К.РЕ +K R+ F CP 


cdm [49x 100x 10x 002x200. - 10 x 200-4 or 100 x 0:02 ] 
z5 Rs. 2,090-42. 
€,(b)) - C — R KRt OPH к, Pq 


200 
a NO ый 0:024 
Rs. [10x 500 +9-25 x 2004 ; x100 x - 
x 9:26 x 0:02 x 500 ] 


=Rs. 1,937-25. 


1 
C3(by)=Cy = TEs R+ Io doe Pq 


=Rs. [ox т Fp tS 75x 200-4 = L y100x0024 > l 8-75 
x0 cf 
—Rs. 1,843.29. 


Since C, (b) < Ca (b1) < Co (4); the optimal order quantity is 
b,—'150 units. This situation is represented in Fig. 12-14. 
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Fig. 12-14 


127.4. Purchase Inventory Model With n Price Breaks 
When there are n price breaks (m quantity discounts), the 
- situation can be represented as follows : 


Unit purchasing cost Range of quantity 
Kı 0cq«b, 
Kj bg, 
Ky ь<ф< 8з, 
Kın b, 1S 


where bi, be, 5,,......, Бал are the quantities which determine the price 
breaks, У 

The method for finding the optimal purchase quantity in this 
case consists of the following steps : 

1. Calculate gu. If 4.225, ,, the optimum purchase quantity 
18 da. 

2. Ifqu<b, 1, calculate да ;. Ifq, 125, s, proceed as in the 
саве of one price break; i.e., compare O,(g, i) with e (b, .1) to deter- 
mine the optimum purchase quantity. 

3. If dn «b, , compute q,.,. If q, ,2b,.,, proceed as in 
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the case of two price breaks, i.e., compare Co(qn_a) with C(b,-s) and 
C(bn-1) to. determine the optimal purchase quantity. 

4, Tf gna<On_s, compute фаз. Tf gn-s>bn-« compare Co(Y5-s) 
with C(bn_s)» C(bn -2) and C(b, 4). 

5. Continue in this manner until gn j7254 (441); (0€ «n—1) 
and then compare Cg.) with C(ba.j), C(b, з), Cb 043) 
C(b,..). The above procedure involves only & finite number of 
steps; at the most n, where n is the number of price ranges. 

12.8. Multi.Item Deterministic Model 

This model considers the inventory system consisting of 
several items. There are limitations on production facilities or 
storage capacity or time or money. This limitation results in an 
interaction between the different items so that it is not possible to 
consider each item separately. However, simple cases can be handled 
by using the technique of Langrange multiplier. 

Consider an inventory consisting of » items, For simplicity 
let us assume that production is instantaneous, there is no quantity 
discount and that no shortages are permitted. Further let us assume 
that the demand is known and uniform at a rate of R; per unit time 
for the ith item. Let Cy be the inventory holding cost per unit per 
unit time and C be the setup cost per production run for the ith 
quantity. m 

Total cost of ith item per production run 

= it) - Cai- 
*. Total cost of ith item per unit time 


—-1Ci 4+ Di 


Ri М 9 
ог Clq) =} C. С t= ) 
(d) 3 Он di Cai @ R 
C: 
=4C G+ s Ry 
qi 


where q; is the order quantity for ith item. 
.. Total cost per unit time, 
n 
Olan d a) =D ( E Cart SE), inns 
eA C qi 
; (12:81) 
To minimize this cost, we must differentiate it w.r.t. q; and put 
it equal to zero. 


(e, S des 4] у. Os Rio, which gives optimal 
dli d ' . 
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value of gq; as 
204, Е; . 
о A isl, 2.225. ... (12:88) 
5 y gr ( 


Limitation on Inventories 

If, now, there isa limitation on inventories that restricts the 
average number of all types of stocked item, to Ij, the cost C(q,, 9а, 
+++) Jn) must be minimized subject to the restriction that 


E Ya. ...(12:83) 


i=l 


n 
If 4 > % <I, there is no problem; the optimum values 
i=l 


given by equation (12-82) are the required values. 


n 
If » № U>Im. equality condition must be obtained by 
iml 
reducing опе or more of ф0'в. We define a quantity À such that 
: n 
А<0 when X an=, 

i=l 

n 
А=0 when 5 di— 21, «0, 

: i-l 


where А is Langragian multiplier. 


n 
Then quantity À (S2. ) is identically equal to zero and 
i=l j 
it may be added to the cost equation (12:81) without changing the 
value of C (Ф, ds, «++» d»)- 


Cy Б 
S00 OAS Gr Yar е» m= > (4 Cu at x i ) 
i=l 
= + 
+X (Уа-а. ) i=l, 2,...,.n. ...(12:84) 


iml 
аГС(А; 4, Zares Фа)] 


For optimum values of gj. we put Я 
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=} Cy— Cu Bt улшо, 


n 
a, ә [CA; ы: =. фео, 0; 


t=1 
The second equation implies that q;? must satisfy the inventory 
constraint in equality sense. 


From the first equation, qi —4 | In C ...(12:85) 


n А 
and from the second, Yea. 4 ..12:86) 
i=l 

Notice that фо is dependent on А, the optimal value of А. Also 
for А? 0, qi? gives the solution of the unconstrained case. The value of 
А° сап be found by systematic trial and error, By definition, A<0 
for the above minimization case. Thus if we try successive negative 
values of A, its optimum value A° should result in simultaneous values 
of 4%, which satisfy the given constraint in equality sense. Thus 
determination of A? automatically yields q9. 

Limitation on Storage Area 

Let A be the maximum storage area available for n items and 
a, be the storage area required by one unit of ith item, If фіз the 
order quantity for sth item, the storage түшен constraint 
becomes 


n 


> a; GRA. 
$21 


The Langrangian function for this problem is 


da 30 > di In) = S Си at) 


f=1 


LJ 
ФА (> айф—А ) i21,2,..., 2....(12:87) 
iza 


For optimum values of q;, we put 


9 : 1, CyB 
[о qi › dn Un) J-F Ci-— аа а=, 


49 —0.R. 
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cim e[C( Gas 9. Ind] -> a, qj —A—0, 
КОО ЕТА 
j=] 
"OOV Е 
ТАИ 27: жс], Еа FERES 
while! give qi? Jit 2A a; n 
n 
E 5 ATE ...(12.89) 
fal 


The value of до can be found by systematic trial and error. 
EXAMPLE 12.8.1 


A company producing three items has limited storage space of 
averagely 750 items of all types. Determine the optimal production 
quantities for each item separately, when the following information 
is given : 


Product 1 2 3 

Holding cost, C, (Rs.) 0.05 0.02 0.03 
Setup cost, Сз (Ез.) 50 40 60 
Demand rate 100 120 75 


Solution: Using economic lot-size formula (12.82), we get for 


item 1: EE 2С. Ba A[ m =447, 


0.05 
2x 40x 120 
item 2: q^— 
кел, [252 eo 
2x 60% 75 
item 3 : фо] ——————-— 
>) дз T7004. 464. 


2. Average inventory at any time=} [447+693+ 464]—802, 
which is greater than the limiting value of 750 items. Therefore, we 
use equation (12.85), which includes the parameterA. Let \=0.005. 
"Then using equation (12.85) we get for 


2С, 79х50х100 7 

ite 1: ‘a1 

HS RUE Ve 00559501005 7409 
2x 40120 

item 2: q= a| ——————__ —___ = 

vay ud Гата pon 


2x60x75 
0.04. 4-2 x 0.005 


-. Average inventory at any time=}(409 4-566 — 424) 22700, 
"which is less than the limiting value of 750 items. 


item 3:0: = = 424. 
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\ -, Smaller value of А should be used in computations. 


The best way of finding it is by linear interpolation. 


LS 
AVERAGE 
INVENTORY 


AVERAGE INVENTORY 
ASA FUNCTION OF a 


ү-н НЧА 
APPROXIMATION 
TO AVERAGE 


Memes Gras asm en re m айт 


© 0.00: 0.002 O.003 O-004 0.003 › 
Fig. 12:15 
Figure 12-15 shows the variation of average inventory as a 
function of А. Points А and B have coordinates (0, 802) and 
(0:005, 700) respectively and between these points the unknown curve 
can be approximated to a straight line. Point C, which corresponds 
to average inventory of 750 сап be computed as follows : 
From similar triangles ACD and BCE, 
DC CE DE—DC 
AD-BE^ BE 
DC 0:005—DC 


ROSSSITDO E — 50:777 
or 50 DC—52x 0:005—52DC 
s 52x 0-005 
or DO= — igg —- =:0:0025 
or 20-0025. 
2С В; 
N Me aca eel 
ig Mint ЕРУ 
2 10 
Ф х 50 x 100 — 498, 


7 0-05--2--0.0025 
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2x40x120 


Ж! үш 
а= \/ бчуз--®х00095 7 979" 
2х60х75 
o ys, piv nsi c 
"d 2 A бо 7005—44 


EXAMPLE 128-2 

Consider а shop which produces three items. The items are 
produced in lots. The demand rate for each item is constant and 
can be assumed to be deterministic. No back orders are to be allowed. 
The pertinent data for the items is given below. 


Item 1 2 3 
Holding cost (Rs.) 20 20 20 
Setup cost (Rs.) 50 40 60 
Unit cost (Ез.) 6 7 5 
Demand rate per year 10,000 12,000 7,500 


Determine approximately the economie order quantities when 
the total value of average inventory levels of these items is Rs. 1,000. 


Solution, Using economie lot size formula (12:82), we get for 


item 1 : di vi 3 2 Ry [2x50x10000, 555. 
11 

йеш 2: aee AJ ERES ene, 

item 3 : as EE 


>. Average inventory value at any time 
==} (223 x 64-216 x 7 4-210 х5) 
= Кав. 1,950, 
which is greater than the limiting value of Rs. 1,000. Therefore, we 
use equation (12-85) which includes the parameter A. 
Let A=30. 


Then using this equation we get for 


F 2 Cy R ‚ 2x 50x 10,000 

item 1: eus) feces Жы КЕ quU RDUM lit, 
T а Cato V 200230 

5 2x40x12,000 

item 2: LEN рео i S 
EA 9 d 30-2 x 30 108, 

item 3 : q— 2x60 x7,000 _ 105. 


20.-2x30 ^ 
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Average inventory value at any time 
=4[111 x 6+108 x74 105 x 5] 
Rs. 973-50, 
which is less than the limiting value of Rs. 1,000. Hence, smaller 
value of А should be used. 


Let A2-28:5. 
Then using equation (12-85) we get for 
204 Ry 2x 50x 10,000 
= „сиет NRI 
Bim ko du A Game = 3035585 ГО” 


В 2x 40 х 12,000 
2° zm See SAT: 
item g; hi 2042x285 110-5, 


item З: CEN ere 108. 
Average inventory value at. any time 
=}[114 x 64-110:5 x 7 4-109 x 5]= Rs. 1,001:50. 
This value is sufficiently close to: the given amount of Rs. 1,000. 
Economic order quantities’ for the three items are 114, 
110-5 and 109 units respectively. 


12:9. Buffer (Safety) Stock 
In section 12-5.1. figure 12-2 represents an inventory model in 
which demand rate as wellas the lead time is ‘constant and known. 


INVENTORY 
LEVEL 


ORDER 
RECEIVED 


EN 


NORM 
LEAD ward 


Fig. 12-16. 
However, these assumptions are not applicable to all inventory situa- 
tions. Demand can be more or less than anticipated due to internal 
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and external factors such as power failures or changes in weather. 
Similarly, the lead time can also vary due to supply and/or transpor- 
tation facilities. 
If, due to internal or external factors, inventory is not available 
when required, a stock-out will result. Such a situation will result in 
- reduced profits and possibly losses. ` Figure 12-16 shows the problem 
of stock out. It may be noted that inventory level does not return 
to its original point as back orders are to be filled. Reorder point is 
defined as the condition that indicates that а purchase order should 
be placed to replenish the inventory stock. To avoid stockout, extra 
inventory is held as a buffer, resulting in buffer stock or safety stock. 
When buffer stock is low, the inventory holding cost is low but the 
shortage cost is high. On the other hand for a large buffer stock, the 
- inventory holding cost is high. but since the shortages are reduced, 
the shortage cost will be low. Thus it is necessary to strike & balance 
between the shortage cost and^inventory holding cost in order to 
determine an optimum value of buffer stock. 
Let B-buffer stock, 
L=normal lead time, 
І —difference between the maximum lead time and 
normal lead time, 
R=demand rate. 
Then BzL,R. 


Total inventory consumption during lead time, if buffer stock 
is not maintained — LR. 

Thus as soon as the stock level reaches LR, quantity g should 
be ordered. This point is called the reorder level (R.O.L.). However, 
due to uncertainty in "aom this policy of R.O.L. may result in 
shortages. A buffer stock B is added to take care of these shortages. 
Thus R.0.L.=B+LR 

=LjR+LR 
=(L+L,)R. 
EXAMPLE 12:9-1 

The average monthly consumption for an item is 300 units and 
the normal lead time is one month. Ifthe maximum consumption 
has been upto 370 units per month and maximum lead time is 1$ 
months, what should be the buffer stock for the item ? 

Solution. Optimum buffer stock — (Maximum lead time— Nor- 

mal lead time) x monthly consumption 
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=(1}—1) x 370—185 units, 


EXAMPLE 129:2 
\A firm uses every year 12,000 units of a raw material costing 
Rs. 1-25 per unit. Ordering cost is Rs. 15-00 per order and the holding 
cost is'5% per year of average inventory. 
(à Find the economie order quantity. 
(ii) The firm follows E.O.Q. purchasing policy. It operates for 
300 days per year. Procurement time is 14 days and safety stock is 
400 units, Find the re-order point, the maximum inventory and the 
average inventory. [Meerut М. Com. 1975] 
Solution -— 1 
20,6 2x 15x 12,000 
(i) Е.0.9. == [с = Сох 
= SX IX ООо units. 
(ii) Re-order level buffer stock + »usumption during nermal 
lead time 


—4004-14 x vedi 960 units, 


(iit) Maximum inventory =q+B=2,400+ 400 — 2,800 units. 
(iv) Minimum inventory =B=400 units. 


Average inventory = 2800 100-1909 units. 


EXAMPLE 12:9-3 


Calculate the various parameters for putting an item with 
following data on E.0.Q. system : 


Annual consumption —12,000 units at the cost of Rs. 7:50 per 
unit. 


Setup cost — Rs. 6-00 and inventory holding cost— Rs. 0-12 per 
unit, 3 


Normal lead time =15 days and maximum lead time=20 days. 


Solution. The various parameters to be calculated for putting 
an item on E.O.Q. system are : 
2 26R 
6) EOQ. == = 
1 
23 ү: 2x6x 12,000 
РУ 0-12 


= 1,096 units. 
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20—15) 12,000 
(ii) Optimum buffer stock, B= (29—10). x V0 


30 


5х 12,000 500 д 
А TE ue té 
=F = 167 units, 


3 
(iit) R.O.L.=B-+ consumption during normal lead time 


1874 "mm »:12,000— 197.1600 607 units. 


1210. Application of Models 


Inventory control models discussed in previous sections face 
certain difficulties when applied in actual practice. Some of these 
difficulties are 


(0 demand is not always Poissonly. distributed, 
- (8) stock-out oost is unknown, 
(953) costs are difficult to obtain, 
We shall briefly discuss each of them now. 
Distribution of demand 

Demand i$ often more variable than would be expected with a 
Poisson distribution. This is particularly so when there are also sub- 
stores below the stores level under consideration. In such cases total 


demand may be regarded as the sum of individual demands, where 
each one of them has a Poisson distribution. 


In place of Poisson distribution, hyper-exponential distribution 
can be used to fit the distribution f(z) of demanda in a fixed period. 
This distribution is вілеріе and is a better fit than the Poisson 
distribution when standard deviations of demand are greater than the 
means, It is expressed ав 


Л) ai . e73,24- (1—a)A,e-A,¢, «+ (12:90) 

where z is demand in a fixed interval and а, А, and A, are parameters. 
Unknown cost of stock-oat 

Stock-out costs do exist but are difficult to assess, The effect 

of stock-out in any problem can be partially incorporated by finding 


the effect of different stock levels on the frequency of stock-outa, 
‘This oan be done with the help of a graph shown below. 


Es 
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— 


uw 
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Fig. 12:17 


Management, when using this graph, has to base its decision on 
intuition or has to put a rational estimate of stock-out cost. It is easy 


*^ do so since all the available information has been expressed in a 
„lo form, 


Costs difficult to obtain 


In addition to the difficulty in assessing stock-out costs, order- 
ing costs and inventory holding costs may not direotly depend upon 
the numbers of orders placed and inventory value respectively. How- - 
ever, these costs may be expressed as functions of some variables and 
these functions can be introduced into the appropriate models. If 
this rational technique results in large savings, then the apparent 
difficulties in finding the exact ordering and holding costs will not 
appear to be во serious, 
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EXERCISES 
Section 12.5.1 
l. Ineach ofthe following cases, stock is replenished instan- 
. taneously and no shortage is allowed. Find the economic lot size, the 
associated total cost and length of time between two orders. 
‚ (а) С,= Rs. 100, C, — Rs. 0:05 and R30 units/year, 
` (b) €, — Rs, 50, C, — Rs. 0:05 and R 30 units/year. 
(c) Са= Rs. 100, C, = Ев. 0-01 and R=40 units/year. 
(d) С, Rs. 100, C, Вз. 0-04 and R—20 units/year. 
(Ans. (а) ф=346-4, t, —11-55, Суд) — Rs. 17.30) 
2. Іп each case of exercise no, 1,. determine the reorder level 
if lead time is 14 units. Е 
3. А company purchases 10,000 items per year for use in its 
production shop. The unit cost is Rs. 10 per year, holding. cost is 
Rs. 0-80 per month and cost of making a purchase is Rs. 200. Deter- 
mine the following if no shortages are allowed : 
(i) the optimum order quantity, 
(i) the optimum total year cost, 
(itt) the number of orders per year, 
(iv) the time between orders. 


4. A certain item costs Rs. 235 per ton. The monthly require- 
ment is 5 tons and each time the stock is replenished, there is a setup 
cost of Rs. 1,000. The cost of carrying of inventory has been esti- 
mated at 10% ofthe value of the stock per year. What is the optima’ 
order quantity? . : [Delhi M.Sc. (Math.) 1973] 
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5. The XYZ manufacturing company has determined from an 

їз of its accounting and production data for part number 625, 

cost to purchase is Ев. 36 per order and Rs. 2 per part. Its 

inventory carrying charge is 18% of the average inventory. The 
demand for this part is 10,000 units per annum. Find 
(a) what should the economic order quantity be ? 

(b) what is the optimal no. of days’ supply per optimum order ? 

[Delhi M.B.A. 1975] 

(Ans. 1,144 units, 0-1414 year) 


6. An aircraft company uses rivets at an approximate customer 
rate of 2,500 kg per year. The rivets cost Rs. 30 per kg and the 
company personnel estimate that it costs Rs. 130 to place an order 
and the inventory carrying cost is 10% per year. How frequently 
should ordersfor rivets be placed and what quantities should be 


ordered ? 
[Meerut M.Sc. (Stat.) 1976] 


(Ans. 466 kg, 5.3/year) 
7. Consider the inventory system with the following data in 
usual notations: R=1,000 nnita/year, 1— 0.30, P—Rs. 0.50 per unit, 
C,— Вв. 10, L=2 years (lead time) and C, IP. Determine 
(i) optimal order quantity, 
(ii) re-order point, 
(iii) minimum average cost. 
[Delhi 1968] 
(Ans. 365 units, 2,000 units, Re. 54.80) 


Section 12.5.3 

8. A contractor has to supply 10,000 bearings рег day to an 
automobile manufacturer. He finds that, when he starts a production 
run, he can produce 25,000 bearings per day. The cost of holding a 
bearing in stock for one year is 2 paise, and the setup cost ofa 
production run is Rs. 18. What is the optimum lot size and how 

frequently should production run be made ? 
[Meerut M.Sc. (Math.) 1969; Delhi M. Com. 1975] 
(Ans. 1,05,000 ; 10.5 days) 


9. A product is produced at the rate of 50 items per day. 

The demand occurs at the rate of 30 items per day. Given that setup 
cost per order=Rs. 100 and holding cost per unit per unit time 
=Rs. 0.05, find the economic lot size and the associated total cost 
per cycle assuming that no shortage is allowed. 
` (Ans. 225, Rs. 11) 
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10. The manager of a company manufacturing car parts has 
entered into a contract of supplying 1,000 nos. per day of a particular 
part to а car manufacturer. He finds that his plant Һава capacity of 
producing 2,000 nos. per day of the part. The cost of the part is 
Ra. 50, cost of holding stock is 12% per annum arid setup cost per 
production run is Rs. 100. What should be run size for each produc- 
tion run and total optimum cost/month ! How frequently should pro- 
duetion runs be made ? Shortage is not permissible. 

[Baroda Univ. B E. 1974] 


Section 12.5-4 


11. A contractor undertakes to supply diesel engines to a truck 
manufacturer at the rate of 25 per day. He finds that the cost of 
holding a completed engine in stock is Rs. 16 per month, and there 
is a clause in the contract penalising him Rs, 10 per engine per day 
late for missing the scheduled delivery date. Production of engines 
is in batches, and each time a new bateh is started there are setup 
costs of Rs. 10,000. How frequently should batches be started, and 
what should be the initial inventory level at the time each batch is 
completed? [Baroda B.Sc. (Math.) 1978] 

(Ans. 40 days, 943 engines) 


12. A manufacturer receives an order for 6,890 items to be 
delivered over a period of a year as follows: 
at the end of the Ist week : 5 items, 
at the end of 2nd week : 10 items, 
at the end of 3rd week : 15 items, etc. 
` The cost of carrying inventory is Rs. 2.60 per item per year 
and the cost of a setup is Rs. 450 per production run. 
Compute costs for the following policies: 
(1) Make all 6,890 at start of year, 
(2) Make 3,445 now and 3445 in 6 months. 
(3) Make 1/12th of the order each month. 
(4) Make 1/52 of the order each week. 


(Ans. Rs. 12,000, Rs, 8,000, Rs. 9,000, Rs. 27,000 (approx.)) 


13. A manufacturer received an annual contract for supplying 
4,000 gears to be delivered over a period of one year. Deliveries 
re to be affected as under: 


First quarter —3,500, second quarter —4,500, third quarter 
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2000, fourth quarter —4,000. The manufacturer wants to plan 
out his production on his vital machine which costs Rs. 590 for 
setting up. The cost of gear is Rs. 60 and inventory carrying cost 
comes to 10% per year. Calculate the annual cost for producing this 
quantity in & number of equal lots. What will be the minimum cost 
over the year ? Explain and derive the formula used. 
[Baroda Univ, 1975) 
14, (a) Discuss in detail the inventory costs which are to be 
considered for determination of economie order quantity. 

(b) The demand for a product’ is 25 units per month, and the 
items are withdrawn uniformly. The setup cost each time a production 
run is made is Rs. 15. The inventory holding cost is Rs. 0.30 per item 
per month. Assuming that shortages are not allowed, determine how 
often to make a production run and what size should it be. Prove 
the forniula used. If shortages cost Rs. 1.50 per item/month, 
determine how often to make production run and what size should 
it be. (Baroda Univ. B.E. 1973) 


Section 12.5.6 
15. A product is produced at the rate of 50 items per day. The 
demand occurs at the rate of 30 items per day. Given that 
setup cost per order —Rs. 100, 
holding cost per item per unit time =Rs. 0.05, 
and shortages being allowed, what is the shortage cost per unit 


under optimal conditions if the lot size isof 600 items. Я 
(Ans, Ra. 1/220) 


16. A newspaper boy buys papers for 3 paise and sells them ` 
for 7 paise each. He cannot return unsold newspapers. Daily demand 
has the following distribution : 

No. of customers: 23 24 26.26 921 28 99 30 ЗІ 32 
Probability: 0.01 0.03 0.06 0.10 0,20 0.25 0:15 0.10 0.05 0.05 


If each day's demand is independent of the previous day's, how 
many papers should he order each day ? 

[Meerut M.Sc. (Stat.) 1971, 74; Bombay B.Sc. (Stat.) 1975] 

(Ans. 28) 


17. The probability distribution of monthly sales of a cortain 
item is as follows: 

Monthly sales: 0 1 2 3 4 5 6. 

Probability: 0.01 0.06 0.25 0.35 0.20 0.08 0.10 


The cost of carrying inventory is Rs, 30 per unit per month and 
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the cost of unit shortage is Rs. 70 per month. Determine the 
optimum stock level which minimizes the total expected cost. 

[Delhi M.Sc. (Math.) 1976] 

(Ans. 3) 

18. An electric company is about to order a new generator for 

its plant. One of the essential parts of the generator is expensive 

and complicated. Its failure cannot be foreseen and its failure leads 

to the breakdown of the generator. Each of these parts is uniquely 

built for a particular generator and may not be used on any other. 

The cost of part when ordered with generator ів Rs, 4,000. Ifa 

Spare part is required and is not available, the cost of having the 

part to order plus the cost of down time is Rs. 80,000. The planned 

life of the generator is 20 years and records of similar parts in similar 

generators give the following information: 


No, of spare parts No. of generators Estimated probability 
required in 20 years requiring indicated of indicated no. of 


“о. of spares failures 
0 90 0.90 
1 5 0.05 
2 2 0.02 
3 1 0.01 
4 1 0.01 
5 1 0.01 
6 or more 0 0.00 


How many spare parts should be incorporated in the order for 
ench generator? 


(Ana. 2) 


19. Ап ice-cream company sells one of its types of ice-cream by ` 
weight. If the product is not sold on the day it is prepared, it can 
be sold at a loss of 50 paise per pound. There is, however, an unlimit- 
ed market for one day old ice-cream, On the other hand the company 
makes a profit of Rs, 3.20 on every pound of ice-cream sold on the 
day it is prepared. Past daily orders form a distribution with 

Лк) = 0.02 0.0002. z, 0<2<100. 
How many pounds of ice-cream should the company prepare 
every day ? 
[Baroda B.Sc, (Math). 1978; Agra M.Sc. (Stat.) 1974} 
(Ans. 63,3 pounds) 


a 
20. A baking company sells cake by the pound. It makes a 


RB 
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profit of 50 paise a pound on every pound sold on the day it is baked. 
It disposes of all cakes not sold on the date it is baked at а loss 
of 12 paise a pound. If the demand is known to be rectangular 
between 2,000 and 3,000 pounds, determine the optimum daily, 
amount baked ? 


[Meerut M. Sc. (Math.) 1969 Kuru. M.Sc. (Math). 1977] 

(Ans. 2,807 pounds) 

21. Show that when considering the optimum level of inventory 

S,, which minimizes the total expected cost in case of continuous 
(non-diserete) quantities, the condition to be satisfied is 


Q^ 
FS) 0, в 
So 
where а f(r).dr. 
0 


Here, . f(r)=the probability density function of requirement 
of r quantity, 
C,=the shortage cost, 
C, —the holding cost per unit of quantity per unit of 
time. 
(Gujarat Univ. B. E. 1976) 
Section 12:6-3 
22, A shopkeeper has to decide how much quantity of bread 
he should stock every week. The quantity of bread demand in any 
week is assumed to be a continuous random variable with a given 
probability function f(z). Let ‘a’ be the unit cost of purchasing bread 
and ‘d’ be the unit penalty cost. Find the optimum quantity of 
bread tobe stocked. 
[1.8.1. 1962] 
Section 12:6-4 
23. The probability distribution of monthly sales of a certain 
item is as follows : 
Monthly sales 0 1 2 3 4 5 6 
Probability 0-02 0.05 0:03 0-27 0-20 0-10 0:06 
The cost of carrying inventory is Rs. 10 per unit per month. 
The current policy is to maintain a stock of 4 items at the beginning 
ofeach month. Assuming that the cost of shortage is proportional 
to both time and quantity short, obtain the imputed cost of shortage 
of one item for one time unit. 
[Meerut M.Sc. (Stat) 1970] 
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Section 12-6.5 a s 

22. An airline runs a school for air hostesses each month; it 
takes two months+ assemble a group of girls and to train them. Past 
records of turnover in hostesses show that tho probability of requiring 
= new trained hostesses in any one month is 9 (2) [z—0, 1, 2,...], and 
the probability of requiring y new hostesses in any two months period 
ish (у). In the event that a trained hostess is not required for flying 
duties, the air line still has to pay her salary atthe rate of С, per 
month. If insufficient hostesses are available, there is a cost of C, per 
girl short per month. Show how to determine decision rules for the 
size of classes, 


(Hint. See model 5 (а) .] (Meerut 1971, 75) 


25. Two products are stocked by аэ company. The company 
has limited space and cannot store more than 40 units. The demand 
distributions for the products are as follows : 


First Product Second Product 
ЗЬ ri strode 


Demand Probability of Demand Probability of 
demand demand 


0 0-10 0 0-05 


The inventory carrying costs are Rs. Б and Rs, 10 per unit of 
the ending inventories for the first and second products, respectively. 
The shortage ceste aro Rs. 20 and Rs. 50 per unit ofthe ending 
shortages for the first-and second products respectively. Find out the 
economio order quantities for both the products. 

(Delhi M.B.A. 1976) 


26. The uniform annual demands for two bulky items are 90 
units and 160 units respectively. The carrying costs are Rs. 250 
and Rs. 200 per ton per year, and setup costs are Rs. 50 and Rs. 40 
per production respectively. No shortages are allowed. Space consi- 
derations restrict the average amount inventory of both items to 4,000 
©. ft. A ton of the first item occupies 1, 000 c. ft., and a ton of the 
second item 500 c. ft. Find the optimal lot size. 

1.8.1. 1971]: 
2 t (Ans. 2 tons, 12 tons) 
Section 12.7.2 


27. A manufacturer of engines is required to purchase 2,400» 
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castings per year. This requirement is assumed to be fixed and known. 
The manufacturer is given а lower price for quantity purchased within 
certain ranges. The problem is to determine the optimal purchase 
quantity. 

The following data is given : 

Time period T = 12 months, 

Total demaud R=2,400 units, 


P=2%. 
Setup cost per procurement, C, —Rs. 350, 
K,,=Rs. 10 0<q<500, 
K;,—Rs. 9:25 q>500. 
(Ans. 870) 
28. In exercise 27, if the setup cost per procurement is Rs. 100 
only, find the optimal order quantity. (Ans, 500) 


29. If in exercise 28, the priee break does not occur until 
q=3,000 find the optimal Igt size. (Ans. 447) 


30. The annual demand of a product is 10,000 units, Each 
unit costs Rs. 100 if orders are placed in quantities below 200 units 
but for orders of 200 or above the price is Rs. 95, The annual inven- 
tory holding cost is 10% of the value of the item and the ordering 
cost is Rs. 5 per order. Find the economic lot size. 

(Meerut M. Com. 1920) 
Section 12.7.3 


31. The demand for a product is 2,400 units over 360 days. 
The storage cost is 0-06% of the unit cost of the product and the 
ordering cost is Rs. 35,000. Find the optimal order quantity if the 
price breaks are as follows : 


Quantity range Purchasing cost (Re.) 
0<q<1,000 1,000, 
1,000<9-<4,000 925, 
4,000<7 850. 


32. А manufacturer’s requirement for anitem is 2,000 units 
per year. Ordering costs are Rs.. 100 per order and inventory costs 
are 16% per year per unit of average inventory. Calculate the 
economie order quantity. Ifthe price quoted is Rs. 10 each for 

‚ quantities below 1,000 units, Rs. 9-50 for quantities between 1,000 and 
below 2,000 and Ев. 9-30 for lots of Rs. 2,000 or more, compute total 
ordering cost when ordering in lots of (5) 500 (ii) 1,000 and (iii) 
2,000 units, (Gawalior Univ, 1975) 

50—O.R. 
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33. Find the optimal order quantity for a product for which 
the following data is given : 


R=100 units/week, 
C, — Rs. 300, 
P=10%/unit/week, 
K,—Rs. 1 if ¢<500, 
Rs, 0-95 if 500<¢<1,000, 
Rs. 0-90 if 1,000« g. (dns. 1,000 units) 
34, Find the optimal order quantity fora product where the 
annual demand for the product is 500 units, cost of storage per unit 


item per year is 10% of the unit cost and Ordering cost per order is 
Rs. 180. The unit costs are given below. 


Quantity Unit cost in Re. 
0<9¢<500 25-00, 
500«,4—1,500 24-80, 
1,500« «3,000 24-60, 
3,000« g 24-40. 


[Delhi M. Sc. (Math.) 1976) 


35. Determine an optimal ordering rule for the following case: 
R=5,000 units/month, 
C, & Rs. 50 per order, 
P=0 50 per unit per month. 

Unit costa are 


Kj =Rs. 1:50 0<¢<100, 
K,,=Res. 1:40 100<7<250, 
Ky Rs. 1-30 250<9-< 500, 
K,,=Rs. 1-00 500<9 <1,000, 
Ky; Rs. 0:90 1,000 7 — 5.000, 
Kj — Ев. 0-85 5,000<7. 


Section 12.8 


36. Foran inventory problem with three items, the parameters 
ofthe problem are given below : 
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Tiem Os E Cu a 
(i (fs) (Re) (m) 
1 10 2 0-30 1 
2 5 4 010 1 
3 15 4 0-20 1 


Ifthe total available storage area is 25 m?, find the economic 
order quantities. 
(Ans. 6-7, 7:6 and 10:6) 
'397. Four different items are kept ina store. The demand 
rates are constent for the four items. Production rate is instantaneous 
and по shortages are permitted. The data for the problem is given 
below. 


Item Setup Demand’ Holding Annual 
i cost C's; rate R; cost Cy demand 
(Rs.) (Rs.) Di 
1 50 20 0.2 5,000 
2 100 10 0-1 10,000 
3 20 10 0-1 5,000 
4 90 5 0:2 7,500 


Find the economic lot sizes if the total number of orders per 
year for the four items is limited to 200 only. 


38. А small shop produces three mac!.ines parts l, 2 and 3 in 
lots. The shop has only 650 sq. ft. of storage space. The appro- 
priate data for three items are presented in the following table : 


Item 1 2 3 
Demand rate (units/year) 5,000 2,000 10,000 
Procurement cost (Rs.) 100 200 75 
Cost per unit (Hs.) 10 15 5 
Floor space required (sq. 

fit./unit) 0-70 0:80 0:40 


The carrying charges on each item are 20% of average inventory 
evaluation per annum. Ifno stock-outs are allowed, determine the 
optimal lot size for each item. [Delhi M.B.A. 1976] 
Section 12:9 

39. For a fixed order quantity system find out the various 
parameters for a problem with the following data : м 

Annual consumption (Б) =10,000 units, 

Cost of one unit —Rs. 1-00, 
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C; —Rs. 12-00 per production run, 
C; —Rs. 0-24 per unit, 


past lead times: 15 days, 25 days, 13 days, 14 days, 30 days, 
17 days. 


(Ans. E.0.Q.—1,000, B—416:66:417, R.O.L.=834, average 917.) 


40. А factory uses Rs. 32,000 worth of a new material per 
year. The ordering cost per order is Rs, 50 and the carrying cost is 
20% per year of the average inventory. If the company follows the 
E.0.Q. purchasing policy, calculate the reorder point, the maximum 
inventory, the minimum inventory and the average inventory; it 
being given that the factory works for 360 days a year, the replace- 
ment time is 9 days and the safety stock is worth Rs. 300. 

[Meerut М. Com. 1975] 
(Ans. 1,100, 4,3(0, 300 and 2,300 units) 

41. Based on the following data, is а lot of 1,000, 3,000, 6,000, 

or 12,000 units the most economical to manufacture ? 


setup cost : Rs. 3:00, 

vale _ : Rs. 0,04 per unit, 

carrying cost : 20% of value of average inventory, 
Storage cost: Rs, 0-03 per unit per year, 


consumption : 12,000 units per year, 
minimum safety : ; 
stock on hand at 
any time. s 1,000 units. 
: [Bombay D.I.M. 1975] 


13 


The technique of simulation has long. been used by the designers 
and analysts in physical sciences and it promises to become an 
important tool for tackling the complicated problems of managerial 
decision making. Scale models of machines have been used to simulate 
the plant layouts and models of aircrafts have been tested in wind , 
tunnels to determine their aerodynamic characteristics. Simulation, 
which can appropriately be called management laboratory, determines 
the effect of a number of alternate policies without disturbing the real 
system. It helps in selecting the best policy with the prior assurances 
that its implementation will be beneficial. 

Probably the first important application of simulation was made 
by John Von Neumann and Stanislaw Ulam for studying the tedius 
behaviour of neutrons in a nuclear shielding problem which was too 
complex for mathematical analysis. With the remarkable success of 
the technique on neutron problem, it became popular and found many 
applications in business and industry. Development of digital com- 
puter in early 1950s is further responsible for the rapid progress made 
by the simulation techniques. The range of simulation application 
varies from simple queuing models to models of large integrated sys- 
tems of production. 


In thi$ chapter we will limit our discussion to the Monte Carlo 
method of simulation. A few simplified applications are discussed to 
illustrate the Monte Carlo method as well as the general simulation 
technique. Though the use of computer is essential in all simulation 
problems for obtaining reliable results, yet the illustrative examples 
have been solved manually to demonstrate the approach. 
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13-1. Examples on the Applications of Simulation Technique 
EXAMPLE 13-1.1 


At a small store of ready made garments, there is one clerk at 
the counter who is to check the bills, receive payments and place 
the packed garments into fancy bags, etc, The customers’ arrivel at 
the check counter is a random phenomenon and the time between the 
arrivals varies from one minute to five minutes, the frequency distri- 
bution for which is given in table 13-1. The service time (time taken 
by the counter clerk) varies from one minute to three minutes and the 


frequency distribution for it is given in table 13-2. The Manager of | 


the store feels that the counter clerk is not sufficiently loaded with 
work and wants to assign to him some additional work. But before 
taking the decision he likes to know precisely by what percentage 
of time the counter clerk is idle. 


Table 13.1 ^ 
j Frequency distribution of inter-arrival times 
Time between Frequency Cumulative 
arrivals (minutes) % frequency (%) 
1 25 35 
2 25 60 
3 20 80 
4 12 92 
5 8 100 
Table 13-2 
Frequency distribution of service times 
Service time Frequency Cumulative frequency 
(minutes) (%) (%) 
10 20 20 
15 35 55 
2-0 25 80 
2.5 15 95 
3:0 5 7 100 


EXAMPLE 131.2 
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The problem is of determining the proper erew size. Fringe benefits of 
servicemen are Rs. 5 per hour per serviceman and the cost of machine 
time lost in waiting is Rs, 15 per hour. 1 

From a thorough scrutiny of the previous records of machine 
break-downs, it is estimated that fora group of 20 similar machines 
working under similar conditions, the break-downs and service time 
follow the frequency distribution shown in tables 13:3 and 13-4, The 
frequency distributions are also shown by the histograms in figures 
13:6 and 13:7. 


Table 13:3 
Break-down Frequency 
per hour (%) 
7 and less 5 
9 12 
9 : 25 
10 30 
11 20 
12 and above 8 
Table 13-4 
Service time Frequency 
(minutes) (%) 
10 5 
20 25 
30 40 
40 25 
50 5 


13:2. When to use Simulation ? 


In the foregoing chapters we have discussed a number of opera. 
tions research tools and techniques for solving various types of mana- 
gerial decision making problems. Techniques like linear program- 
ming, dynamic programming, queuing theory, network models, etc., 
are not sufficient to tackle all the important managerial problems 
requiring data analysis, Each technique has its own limitations, 


Linear programming models assume that the data does not alter 
over the planning horizon. It is one time decision process and assu- 
mes average values for the decision variables. If the planning horizon 
is long, say 10 years, the multiperiod linear programming model may 
deal with the yearly averaged data, but will not take into account 
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the variations over the months and weeks with the result that month 
to month and week to week operations are left implicit. Other impor- 
tant limitation of linear programming is that it assumes the data 
to be known with certainty. In many real situations the uncertainties 
about the data are such that they cannot be ignored, In case the 
uncertainty relates to only a few variables, the sensitivity analysis 
can be applied to determine its effect on the decision. But, in situa- 
tions, where uncertainty prevades the entire model, the sensitivity 
analysis may become too cumbersome and computationly difficult to 
determine the impact of uncertzinty on the recommended plan. 


Dynamic programming models, however, can be used to deter- 
mine optimal strategies, by taking into account the uncertainties and 
сап analyse multiperiod planning problems. In other words, this 
technique is free from the two main limitations of linear programming. 
But it has its own shortcomings. Dynamic programming models can 
be used to tackle very simple situations involving only a few vari- 
ables. If the number of state variables is a bit larger, the computation 
task becomes quite complex and involved. 

Similar limitations hold good for other mathematical techniques 
like dynamic stochastic models such as inventory and waiting line 
situations. Only small scale systems are amenable to these models; 
moreover, by making a number of assumptions the systems are simp- 
lified to such an extent that in many cases the results obtained are 
only rough approximations. 


From the above discussion we conclude that when the charact- 
егівіїов such as uncertainty, complexity, dynamic interaction between 
the decision and subsequent event, and the need to develop detailed 
procedures and finely divided time intervals, combine together in one 
situation, it becomes too complex to be solved by any of the techniques 
of mathematical programming and probabilistic models. It must 
be analysed by some other kind of quantitative technique which may 
give quite accurate and reliable results. Many new techniques are 
coming up, but, so far, the best available is simulation. 

In general, the simulation technique is a dependable tool in 
situations where mathematical analysis is either too complex or too 
costly 


13:3. What is Simulation ! 

Simulation is an imitation of reality. You-might have visited 
some industrial fairs and exhibitions, and noticed à number of simu- 
lated environments therein. A children cycling park in the fair with 
various erossings and signals is a simulated model ofthe city traffic 
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system. In the laboratories you perform a number of experiments 
on simulated models from which you predict the behaviour of the 
real system in true environments. A simple illustration is the testing 
of an aircraft model in a wind tunnel from which we determine the 
performance of the actual aircraft under real operating conditions. 
Planetarium shows represent a beautiful simulation of the planet sys- 
tem, Environments in a geological garden and in a шиит of natu- 
ral history are other examples of simulation. 


Tn all these examples, it has been tried to imitate the reality 
to see what might happen under real operating conditions, This 
imitation of reality which may be in the physical form or in the form 
of mathematical equations may be called simulation. 


The simple examples cited above are of simulating the reality 
in physical form, which we may refer as (environmental) analogue 
simulation, For the complex and intricate problems of managerial deci- 
sion making, the analogue simulation may not be practicable, and 
aetual experimentation wi£h the system may be uneconomical. Under 
such circumstances, the complex system is formulated into a mathe- 
matical model for which a computer programme is developed, and the 
problem is solved by using high speed electronie computer. We may 
refer it as computer simulation or system simulation. 


With this background it will now be in order to define simula- 
tion. According to one definition «simulation is a representation of 
reality through the use of a model or other device which will react in 
the same manner as reality under a given set of conditions", Simula- 
tion has also been defined as “the use of a system model that has 
the designed characteristics of reality in order to produce the essence 
of actual operation". According to Donald ©. Malcolm a simulated 
model may be defined as one which depicts the working of a large 
scale system of men, machines, materials and information operating 
over a period of time in a simulated environment of the actual real 


world conditions. 


13-4. Advantages of the Simulation Technique 


The simulation technique, when compared with the mathema- 
tical programming and standard probability analysis, offers a number 
of advantages over these techniques; a few important among them 
can be summarized as follows : 


1. Many important manayerial decision problems are too ан 
cate to be solved by mathematical programming and experimentation 
with the actual system, even if possible, is to too costly and risky. 
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Simulation offers the solution by allowing éxperimentation with a 
model of the system without interfering with the real system. Simul- 
ation is, thus, often a bypass for complex mathematical analysis. 


2. Through simulation, management can foresee the difficulties 
and bottlenecks which may come up due to the introduction of new 
machines, equipment ог: process, It, thus, eliminates the need of 
costly trial and error methods of trying out the new concept on real 
methods and equipment. 


3. Simulation has the advantage of being relatively free from 
mathematics and; thus, can be easily understood by the operating 
personnel and non-technical managers. This helps in getting the 
proposed plans accepted and implemented. 


4. Simulation models are comparatively flexible and can be 


modified to accommodate the changing environments of the real situ- 
tion. 


5. Computer simulation can compress the performance of a 
system over several years and involving large calculations into a few 
minutes of computer running time. 


6. The simulation technique is easier to use than mathematical 
models and is considered quite superior to the mathematical analysis. 


7. Simulation has advantageously been used: for training the 
operating, and managerial staff in the operation of complex plans. It 
is always advantageous to train people on simulated models before 
putting into their hands the real system. Simulated exercises have 
been developed to impart the trainee sufficient exercise and experi- 
ence. A simulated exercise familiarizes the trainee with the data 
required and helpsin judging what information is really important. 

‘Due to his personal involvement into the exercise, the trainee gains 
sufficient confidence, and moreover becomes familiar with data pro- 
cessing on electronic computer, © 


135. Limitations of the Simulation Technique 


Inspite ofall the advantages claimed by the simulation tech- 
nique, many operations research analysts consider ita method of last 
resort and use it only when all other techniques fail Ifa particular 
type of problem can be shown to be well represented by a mathe- 
matical model, the analytical approach is considered to be more econo- 
mical, accurate and reliable. On the other hand, in very large and 
complex problems simulation may suffer frorn the same deficiencies a8 
other mathematical models. In brief, the simulation technique suffers 
from the following limitations : 
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1. Simulation does not produce optimum results, When the 
model deals with uncertainties, the results of simulation are only 
reliable approximations subject to statistical errors. 


2. Quantification ofthe variables is another difficulty. Ina 
number of situations it is not possible to quantify all the variables 
that affect the behaviour of the system. 

3. In very large and complex problems, the large number of 
variables and the involved inter-relationships between them makes the 
problem very unwieldy and hard to program. The number of vari- 
ables may be too large and may exceed the capacity of the available 
computer, 

4. For computer problems, simulation is, by no means a cheap 
method of anylsis. In a number of situations, simulation is compara- 
tively costlier and time consuming. ; 


5. Other important limitations stem from too much tendency 
to rely on the simulation models. This results in application of the 
technique to some simple problems which can more appropriately be 
handled by other techniques of mathematical programming. 

136 Monte Carlo Method 


The Monte Carlo method of simulation owes its development to 
the two mathematicians, John Von Neumann and Stanislaw Ulam, 
during World War II when the physicists were faced with the puzzling 
problem of behaviour of neutrons, How far would neutrons travel 
through different materials ? The hit and trial experimenta] solution 
would have been very costly and time consuming,.and the problem 
was too complieated for theoretical anaylsis. The two mathematicians 
suggested a solution by submitting the problem to a roulette wheel 
or wheel of chance. The basic data regarding the occurrence of 
various events was known, into which the probabilities of separate 
events were merged in а step by step analysis to predict the outcome 
of the whole sequence of events, The technique provided an approxi- 
mate but quite workable solution to the problem. The mathematical 
techniques they applied had been known for many years, but it was 
at this stage that it was given the name Monte Carlo. With the 
remarkable success ofthe techniques on neutron problem, it soon 
became popular and found many applications in business and industry. 
At present it forms a very important tool of operation researcher's 
tool kit. 


Monte Carlo technique has been used to tackle a variety of 
problems involving stochastic situations and mathematical problems, 
which cannot be solved with mathematical techniques and where 
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physical experimentation with the actual system is impracticable. 
The stochastic situations are usually a long sequence of probabilistic 
events or steps. We may be able to write mathematical formulae for 
probability of a particular event, but to write a mathematical rela. 
tionship for the probabilities of all events in the se quence is a difficult 
task, 

In contrast to mathematical modelling where the results of the 
analysis yield a direct and overall solution to the problem, in simula- 
tion, the behaviour of the system is observed over a sufficiently long 
period of time, and in the process, the relevant information is collec- 
ted. The system is first described by listing the various events in the 
order of their occurrence. An event representing a point in time 
signifies the end of one or more activities and the beginning of the 
next activity. As each event occurs, certain actions are taken, result- 
ing in the generation of new events which are further considered in 
Sequence. For example, the arrival of a customer at service facility 
is the occurrence of an event, and action taken depends upon the 
availability of facility which may be free or occupied. If free, service 
begins; if occupied, wait in line, which further generates new activities. 
If service begins, compute service time; and if to wait in queue, com- 
pute waiting time and length of queue, etc. The process is repeated 
for the next arrival, 

The experimentation is performed on a simulated model of the 
teal system. It isa sort of sampling technique in which, instead of 
drawing samples from a real population, the samples are drawn from 
a theoretical equivalent of the real population. By making use of 
roulette wheel or random numbers, Monte Carlo approach determines 
the probability distribution of the occurrence of the event under con- 
sideration, and then samples the data from this distribution. 


Important applicatfóns of Monte Carlo method are found in 
waiting line problems, formulating maintenance policies, determining 
the inventory level, etc. 

The procedure and the concept of Monte Carlo technique can 
well be illustrated with the help of examples. A few very simplified 
examples have been solved here for this purpose. 


13:7. Solved Examples 
EXAMPLE 137.1 (Solve example13-1-1), 


Solution. The problem is of a waiting line situation. Here 
the customer arrival time at the check counter and the service time 
do not follow any specific rules and are random in nature. Had the 
frequency distribution followed some known laws, the simplest pro- 
cedure would have been to use the appropriate formulae and calculate 
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the average time the counter clerk is free, Now let us вее how this 
situation is tackled with the help of simulation technique. 


To determine reliable and accurate results, history of the process 
should be simulated fora very large number of customer arrivals, 
which can be done with the help of a computer only. But our interest 
here, is only to demonstrate the technique of simulation, rather of 
Monte Carlo simulation. To meet the purpose the process has been 
simulated manually and for only 20 arrivals. This could be done by 
using the random number or by a roulette wheel, In the case of 
roulette wheel, which we may call a wheel of chance or a pie diagram, 
the area of the wheel circle is divided into a number of segments, 
For simulating the inter-arrival times of the given example the 
wheel is divided into five segments (Fig. 13-1) representing the various 
possible inter-arrival times. The area of a segment is proportional to 


Fig: 131 Fig. 13.2 


the frequency of occurrence of the represented inter-arrival time. For 
example, for 35% of the time, inter-arrival time is 1 minute, so the 
area of the 1 minute segment is 35% of the area of the circle. For 
each artival a sharp spin is given to the pointer and the segment in 
which it comes to rest gives the time between the present and next 
arrival, A similar roulette wheel, shown in figure 13-2, is constructed to 
simulate the service times. For each arrival a spin to the pointer 
gives the service time for that arrival, 


In case we have to use the random number table, the cumula- 


tive frequency distributions are plotted, as shown in figures 13.3 and 
13.4. 


798 Operations Research : An Introduction 


e^ 

x 

ы 

б 

wIOO 

д 

580 

œ 

= 

5 40 

2 20 

z 

Pd 12345 

TIME BETWEEN ARRIVALS 

(MINUTES) 
Fig. 13:3 


The cumulative frequencies for inter-arrival times and service 
times are also given in tables 13-1 and 13-2 respectively. The random 
numbers can be selected by any random process, such as by drawing 
numbered chips from a box. The easiest way is to use a table of 
random numbers, like the one given in table C.1 (in appendix). For 
each arrival, a random number із selected which will represent the 
percentage of frequency corresponding to which service time can be 
determined from figure 134. For instance, if the random number 
comes out to be 22 for the first arrival, the service can be simulated 
by starting from an arbitrary selected random number, and then 
noting down, in sequence, the last two digit figures in, say, the last 
column. In a similar way the inter-arrival times can be simulated. 
For a simple problem like this we can construct a table of randor 
numbers that selects the inter-arrival times, and a table of random 
numbers for selecting the service times. For example, the random 
numbers 36 through 60 give an inter-arrival time of 2 minutes. 
Similarly, for service times, random numbers 21 through 55 give а 
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service time of 1:5 minutes. Table 13:5 shows the random number 
equivalent for figures 13:3 and 13:4. 


Table 135 
Inter-arrival times Service times 
These random Select these These random Select these 
numbers Inter-arrival — numbera service 
times (minutes) time (minutes) 

1—35 1 1—20 J 
36—60 2 21—55 1:5 
61—80 3 56—80 2 
81—92 4 81—95 2:5 
93—100 5 96—100 3 


Sampling from either the cumulative distributions of figures 
13:3 and 13-4, or from table 13-5 will now give customer arrival and 
service times in ~горогііоп to the given distribution, just as if actual 
customers have been arriving for actual service at the check counter. 
The simulated history for 20 arrivals is given in table 13-6. 
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Table 13-6 
Arrivals Inter-arrival times Service times 
Random number Inter-arrival Random Service 
(First two digits time (minutes) . number time 
of last col. (Last two (minutes) 
in table C.1) digits of last 


col. in table C-1) 


1 48 2 22 1:5 
2 51 РА 62 2-0 
3 06 1 25 1:5 
4 22 T 31 1:5 
5 80 3 23 1:5 
6 56 2 07 1-0 
7 06 1 93 2-5 
8 92 4 44 15 
9 51 2 12 1 
10 13 1 26 1:5 
11 65 3 93 2:5 
12 60 2 01 1 
13 51 2 17 1 
14 50 2 49 15 
15 13 1 58 2 
16 94 5 98 3 
17 57 2 61 2 
18 26 1 41 15 
19 78 3 13 1 
20 33 1 59 2 


The process of determining the counter clerk’s idle time and 
the customer waiting time can be represented by a block diagram as 
shown in figure 13-5. 
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The computations carried for 20 customer arrivals are shown 
in table 13:7. When the first customer arrives, counter olerk is 


Table 13-7 
Arrival Time between Service Time Counter Customer 
number present and time available — clerk's waiting 
mezt arrival for service idle time time 
HERMES S E o e ——— 
1 2 1-5 2 0:5 — 
2 2 2.0 2 — = 
3 1 1:5 1 — — 
4 1 1-0 0-5 — 0.5 
5 3 15 2-5 1 05 
6 2 1 2 1 — 
7 1 2.5 1 = = 
8 4 1:5 2-5 1 1:5 
9 2 1:0 2.0 1 
10 1 2.5 1 = = 
п 3 2.5 2-5 — 0:5 
12 2 1 2 1 = 
13 2 1 2 1 — 
14 2 1:5 2 0:5 — 
15 1 2 1 = = 
16 5 3 4 1 } 
17 2 2 2 = = 
18 i 15 1 = E 
19 3 1 2.5 1:5 05 
20 1 2 1 — c 
41 9-5 45 


free and service immediately begins. Service time required is 1:5 
minutes (table 13-6). Time between the first and second arrivals is 
2 minutes (table 13:6) and thus the clerk is idle for 0 5 minute be- 
fore the next arrival occurs. When the second customer arrives, 
service immediately starts, required service time for 2nd arrival is 
2 minutes and the time between the 2nd and 3rd arrivals is also 
2 minutes. Therefore, there ів по idle time for the counter clerk 
between the second and third arrivals. For the third arrival, service 
time is 1:5 minutes and the inter-arrival time between 3rd and 4th 
arrivals js only one minute and obviously 4th customer will have to 
wait for 0-5 minute before the service can begin. This way the 
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computations are continued. For 20 customer arrivals the coun- 
ter clerk is idle for 9-5 minutes, while the customers have to waib for 
4-5 minutes. The total time taken by 20 arrivals is 41 minutes 
(summing up the inter-arrival times). Therefore, the counter clerk is 
idle for about (o )=28% of the time. Based on this specific 
information, the manager can take the decision of assigning some 
additional work to the counter clerk. 


EXAMPLE 13.7.2: Solve example 13-1.2. 
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Solution. Knowing this much of input data, we can proceed 
in the same fashion as in example 137.1. The machine break-down 
and service time frequencies are converted into cumulátive frequen- 
cies. Figure 13-8 shows the cumulative frequency for number of break- 
downs per hour and in figure 13-9 is shown the cumulative frequenoy 
distribution of service times. 

Based upon this information, we can simulate the breakdowns 
perhour and the service times for the breakdown machines for any 
length of production time. In this example, the data has been simul- 
ated for12 hours only. For more accurate results the simulation 
Should be carried fora muchlonger period but that will need an 
electronic computer. To illustrate the procedure, this 12 hour manual 
simulation would be sufficient. For simulating the behaviour of the 
system, random number table C-! is used. In the random number 
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table each number is of ten digits. As our probabilities. vary from 
~ zero to 100, we will use only the two digits of the selected numbers. 


40 
35 


О 10 2030 40 50 60 


M" SERVICE TIMES 
Pu (MINUTES) 
te Fig. 13-7 

Жемаль, for simulating the study for the first hour, we arbitrarily 
select. the first two digits of the random numbers in the first column 
of table C.1. These digits for the first number are 21. Correspon- 
ding to the cumulative frequency of 21, the number óf break-downs 
per hour is 9. This can be determined from figure 13:8 or a table of 
random numbers equivalent to figure 13:8 can be constructed. Now 
for 9 break-downs, we have to simulate the service times, Again, at 
random, we select a number in the random number table and note 
down nine, two digit numbers in sequence from that column. These 
numbers turn out to be 11, 71, 65, 41, 35, 17, 91, 07 and 34. Then, 
corresponding to each number, the service time is found from the 
cumulative service time distribution (figure 13-9). For instance, cor- 
responding to random number 11, which represents the cumulative 
frequency, service time is 20 minutes and is continued from hour to 
hour, For each hour, the number of break-downs and their service 
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times are determined as explained for the first hour, A simulated 
sample of first four hours of machine repair times is shown in table 
13:8. 


: : Table 13-8 
Hours Break-down/hour Service times 
Random Break- Random Service Total service 
No. down No. time (minutes) time for 
the hour 
lst 21 9 11,71,65,41,35 20,40,30,30,30 260 
17,91,7,34 30,20,40,20,30 
2nd 12 8  43,38,49,13,5,95 30,30,30,20,20 260 
76,95 50,40,40 


Ard 69 10 57,63,41,03,91 30,30,30,10,40 300 
58,/2,70,89,23 30,30,40,40,20 


4th 11 9 36,59,39,19,21 30,30,30,20,20 280 
; 14,86,90,64 40,40,40,30 
5th 320 
6th 290 
Tth 270 
8th 305 
9th 260 
10th ; 240 
llth ; 340 
12th 310 


M ——————— 
The next step is to determine the repairman’s: waiting time and 
the machine waiting time (waiting repairs). At certain times, when a 
break-down occurs, all the members of tue repair crew may be busy 
and the machine willthen: wait until one of them has finished 
his previous task. At some other times, due to less number of 
breakdowns, some of the repairmen may be idle. For making these 
computations it is assumed that each repairman will work effectively 
for only 55 minutes in an hour, allowing 5 minutes personal time. To 
determine the best crew strength, different alternative strengths of 
4, 5, 6 or 7 can be tested. First of all, we consider the present crew 
of 5 servicemen and determine their waiting time for 12 hours. The 
computations are shown in table 13-9. For the first hour the total 
service time required is 260 minutes (table 13-8). Allowing 25 minutes 
(5x5) of personal time for the crew, the total time available for 
service is 300—25—275 minutes, which means in the first hour, 
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servicemen will be idle for 275—260—15 minutes. Similarly, in the 
second hour there is 15 minutes idle time or waiting time for the service- 
men. In the third hour required service time is 300 minutes (table 13-8), 
available time again is 275 minutes, so that machines will wait for 
. 300—275—26 minutes, which we can call machine waiting time. Tn 
fourth hour again, the machine waiting time is 5 minutes which makes | 
the cumulative machine waiting time of 25--5=30 minutes for this 
hour. The computations are carried on from hour to hour and idle 
times of the repsirmen and the cumulative waiting times of the 
machines are calculated. The total times for which the machines have 
to wait is 880 minutes. А 


Similarly, computations are done fora crew of віх repairmen 
(table 13-9). We note that with six repairmen, the machine waiting 
time comes down to only 10 minutes, Ifthe crew size is further 
increased, it will add only to the idle time of the repairmen. 

It is given that the wages including the fringe benefits of service- 
men are Rs. 5 per hour per serviceman and the cost of machine time 
lost in waiting is Rs. 15 per hour. 

Therefore, with a crew of five repairmen, 


cost of time lost by machines in waiting 
for 880 minutes = Ќа. 220-00 
Wages of five servicemen for 12 hours = Rs. 300-00 


Total cost = Ra. 520-00 
With a crew of six repairmen, cost of 
time lost by machines in waiting for 
10 minutes = Ев, 2:50 
Wages of six servicemen for 12 hours —Ra. 360:00 


Total cost =Rs, 362-50 
The comparison of the total costs shows that the best crew size 
is of six repairmen. For more accurate and reliable results, the 
study shonld be carried over a much longer period on a computer. 
138 Additional Examples 


EXAMPLE 13-8-1 


A manufacturing firm has 25 semi.aatomatic machines in one 
section. Machines work for eight hoursa day and a repair squad 
of 5 mechanics attends to their maintenance. The machines are such 
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that only one mechanic can work on a machine at опе time. It has 
been determined from the past break-down history that there are ten 
per cent chances that a machine will break-down in any given hour. 
Tho times required for repairs and their probability distribution is 


given in the table below. 


Table 13-10 
Time required to Probability 
repair each machine (%) 
(minutes) 
15 5 
20 10 
25 20 
30 35 
35 ` 22 
40 8 


The management of the firm is interested in knowing whether 
this strength of repair squad is optimum and if not, what is the opti- 
mum number. The cost of idle machine time to the company is 
Rs. 10 per hour, while the wages paid toa repairman are Rs. 5 per 
hour, Company allows 10 minutes per hour ав, each repairman’s 
personal time. 

EXAMPLE 138-2 

"In the child welfare section of a hospital, two specialists attend 
to the outdoor patients daily from 2 Р.М, to 5 Р.М. There isa 
general complaint from the public that they have to wait too long. 
The duty doctors also complain that due to excess of patients they 
have to sit beyond 5 P.M. on many of the days. From the data 
collected over the past months, the following distributions of patients” 
arrivals and the check up times are determined : 


Table 13-11 
Number of patients Frequency Check-up time Frequency 
per day (%) per patient (%) 
(minutes) 
20 40 8 20 


25 30 12 40 
30 20 15 35 
40 10 20 5 
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What should be the number of doctors on duty so that their 
average busy time does not exceed 3 hours/day? 


EXAMPLE 138-3 

A printing press receives a different number of orders each day. 
The time required for composing and printing varies from order to 
order. There is sufficient number of printing machines and the orders 
usually do riot have to wait for printing. The critical time is that 
ofcomposing. The manager of the press is interested in knowing the 
number of composers he should have so that the sum of the cost of 
composer idle time and the cost of losing orders is minimized. The 
following data regarding the number of orders per day and the com- 
posing times is available. 

Table 13-12 


No. of orders Frequency Composing time Frequency 
per day (96) per order (hours) (96) 
3 10 2 10 
5 20 3 25 
8 35 4 30 
10 25 5 25 
12 10 6 10 


The press works for eight hours per day, but a composer can 
work effectively for only seven hours a day. An order is accepted 
only if it can be processed within two days. The wages of the com- 
poser are Rs. 3 per hour, while the cost of orders back ordered comes 
to Rs. 5 per hour, 

EXAMPLE 13:8.4 

Ata toll office, a sample of 100 arrivals of vehicles gives the 

following frequency distribution of the inter-arrivsl and service times : 


Table 13-13 
Inter-arrival Frequency Service time Frequency 
time (minutes) (9%) (minutes) (96) 
10 2 15 10 
15 5 c T 
2:0 9 2:0 22 
2:5 25 — — 
3-0 22 2-5 40 
3-5 п — 
40 10 3-0 20 
45 6 = 
5:0 3 35 8 
5:5 2 == = 
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There is one clerk at the toll office. Simulate the process for 
25 arrivals and estimate the average per cent vehicle waiting time 
and the average per cent idle time of the clerk. 


EXAMPLE 13:8-5 п 

A coffee house in the busy market of city operates counter 
service. The proprietor of the coffee house has approached you with 
the problem of determining the number of bearers he should employ 
at.the counter. He wants that the average waiting time of the 
customer should not exceed 2 minutes. After recording the data for 
a number of days, the following frequency distribution of inter- 
arrival time of customers and the service time at the counter are 
established. 


Table 13-14 
Inter-arrival time Frequency Service time Frequency 

(minutes) (%) (minutes) (%) 
0 5 10 5 
0-5 35 2-0 25 
1:0 25 3-0 35 
1:5 15 40 20 
2-0 10 5-0 15 
2-5 


3:0 3 


Simulate the system for about 30 arrivals for various alternate 
numbers of bearers. 


EXAMPLE 138.6 

The common maintenance problem with a heavily loaded 
machine is the failure of its bearings. There are three bearings which 
cause the trouble and keep the machine down for a considerable 
part of time. It looks that the present practice of replacing a 
bearing a8 and when it fails is not a good policy. It is decided to 
evaluate the following three alternate policies: 1. The present policy 
of replacing a bearing as and when it fails. 2. Replace all the three 
bearings when any of them fails. 3. Replace allthe bearings which 
have been in use for 1,000 hours or more when a bearing fails. 


It has been observed that it takes 7 hours on the part of one 
mechanic to replace one bearing. If two bearings are replaced, 
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maintenance time is 9 hours and it takes 11 hours to replace all the 
three bearings. 

The wages of a maintenance mechanic are Rs. 5 per hour, 
while machine down time cost is Rs. 4 per hour. -The cost of each 
bearing is Rs. 10. 

From the past performance the following frequency distribution 
of the actual working lives of bearings is available : 


Table 13.15 
Beering life Frequency 
(hours) % 
600 2 
700 6 
800 8 
900 14 
1,000 17 
1,100 20 
1,200 15 
1,300 10 
1,400 7 
1,500 1 


Determine the best policy of replacing the bearings by simula. 
ting approximately 10,000 hours of service time for each of the three 


policies. 
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Basic Steps in PERT and CPM 


141. Introduction 


The complexities of the present-day management problems and 
the business competitions ‘has added to the pressure on the rbains of 
decision makers, In a large and complex project involving a number 
of interrelated activities, requiring a number of men, machines and 
materials, it is not possible for the management to make and execute 
an optimum schedule just by intution based on the organisational 
capabilities and work experience. Managements are, thus, always on 
the look out for some methods and techniques which may help in 
planning, scheduling and controlling the project. A project may be |. 
defined as a combination of interrelated activities which must be 
executed in a certain order before the entire task can be completed. 
The aim of planning is to develop a sequence of activities of the 
project, so that the project completion time and cost are properly 
balanced and that the excessive demand of key resources is avoided. 
To meet the object of systematic planning, the managements have 
evolved a number of techniques applying network strategy. PERT 
(Programme Evaluation and Review Technique) and CPM (Critical 
Path Method) are two of the many network techniques which have 
been widely used for planning, scheduling and controlling the large 
and complex projects. 

142. Historical Background 

Up to the end of 18th century, the decision making was intu- 
tive and depended primarily on the managerial capabilities, ex- 
perience and academic background of managers. It was only in the 
early 1900's, that the pioneers of scientific management started 
developing the scientific management techniques. Henry L. Gantt, 
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during World War I, developed the Gantt chart for production 
scheduling. The Gantt chart was later modified to bar chart which 
was used as an important tool in both the project and production 
scheduling. 


With the development of computers, many new scheduling 
techniques came into existence. In 1957, the network techniques of 
PERT and CPM were developed almost concurrently. Most of the 
formal efforts in the development of CPM were initiated by the E.I. 
du Pont de Numours Company in 1956 through its IEC (Integrated 
Engineering Control) group. In 1957, the Remington Rand Applica- 
tion group joined the Du Pont IEC team. In the beginning CPM 
was used for planning and scheduling the constructional projects. 
It was also used for scheduling the maintenance shutdowns. The 
construction industry ir general and the petrochemical industry in 

. particular were the major areas of CPM applications, 


PERT was developed by U.S. Navy for scheduling the research 
and development work for the polaris missiles programme whose 
activities were subject to a considerable degree of uncertainty. That 
is why the principal feature of PERT is that its activity timo 
estimates are probabilistic. The activity times in CPM applications 
were relatively less uncertain and were, thus, of deterministic nature. 
Following the success in polaris programme, the use of PERT became 
popular in the U.S. Aerospace industry, large weapon systems, 
Atomic energy programmes and in many other fields. 

With the passage of time, PERT and CPM applications 
started overlapping and now they are used almost as a single 
technique and the difference between the two is only of the historical 
or academic interest: With slight modifications both have given 
rise to several other network techniques, such as PEP (Programme 
Evaluation Procedure), RAMPS (Resource Allocation and Multi Pro- 
ject Scheduling), LESS (Least Cost Estimating and Scheduling) and 
SCANS (Scheduling and Control by Automated Network Systems), 
ete. 


` 143. Phases of Project Scheduling 


Project scheduling can be divided into three phases : planning, 
scheduling and control, 


Planning 
Planing phase consists of 


1l.: Setting the objectives of the project and the assumptions 
to be made. 


| 
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2. Development of W.B.S. (Work Breakdown Structure). 
Depending upon the objective of the management, the 
extent of control desired and the availability of computa- 
tional aids, the project is broken down into clearly defin- 
able activities. ў 

3. Determination of time estimates for these activities, and 

4. Establishment of inter-dependence relationship between 
the activities. 

Scheduling 

The scheduling phase covers the determination of 

1. Start and finish times for each activity. 

2. Critical path on which the activities require the special 
attention, and ў - 

3. Slack and floats for the non-critical paths. 

Controlling 

Controlling phase is the follow up to the planning and schedu- 
ling and involves 

1. Making periodical progress reports. 

2. Reviewing the progress. 

3. Analysing the status of the project, and 

4. Management decisions regarding updating, resource 
allocation, etc. 

144. Work Breakdown Structure (W. B. S.) 

A project is a combination of interrelated activities which must 
be performed in a certain order for its completion. The process of 
dividing the project into these activities is called the Work Break- 
down Structure (W. B. S.). The activity or a unit of work, also called 
work content is a clearly identifiable and manageable work unit. 

Let us consider a very simple situation to illustrate the W.B.S. 
A group of students is given the project of designing, fabricating and 
testing a small centrifugal pump. The project can be broken down 
into the following sub-parts : 

(i) design, 
(ti) fabrication, 

(їй) testing. 

The network at this level of detail will look as shown in 
figure 14-1. 


DESIGN _ FABRICATION TESTING 


©= -O £-O-———*G 


Fig. 141 
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The work units can further be broken down into smaller work 
contents as shown below. 
Design. 
Make drawings. 
Make patterns. 
Make moulds. 
Do casting of parts. 
Do machining of parts. 
Assemble. 
Design test rig. 
Fabricate test rig. 
Perform the test. 
The network at this level of detail may look like the one shown 
in figure 14-2, 


E ODD 


Fig. 142 


Some of these activities can still be further sub-divided and the 
` work can be carried in parallel on a number of activities. The various 
activities can be listed as 
A. Design. 
B. Make drawings. 
C. Make pattern of impeller. 
D. Make pattern of casing. 
E. Make mould for impeller. 
F, Make mould for casing. 
G. Do casting of all the parts. 
H. Machine impeller. 
І. Machine casing and other parts. 
J.- Assemble the pump. 
K. Design test rig. 
L. Fabricate test rig. 
M. Perform the test. 
N. Compute the results. 


At this level of detail the network for the project may look as 
shown in fig. 14-3. 
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The level of detail depends upon the: objective of the manage- 
ment, the extent of control desired and the availability of the compu- 


Fig. 14:3. 


tational aids, The larger the details, better will be the control and 
more involved will be the computations. 


145. Network Logic 

Some of the terms commonly used in networks are defined 
below. 
145-1. Activity 

It is a physically identifiable part of a project which consumes 
time and resources. Activities are obtained by the work breakdown 
into smaller work contents. In the network, activity is represented 
by an arrow, the tail of which represents the start and the head, the 
finish of the activity. The length, shape and direction of the arrow 
has no relation to the size of the activity. 
14.5.2. Event 

The beginning and end points of an activity are called events 
or nodes. Event is a point in the time and does not consume any 


resources. It is generally represented by a numbered circle. The 


head event, called the jth event, has always a number higher than the 
tail event, called the ith event, ie. j>i._ For example, 


тү ACTIVITY 
CO —() 


iNT EVENT 


Vig. 14-4 


‘Making the pattern of impeller’ is an activity. 
‘Start making the pattern of impeller’ is an event. 
‘Pattern making completed’ is an event. 

52—0.R. 
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14.5.3. Path 


An unbroken chain of activity arrows connecting the initial 
event to some other event is called a path. 


14:5-4. Network 


Tt is the graphical representation of logically and sequentially 
connected arrows and nodes representing activities and events of a 
project. Networks are also called arrow diagrams. 


145-5, Network Construction 


Firstly the project is split into activities, Starting and finishing 
events of the project are then decided. ' After deciding the precedence 
order, the activities are put in a logical sequence by using the graphi- 
calnotations. While constructing the network, in order to ensure 
that the activities fall ina logical sequence, the following questions 
are checked : 

(i) What activities must be completed before a particular 
activity starts ? 
(ti) What activities follow this ? 
(iii) What activities must be performed concurrently with 
this ? 


Activities which must be completed before a particular activity 
starts are called the predecessor activities and those which must follow 
& particular activity are called successor activities. 

While drawing the network following points should be kept in 
mind : 

l. Each activity is represented by one and only one arrow. 

But in some situations where an activity is further subdi- 
vided into segments, each segment will be represented by 
a Separate arrow. 


кә 


Time follows from left to right. Arrows pointing in oppo- 
site direction are to be avoided. 

3. Arrows should be kept straight and not eurved or bent. 
Angles between the arrows should be as large as possible. 

5. Arrows should not eross each other. Where crossing can- 
not be avoided, the crossing methods shown in figure 14-5 
should be adopted. 


145.6. Dummy 


Lol 


An activity which only determines the dependency of one acti- 
vity over the other, but doés not consume any time is called a dummy 
activity. Dummies are usually represented by dotted line arrows 
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To illustrate the use of dummy, refer to figure 14:6 (а) and assume 
that the start of activity О depends upon the completion of activities 
A and B and that the start of activity E depends only on the com- 
pletion of activity B. For this: situation, figure 14-6 (a) is a faulty 
representation. This is corrected by introducing a dummy . activity 
D as shown in figure 14 6(b). 


| 


(a) Pipe line cross over (b) Broken arrow cross over. 
Fig. 145 


On 


p! DUMMY 
1 ACTIVITY 
B 
Fig. 14:6 (a) Fig. 146 (b) 


14:5-7. Partial Dependency 


In certain situations the starting of an activity depenas upon 
the partial completion of a predecessor activity. In such cases the 
predecessor activity is further broken into two parts and dummy is 
used to make the connection. Consider, for example, a pipe line 
laying project. There are three activities : digging of 20 metre long 
trench, laying 20 metre pipe and filling of the trench. Here, laying 
of pipe can be started after 8 metre of trench digging and similarly 
after 8 metre of pipe laying, filling can be started. The situation 
which 1s faultly represented in figure 14-7 (a) is corrected by introdu- 
cing dummies as shown in figure 14-7 (b). 


20M 20M G) 20M © н 


DIGGING PIPE LAYING FILLING 


Fig. 147 (a) 
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DIGGING 


eT) 12M (89) 8M (09 
FILLING 


Fig. 14-7 (b) 


145.8. Looping 

Sometimes, due to faulty net-work sequence a condition illus- 
trated in figure 14-8 arises. Неге the activities D, E and Е form а 
loop. Activity D cannot start until Р is completed, which, in turn, 
depends upon the completion of E, But E is dependent upon the 
completion of D. Thus the network cannot proceed. This situation 
ean be avoided by checking the precedence relationship of the activi- 
ties and by numbering them in a logical sequence 


145.9. Dangling 


- It is the situation where activities other than the initial and the 
final activities do not have any successor activity as shown in figure 
149. To avoid this situation, it should be kept in mind that all 
events except the first and the last of the whole project must have 

* least one entering and one leaving activity. 
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R COANGLING) 


Fig. 14:9 
EXAMPLE 145-1 
In a boiler overhauling project following activities are to be 
performed : 
A. Inspection of boiler by boiler engineer and preparation of 
list of parts to be replaced/repaired. 
B. Collecting quotations for the parts to be purchased. 
C. Placing the orders and purchasing. 
D. Dismantling of the defective parts from the boiler, 
8. Preparation of necessary instructions for repairs. 
F. Repair of parts in the workshop. 
Cleaning of the various mountings and fittings. 
Installation of the repaired parts, 
I, Installation of the purchased parts. 
J. Inspection. 


K. Trial run. 


Assuming that the work is assigned to the boiler engineer who 
has one boiler mechanic and one boiler attendant. at his disposal, 
draw a network showing the precedence relationships. 


Solution. When we look at the list of activities, we note that 
activity A (inspection of boiler) is to be followed by dismantling (Dj 
and only after that it can be decided which parts can be repaired and 
which willhave to be replaced. Now the repairing and purchasing 
can go side by side. But the instructions for repairs may be prepared 
after sending the letters for quotations. Note that it becomes a partial 
constraint. Also the cleaning of the boiler which is to be done by the 
attendant can be started after activity D. Now we assume that 
repairing will take less time than purchasing. But the installation of 
repaired parts can be started only when the cleaning is complete, 
. This results in the use of a dummy activity. After the installation of 
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repaired parts, installation of purchased parts can be taken up. This 
will be followed by inspection and trial run. 

The network showing the precedence relationships will look as 
shown in figure 14-10. 


\ 
\ 
\DUMMY 


PARTIAL \ 
\ CONSTRAINT X 


Fig. 14-10. 


EXAMPLE 14:5-2 
Following are the activities which are to be performed for a 
building site preparation. Determine the precedence relationship and 
' draw the network. 
Clear the site. 
B. Survey and layout. 
C. Hough grade. 
D. Excavate for sewer. 
E. Excavate for electrical manholes. 
F 
G. 
H 


> 


Install sewer and backfill. 
Install electrical manholes, 
Construct the boundary wall. 
Solution. Looking at the list of activities we can fix the 
following precedence order : Б 
В succeeds A and С succeeds В i.e., B>A; C>B. 
Dand E canstart together after the completion of C, i.e., D, 
ESC, 
F will follow D and G will follow E, i.e., F>D; G>E. 
Н can start after C i.e., H>C. 
Thus the precedence relationships are : 
B>A; CSB; D, E, H>C; F>D and G>E. 
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The project can be represented in the form of a network as 
shown in figure 14-11. 


Fig. 14-11. 


146. Numbering the Events (Fulkerson's Rule) 


After the network is drawn in a logical sequence, every event is 
assigned a number which is placed inside the node circle. The 
number sequence should be such as to reflect the flow of the network. 
The rule devised by D.R. Fulkerson is used for the purpose of num- 
bering. It involves the following steps : 


1, The initial event which has all outgoing arrows with no 
incoming arrow is numbered ‘1’, 

2. Delete all the arrows coming out from node ‘1’. This will 
convert some more nodes (at least one) into initial events. 
Number these events 2, 3, .... 

3. Delete all the arrows going out from these numbered events 
to create more initial events. Assign the next numbers to 
these events. 

4. Continue until the final or terminal node, which haa all 
arrows coming in with no arrow going out, is numbered. 

To illustrate the numbering technique let us consider the net- 


work shown in figure 14-12. 
Event A is initial event and is numbered 1. Delete the arrows 


« and b. This will create two more (B & C) initial events. Number 
these 2 & 3. Now delete the arrows coming out from nodes 2 and 
3, i.e., delete the arrows c, d, e and f. This converts D and F into 
initial events. Number these nodes as 4 and 5. Then delete the 
arrows g, h and i, the two nodes E and G become the initial nodes and 
they are numbered 6 and 7. Then the last event or terminal event is 
numbered as 8. 
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This continuous numbering may be all right when the project is 
very small andthe network is not liable to any modifications later 


Fig. 1412 


on, But in large networks, where extensive modifications may have 
to be made, there should be scope of adding more events and number- 
ing them without causing any inconsistency or loops. This is achieved 
by skip numbering. One way is to assign the numbers such as 10, 20, 
30, 40...or 4, 8, 12, 16..., etc. The second way is to leave some num- 
bers such as 7, 8, 9; 17,18, 19; 27, 28, 29,... and allot them to the 
events added afterwards. There can be still more ways of doing skip 
numbering. 


147. Measure of Activity 


Each task or activity takes some time for itg completion, This 
time duration depends upon the nature of the activity. Some activities 
are rarely performed and no data exists for their time durations. 
Their time consumption involves a considerable degree of uncertainty. 
Such activities are called ‘variable activities’ and stochastic modelling 
techniques are applied in their time estimation. Under this category 
fall-the activities which demand creative ability, such as, research, 
design and development work and the activities which are performed 
ünder uncertain environments, such as, construction work during rainy 
season. 

On the other hand, there are activities for which the associated 
time duration can be accurately estimated. Such activities are called 
deterministic in nature or deterministic type. These activities are 
usually repetitive in nature. Also it is presumed that (i) skilled per- 
sons experienced in method study are available to do the job 


— —: 
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(i$) sufficient additional resources are available to allow uninterrupted 
activity. Above all, it is the assumption of confidence that all will go 
well Figure 14-13 shows frequency distribution curves for the two 
types of activites. In Figure 14-13 (a) the dispersion of the curve is 
more and hence more is the uncertainty. In Figure (b), for deter- 
ministic type activity, the dispersion is less and the system tends to 
be more deterministic. 

The projects which comprise of the variable type activities 
associated with probabilistic time estimates, employ PERT version of 
the networks and the projects comprising of deterministic type of 
activities are handled by CPM version of networks, This is thé main 
difference between the two techniques. The other difference between 
the two is that PERT is event-oriented while the CPM is activity- 
oriented, 


but » 


ia) Fig. 14-13 (b) 
t=activity time 
Puy=relative frequency of occurrence or probability density 
function. 


14.7.1. Time Units 

Any convenient time unit can be used, but it must be consistent 
throughout the network. Depending upon the project length and 
level of detail, time unit may be working days, shifts or weeks. Full 
time units are usually used, for instance, an activity estimated at 3 
days and 6 hours will be assigned 4 days. - 
14.7.2. Time Estimates 

The CPM system of networks omits the probabilistic considera- 
tions and is based ona Single Time Estimate of the average time 
required to execute the activity. 3 

The PERT system is based on Three Time Estimates of the 
performance time of an activity. They are 

(i) The Optimistic Time Estimate. The shortest possible time 
required for the completion of an activity, if all goes extremely well. 
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(it) The Pessimistic Time Estimate. The maximum possible 
time the activity will take if everything goes bad. However, major 
catastrophes such as earthquakes, floods, storms and labour troubles 
are not taken into account while estimating this time. 


(їй) The Most Likely Time Estimate. The most likely time is 
the time an activity will take if executed under normal conditions. 


For determining the. single time estimates used in CPM, some 
historical data may be available, but the best way of predicting the 
time estimates is by intelligent guessing. The experienced person 
who may be an engineer, foreman, or worker having sufficient techni- 
cal competence is asked to guess the various time estimates. For 
estimation the activity should be taken randomly, so that the guess 
of the assessor is not prejudiced by the predecessor and the successor 
activities. 


148. Frequency Distribution Curve for PERT 


We have three time estimates fora PERT activity, the opti- 
mistic (£j); pessimistic (£9) and the most likely time (tm). In the 
range from optimistic to pessimistic, there can be a number of time 
estimates for the activity. Ifa frequency distribution curve for the 
activity times is plotted, it will look like the one shown in figure 14-14. 
It is assumed to be a p-distribution curve with a unimodal point 
occurring at tm and its end points occurring at fg and £j. The most 
likely time need not be the midpoint oft, and t, and hence the 


frequency distribution curve may be skewed to the left, skewed to the 


` rigth or symmetric. 


i | 
| 
ЛЫ ee аср tn tp ; 


SHEWEO TO LEFT SKEWED TO RIGHT 


Fig. 14:14. 8-Distribution curve. 


Though the 8-distribution curve is not fully described by the 
mean (p) and the standard deviation (c), yetin PERT the following 
relations are approximated for » and с: 


Moon, uc fette. 


Standard deviation, o= “2—* . 
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fi = 2 
By definition, variance V =0°= itp z to ) А 


Expected time or average time of an activity is taken equal to 
mean. This isthe time which the activity is expected to consume 


while executed. 


MODLT iL 


What is the probability that the activity will be completed in 
this expected time? Variance is the measure of this uncertainty. 
Greater the value of variance, the larger will be the uncertainty. 

Let the time estimates for a particular activity be : = 5 days, 
tm=7 days and tp=9 days. 


=7 days, 


Then the expected time, te= сыш 


and Variance, v-( 5 J-o«. 


If for the same activity the time estimates were to=4 days 
t,,=7 days and tp=10 days, 


then = а =7 days, 


10—4 


and Variance, v«( a J =100. 


Comparing the two estimates, we note that the expected time 
issamein both the cases. But the variance is more in the second 
case. Hence the uncertainty of completion of activity in 7 days ів 


more than that in 9 days. 
EXAMPLE 148-1 


To make the procedure of using three time estimates clear, let 
us consider the network shown in Figure 14:15. For each activity 
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the three time estimates £,, m and £, are given along the arrows in 
the tj—tm—tp order. , 


Let us first number the events, Using Fulkerson's rule, we 
Start from the left and number the initial event as 10. Then, assum- 
ing the arrows emerging from node 10 to be deleted, we ereate one 
more initial event and number it 20. This procedure is repeated until 
all the events are numbered. 


Fig. 14-16. 


Now we’ put the events in a tabular form and calculate the 
variance and expected times. These calculations can be carried on 
the network itself also, 


Table 14-1 
Activity ij ty ty t c= ЇЕ = 
Predecessor Successor (£5—t,)  (fo+4tm+ty) 
event i — event j CHR dem n 
^ 
10 20 6 9 12 1.00 9.0 
10 50 4 7 8 0:44 6-7 
20 30 14 17 20 1-00 17:0 
20 40 7 10 13 1:00 10:0 
20 50 3 5 9 1-00 5.33 
30 70 13 18 25 400 13-50 
40 60 10 14 16 1:00 13-67 
40 70 12 15 18 1:00 15-00 
50 60 9 11 12 0-25 10:83 


60 70 17 20 25 1-78 20-33 
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The entry in the tabular form starts with the initial event, by 
entering first number (10 in this case) in the first row under the 
column predecessor event i. Then the activities emerging out from 
the initial event (here 10-20 and 10-50) are entered in the ascending 
order. Then, we go to the next higher number (here 20) in the 
predecessor event column and enter all the activities emerging out 
from this event i.e., 20-30, 20 40 and 20.50. This procedure is 
repeated until all the events are entered. 


14-9. Additional Examples 


EXAMPLE 149.1 


A prize distribution function is to be organised. The date has 
been fixed with the cbief guest. Prepare a W.B.S. and draw the 
precedence network. Also number the events. 


EXAMPLE 14 9-2 


The project of a pumping set installation has been broken down 
into the following major activities. Determine the precedence relation- 
ship and draw a network forthe project. Using Fulkerson's rule 
number the events. 


Activity Description 
A. Preliminary investigation. 
B. Selection. of site, 
C. Boring and installing suction side equipment. 
D. Building foundation. 
E. Compacting foundation. 
F. Erecting building. — 
G. Installing pump and mofor. 
H. Installing wiring and control equipment, 
I. Installing delivery side equipment. 
J. Inspection and trial run, 


EXAMPLE 14:9-3 


Using Fulkerson's rule number the events of network given in 
figure 14-3. 


EXAMPLE 149-4 


Calculate the variance and expected activity times for the acti- 


830 Operations Research : An Introduction 


vities of the network shown in figure 14:17. Enter calculations in 
the tabular form. 


Fig. 14-17. 


EXAMPLE 14:9-5 
. -From the data given below, draw a network and calculate the 

expected task times and their variance. 
Task BB eS OD m с бады с Шы: ЖЫЙ Жы: 
Теавї 4 5 8 2 4 6 8 | Жен РЫ 4 
time 2 
Largest 8 7 12 7 10 15 16 Ore 11718. 
time 
Most 
ШЕШУ 5 S Tow sey. 9 12 6 5 B 9 
time 
Precedence relationships are: А, C, D can start immediately. 
E>B, C; F,G>D; H,I>E,F; J>I,G; K>H; 
B>A. (P.U. April, 1976) 


ТӘ 
PERT Computations 


151. Introduction 


Though both PERT and CPM networks consist of events and 
activities, yet the emphasis is more on events in a PERT network 
and on activities in a CPM network. In a network there area 
number of paths joining the initial and the final events of the project. 
The path which takes the maximum of time is called the critical path 
and the activities on the critical path are called critical activities. 
The procedure for identifying the critical path in both the PERT and 
CPM networks is similar. The critical path calculations consist of 


two phases : the forward pass computations and the backward pass 
computations. 


15-1. Forward Pass Computations 


Calculations‘ begin at the initial event and move towards the 
end event. Initial event is assigned zero time, and then proceeding 
to the next event in sequence, the time at which that event is ex- 
pected to occur at the earliest is calculated. This is called the 
Earliest expected time for that event and is denoted by Ty. 


To illustrate the procedure, let us consider the network shown 
in figure 15-1. 


Event 10 is at zero time, the time at which event 20 can occur 
at the earliest is 6 days after the start of the project. Thus for 
event 20, Те=6. Thereare two chains leading into event 30. Event 
30 can occur only when activities 10-30 and 20-30 are completed. 
Activity 10-30 takes 8 days, while activity 20-30 which can start 
after 6 days from zero time takes three days for completion and 
hence will be completed, at the earliest, 9 days after the start of the 
project, i.e., for event 30, Tg —9. 


831 
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Generalising, 


Tp/—Maximum of all [Teitt] for allij leading into the 
event, 
where Те? is the earliest expected time of the successor event j, 
Tz: is the earliest expected time of the predecessor event i, and 
igi? is the expected time of activity ij. 
Thus Tg = Maximum of [TE 4 10730), (T+ 520-30) 
i = Maximum of [(0 +8), (6+3)] 
=9 ` 
Ty = Maximum of [(Ть?о-1-1ь0-40), (TE 4 (90. tg30-40)] 
= Maximum of [(6+8), (9+4)] 
==15. 
Ty5o = Ть?0--430-5% (‘There is only one activity 30-50 leading 
into event 50) 
=9+410=19. 
Те = Maximum of [T+ tg- 60), (Tet fe ч) 
and (Tg + 1%0-9)] 
=Maximum of [(9 +12), (154-8) add (194-6)] 


=25. 
3 Similarly, Tg =33, 
and Tp -=40. 


All these computations can be carried on the network itself. 


Fig. 151 


153. Backward Pass Computations 


Calculations begin from the end node of the project and proceed 
towards the start node. To start the calculations, the time of occur- 
rence for the last node is decided. This is the time at which the 
project must be completed. This is called the «Contractual Obligation 
Time’ and is denoted by Ts. If not known, the contractual obligation 
time is taken to be equal to the earliest expected time for the end 
event. The objective of the backward pass is to calculate the ‘Latest 
Allowable Occurrence Time’, the time at which a particular event 
must occur at the latest. This is denoted by Tj. 


PERT Computations 833 


Referring to the network shown in figure 15-1 and taking 
Ts —Tg9 — T, 9)—40 days, event 70 must occur at the latest after 33 
(40 —7) days from the start, so that the project is completed on sche- 
аше. Therefore Tj?—33. Аз there is only one arrow leading back 
into the event 60, T,9—33.8 25. There аге two paths leading 
back into event 50. Through the path 80-70-50 event 50 should 
occur at the latest after 33 —12 —21 days, through the path 80-70-60- 
60 event 50 should occur at the latest after 25—6=19 days. Looking 
into the two we decide that event 50 must occur 19 days after the 
start so that the project is completed on schedule. Therefore 
T9 —19. 
Generalising, 
Т1 = Minimum of all ((Ti/ — tg/:)] for all ij emerging from ï, 
where Tj: is the latest allowable occurrence time for event s, 
Ту? is the latest allowable occurrence time for event j, and 
165 is the expected time for activity ij. 
Thus Tj9 Minimum of [(Т70 —tgf? 70), (Ty €— fg40-*9)] 
= Minimum of [(33— 10), (25 —8)] 
2217. 
Т, Minimum of [(Тъ& -–2620-*), (T, 90 —£g90-00) 
and (Т1 — tg% %)] 
=Minimum of {(17—6), (25—12) and (19—10)] 
=9 


Similarly, Ti” = 6, 
and Tio =0. 


All these computations can be carried on the network itself. 
The network with the Tg and Ty values for all events is shown in 


figure 15:2. 


TE<6 TÉ-I5  TE-25 
TL-6 TL-17. TL«25 


B3—O.P. 
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154 Computations in Tabular Form 


The Tg and T, values for the events can be calculated ina 
tabular form also. As shown in table 15-1 the forward pass calcula- 
tions start from the top of the table and proceed downwards, while 
the backward pass calculations start from the bottom of the table 
and proceed upwards. Columns 1 and 2 аге for the predecessor and 
successor events of an activity. Column 3 is for the expected activity 
times. In columns 4 and 5 are entered the Tg values for event ? and 
jofthe activity ij and columns 6 and 7 are for the corresponding 
Ty values. 

Forward Pass. The same relation as discussed in the For- 
ward pass computations is used to compute the Tg values. 

i.e., Tg/ Махітиш of all [Tpt-+ig“] for all ij leading into the 
event j. 

Starting with the initial event 10, Tg!?^—zero; it is entered in 
column 4 in the first row. Then for the first activity 10-20, the 
Successor event is 20; "Tg99— Tg19-1./,19-29— 0-1 6—6 is entered: in the 
first row and column 5 for Tp’ values. As there is only опе. activity 
leading into the event.20, the. values of Tg?9—6 is the maximum 
value and is encircled. 


For activity 10-30; the value under Tp! column (No. 4) is the 
value for Tg!9—0, and the. value under Tg! column (No. 5) is the 
value of Ty cH te fg107 9 JG 8= 8! 


For the activity 20—30; the value under Tg! column: (Nó. 4y ia 
the value of Tp? which has been determined in first row a^ T6: 
For both of activities 20-30 and 20-40; value of Tp=6 and'isrentered 
under the column Tg Then Tg9—0..3—9 and Tj?—6-:8—14. 
These values are entered under column 5. 


Now for activities 30-40, 30-50 and 30-60, the value of Tg? is 
taken as the maximum ofthe values obtained from’ activities 10.30 
and 20-30. Here the larger value is 9 which is encircled and is carried 
to column 4 as shown in the table. Thus the encireled:values in the 
column Ty) give:the earliest expected times for the corresponding 
eventsin column 2, Thus the encircled values 15, 19 and 25 are 
the Tg values for events 40, 50 and 60 respectively. The encircled 
times are carried from the Те? column to Tg! column and shown by 
— arrows in the tables. The procedure is continued till the end event 
ів reached. 


Backward pass. The computations start from the bottom of 
the table aid are based on the relation, 
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Tgi—Minimum of all [Tg/—tg?] for all ij emerging from 
event i. 

At the bottom of the table, the last activity ij is activity 70-80. 
T, 9 — Tg9? — 40 and is entered in the last row under the Тр? column, 
Then, Ty"? — Tg /570-80—40—7—33 is entered under T, column 
and this value is encircled, as there is no other event successor to 70. 
This value 33 is then carried to column Т1? and is entered against the 
activities 60-70 and 50-70. 

Then Ty” =33—8 =25. Since there is only one event successor 
to 60, this value of 25 is encircled and is carried to column Tj/ as 
shown in table 15:1. 

For the predecessor event 50, there are two time values : 

Tg? — Tg? —1559-70—33—12-— 21, 

and Ть®—Ть®—{ь%-®—25—6 =19. 

The minimum ofthe two i.e, Ta®=19 is encircled and is 
carried to Тү? column and entered against the activities with 50 as 
the successor event. 

The procedure is continued till the start event is reached. 


Table 15-1 
= 1 РА 3 4 5 6 1 
i Se ишн —— “зн шньы = 
Activity tj 
Predecessor Succéesor fet Ту! Тр E To 
ebont (1) even tj 
10 20 6 0 ©) [© в 
10 30 8 0 x i t к 
20 30 3 6 i i 
?0 40 8 6 14 A9 17 
30 40 6 9 (13 TI 17 
30 10 9 (19 


$8888 
55885 
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155. Slack 

Slack and float both refer to the amount of time by which a 
particular event or activity can be delayed without affecting the tin e 
schedule of the network. The term slack refers to events and is used 
with PERT networks, while the term float refers to activities and 
is used with CPM networks. 


In PERT language, slack is defined as the difference between 
the latest allowable time and the earliest, expected time of an event. 

For an event j, slack Sj— Tij —Ty/. 

Slack calculations can be performed either on the network itself 
or in the tabular form. In the network shown in figure 15-3 there is 
no slack for events 4, 8, 16 and 24 and hence no delay on the path 
4,8, 16, 24 can be allowed. For event 12 slack time of 4 days exists. 
Во the activity leading to event 12 сап bestarted late or work on it 
can be slackened up to 4 days. 

Calculations of slack for the network shown in figure 15- are 
given in table 15-2. Notethat where any event is repeated, only the 


TE=10 
TL=14 


TE=12 
TLat2 


Fig. 16:3 
Table 15-2 


Predecessor Successor tg? Tei Tg Tu Ti S;2TuU— 


event i ` evenlj Тє? 
4 8 4 0 j ; “ 
85. ОЛ? 6 4 © UNES 4 
s 16 8 4 12 0° 
12.3239 SATUS 05 © 19 © 
16 20 7 p € 19 0 
20. 24 БАР ГӨ q = 9 
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' row in which the value of Та? is encircled is to be considered. For 


the starting event the slack is usually zero. 
156. Critical Path 


After knowing the Tg and Ty values for various events in the 
network, the critical path activities can be identified hy applying the 
following conditions : 

(i) Tg and Tr values for the tail event of the critical activity 

are the same i.e., Tg! — Ti *. 

(ii) Tg and T, values for the head events of the critical activi-. 

ties are the same i.e., Те? —Ty;. 

Or we can say that both the predecessor and successor events of 
the critical activity have zero slacks. 

(iii) For the critical activity, Te’ —Tet — Tr/ — Tr ві. А 

The path forming ап unbroken chain of critical activities from 
the start event to the end event is called the critical path. On the 
critical path all events have zero slacks. In the network the critical 
path is shown by thick lines. 

When we apply the above conditions to the network shown in 
figure 15-3, we find that activities 4.8, 8-16, 16-20 and 20-24 are 
critical activities. The path 4-8-16.20-24 is, thus, the critical path . 

In the execution of the project, it is the critical path which 
needs optimum care. Any delay in any activity on this path will 
upset the whole project and will delay its completion, That is why 
the name critical path is assigned to this path. 


EXAMPLE 15-1 


Consider the network shown in figure 15-4. The activity times 
in days are given along the arrows. Calculate the slacks for the 
events and determine the critical path. Put the calculations in tabu- 
lar form. 
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Solution. The events ofthe network are first numbered and 
then Tg and Ty values are calculated. Figure 15:5 shows the net- 
work with the numbers in the node circles and Те, Тү and S values 
along the nodes. 


Fig. 15-5 
Table 15:3 
Prodecessor Successor Stack 8; 
eventi eventj tmt Ты Тв} Tit Tp ТТ 
(days) (days) 
10 20 8 0 £g) 26 18 
10 30 10 0 d9 wy 10 0 
Шады Абы snr dans 17 PS 
20 50 11 8 19 EA 37 к 
30 40 1 10. (t 17 0 
NEP 60- 12 10 © © 25 EN 
40 50 8 17 99 37 12 
40 60 8 17 25 0 
50 70 6 25 31 43 == 
50 80 11 25 36 40 51 = 


From the computations carried on the network as well as in 
table 15-3, we find that slack of 18 days and 12 days exists for the 
events 20 and 50 respectively, while there is zero slack for all other 
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events. Now, to determine the critical path we apply the conditions of 
section 15-5. Note that activity 30-60 is not a critical activity, though 
the slack at both the end events is zero. This does not satisfy the 
condition Tg/—Tpg' Tj; —Tr:—1g5. This activity can be expanded 
by three days. Thus the critical path is 10-30-40- 60-70-80, and the 
same is known with heavy lines on the network. 


157. Probability of Meeting the Scheduled Dates 


After identifying the critical path and the occurrence times of 
all activities, the question arises «what is the probability that a parti- 
cular event will occur on or before the scheduled date?” This parti- 
cular event may be any event in the network which marks a signi- 
ficant state in the project and affects the subsequent project activities, 


Let us recall that the expected time of an activity is the weight- 
ed average of the three time estimates, the optimistic (te), the most 
likely (tm) and the pessimistic (tp). : 
nes 9 +4+ 

6 
The probability that the activity i-j will be completed in time 
te'i is fifty per cent. In the frequency distribution curve for the 
activity i-j, the vertical line through tg will divide the area under the 
curve in two equal parts, as shown in fig. 15-6. For completing 
the activity in any other time fg, the probability will be 


Area under AEK 
P= "Area under AEB 


3 


PROBABILITY DENSITY 
FUNCTION 


te te tk 
ACTIVITY TIME ——- 
Fig. 156 
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A project consists of a number of activities. All activities, as 
we know, are independent random variables and hence length of the 
project up to a certain event through a certain path is “also a random’ 
variable. But the point of difference is that expected project length 
Tg does not have the same frequency distribution as the expected 
activity time tg. While a f-distribution curve approximately repre- 
sents the activity time frequency distribution, the project expected 
time Tg follows approximately what is called a normal distribution 
curve. The standard normal distribution curve has an area equal to 
unity and a standard deviation of one, and is symmetrical about the 
mean value as shown in figure 15-7. 


The probability of completing a project in time Ts is given by 


Area under ACS 


p(Ts)= Area under АСВ ` 


Thus p(T) depends upon the location of Ts. Taking Tg asthe 
reference point, the distance ТЕТ can be expressed in terms of 
standard deviation. The value ofthe standard deviation for a net. 
work is calculated as 


Standard deviation for network, 
o= Sum of the variances along critical path 


Variance for an activity, va(2 


i.e., о for network = A ots. 


Table 15.4 
Normal Distribution Function 


Normal deviate Probability Normal deviate Probability 


(+) (%) (+) (%) 
0 50-0 0 50-0 
—0-1 46-0 +0-1 54-0 
—0-2 42.1 +0-2 57-9 
—0:3 38:2 +0:3 618 
—0:4 34-5 +0:4 65:5 
—0:5 30:8 . 405 69-2 
—0-6 27-4 +06 : 72-6 
—0-7 24-2 +07 75-8 
—0-8 21-2 +0-8 78:8 
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Normal deviate Probability Normal deviate Probability 


(+) (%) (+) (%) 
—0:9 184 +09 816 
1-0 159 410 841 
zd 13-6 +11 86-4 
—12 11-5 +12 88-5 
—18 97 +13 90:3 
та 8.1 +14 91-9 
—ї5 67 +15 93-3 
-—re 565 +16 94.5 
=17 45 +17 95-5 
—18 36 +18 96-4 
—1+9 2-9 +1-9 97-1 
—20 23 42:0 977 
--21 18 421 98-2 
—22 1-4 42-2 98-6 
—23 14 423 98-9 
—24 0-8 +24 99-2 
—2.5 0-6 +25 99-4 
—2:6 0-5 +26 99-5 
—27 0.3 +21 99-7 
—28 0-3 +28 99-7 
—+9 0-2 +29 99-8 
—3-0 0-1 +30 99:9 


Since the standard deviation for a normal curve is 1, the o 
calculated above is used as a scale factor for calculating the normal 
deviate. 


Normal deviation, PE as E 


The values of probability for a normal distribution curve, corres- 
ponding to the different values of normal deviate are given in a sim- 
plified table-15-4. For а normal deviate of +1, the corresponding 
probability is 84:19, and for Z=—1, p—15.9%. For details of the 
frequency distribution curves the reader is asked to refer chapter 9 of 
the book, 


EXAMPLE 152 


To illustrate the procedure let us consider the network shown 
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FUNCTION ——* 


PROBABILITY DENESITY 


TE Ts 
PROJECT DURATION —- 


Fig: 15:7 


in fig. 15:8. The three time esitmates, the expected activity dura- 
tions and the variance are shown along the arrows. The earliest 


ТЕ=6 
TL =6 


Fig. 15:8 


expected times and the latest allowable occurrence times are computed 
and put along the nodes. We identify that the path 1-2-3-5.6 is 


the critical path and expected length of project is 12 days. Now let 
us consider three cases : 


l. What is the probability of completing the projeot in 12 
days ? 5 
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Here, Tg —12 days, Tg—12 days. 
с for network — 4 EV y 
= V1P+1 416/94 1/9— 1-73. 
This o=1-73 is used as scale factor to calculate the normal 
deviate, Z. 


p fe eee mS BPO 
с 


From the probability function table 15-4, the probability corres- 
ponding to Z=0, is 50%. Thus the probability of completing the 
project in 12 days is fifty per cent. 

2. What is the probability of completing the project in 14 
days ? 

Here, Tg-12 days, Ts=14 days. 

. в ав calculated above= 1-73. 

е 14—12 
Normal deviate, Z == 1:16. 

The corresponding probability is 87-795. 

3. What is the probability of completing the project іп 10 
days ? 


cares bees 0) 
с 


Here, Ze ui rie 


10—12 
=T =—1-16, 

The corresponding probability is 12-3%. 

The knowledge of the probability of project completion at the 
scheduled dates helps the management in determining whether the 
allocated resources are just sufficient, or are in excess, or the work 
will have to be expedited by adding more resources. The probability 
may also indicate a situation totally unsatisfactory or a situation 
too much comfortable and excess of resources. For probability up to: 


0:3: Replacing of the project is necessary, 


0-3 to 0-4 : Close scrutiny is required, 
0-4 to 0-65 : Satisfactory, 
° 


More thar 0:65: Excess resources and replanning. 


EXAMPLE 153 ; 
What ів the probability that-event 3 of network shown in fig. 
15:8 will ocour 7 days after the start ? 
Solution. (а) Неге Ts=7, Tp=6. 
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Standard deviation, e= 4/ 1/94-1— 1-05. 
Normal deviate, 2 Te Tg - = 

From Table 15:4, probability corresponding to Z=0-94 is 
0-824 or 82:495. 


2:94. 


EXAMPLE 154 

Consider the network shown in Fig, 15:9. The three time 
estimates for activities are given along the arrows, Determine the 
critical path. What is the provability that the project will be com- 
pleted in 20 days ? 


Fig. 16-9 
Solution. First step is to number the events. In this network 
the events are already numbered. The calculations can be performed 
on the network itself or in the tabular form. After calculating the 
expected times and the variances of the activities they are put along 
the arrows as shown in Fig. 15:10. By carrying the forward pass 


Et 
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and backward pass computations Tg and Tr values are determined for 
all the events. By applying the conditions of critical activities, it is 
determined that 1.2.3-4-5-6 is the critical path. 
Expected time duration of the project, Tg — 19 days. 
Contractual obligation time, Tg —20 days. 
Standard deviation for the project с= VER 
for all ij on the critical path. 
а= V1+28404011+4044—2.08 
A Те—Те›- 90—191... 
Normal deviate, Z= =з =F 7308 48. 
From the probability table, probability -«68:469/, 
158. Additional Examples 
EXAMPLE 158.1 
For the network shown in Fig. 15-11, the scheduled completion 
time is 32 days. Determine the slack times for the events and iden- 
tify the critical path. 


Fig. 1511 


EXAMPLE 158.2 


For the data given below, find the following : 
(i) The expected task times and their variances, 
(##) The earliest expected and latest allowable occurrence times 
of each event. 
(ii) The critical path. 
(iv) The probability that each task will be completed on 
schedule, 


Task : ADO. DE Fae HLS KL 
Lesttim 3 1 26 80 56 13 82 
(days) : 

Most likely 5 2 4 8120 7092 6 15 4 
time (days) : 

Greatest 6 3 612 17.0 912. 8 8 20 6 
time (days) : 


Precedence relationship ; 
A and B can start immediately; 
C, D>A; E>B, C; F, H>E; G>D, Е; J>G; I, K>H; L>J, I. 
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EXAMPLE 158.3 


Inthe PERT network shown in Fig. 16-12, the activity time 
estimates (in weeks) are given along the arrows. If the scheduled 
completion time of the project is 23 weeks, caleulate the latest possi- 
ble occurrence times on the basis of the scheduled date of final event. 
Calculate the slack for each event and identify the critical path. What 
is the probability that the project will be completed on the scheduled 
date ? 


Fig. 16-12 
EXAMPLE 15-8-4 


A PERT network is shown in Fig. 15:13. The activity times 
(in hours) are given along the arrows. The scheduled times for some 


Fig. 15-18 


important events are given along the nodes. Determine the critical 
path and the probabilities of meeting the scheduled dates for the 
specified events. Tabulate the results and determine the slacks. 


r 


16 
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161. How CPM Differs from PERT ? 

It has already been discussed that there are two basic elements 
of а network, the ‘Event’ and the ‘Activity’. Event represents a 
significant point on time, While the activity is atime consuming 
element. The network technique which emphasises more on events 
is called PERT and the other which emphasises more on activities is 
ealled CPM. The other point where CPM differs from PERT is that 
CPM- does not take into account the uncertainties while estimating 
its activity times. This is indeed the main difference between the 
two techniques. Also it is assumed that in CPM costs are related to 
time. 

These differences between the two techniques are only of histo- 
rical importance, and today PERT and CPM actually are used as 
one technique of project scheduling. 

16:2. Some CPM Terms Я 

There.are some terms which are more clearly associated to 
activities than to events. While the earliest expected time, latest 
allowable occurrence time and slack corresponded to events, the 
terms like earliest start time, earliest completion time, the latest 
start time, the latest completion time and floats correspond to activi- 
ties. We shall now define these terms. 

16:2-1. Earliest Start Time. Earliest start time of an activity 
is the earliest occurrence time of the event from which the activity 
emanates. Earliest start time for activity ij will be denoted by 
Es! and is the same as the earliest occurrence time of event i. 

i.e., Est =T pt, 


847 
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16 2:2. Latest Completion Time. This is the latest occurrence 
time of the event at which the activity terminates, Latest comple- 
tion time for activity ij will be denoted by Lc/, and 

Lei =Ty. 


162-3. Latest Start time. This is the latest completion time 
of the activity minus the activity duration. For activity 1j, the 
latest start time, 


Ls 1с) ів 
=T tp". 

1624. Earliest Completion Tinie, This is the earliest start 
time of the activity plus the duration of activity. For activity $j, 
the earliest completion time, 

Ec «Es! + tgi 
=Ts! tg, 

To illustrate how these time elements are calculated, let us 
consider the network shown in Fig. 16-1. The activity durations are 
given along the arrows, Tho Tg and Ty values which are synonymous 
to Es! and Lc! are given along the node circles. The calculations 
for these values, as explained under PERT computations, are carried 
in two passes, the forward pass and the backward pass. 

Taking the start time of the first activity as zero, 

Es! - Tg! —- 0. 


Earliest start time of activities emanating from event 2 is the 
earliest occurrence time of event 2. 


$.e., Eg! Tg" Eg! 4-tg!7150 4-3—3. 
Similarly, 
Eg = Eg? +tp?3 
=343=6. 


Now, event 4 bas two incoming arrows 2—4 and 3—4. 
S0 Est=Tpt=Maximum [(Tg2 4-493-9, (Tg? 168-4] 
= Maximum [(3 4-2), (6+0)] 
=6. 
The process continues until the end event is reached. 
Backward pass computations begin with the end event and 


proceed towards the initial event. In this pass the latest completion 
times are calculated. 


From the network shown in figure 16-1, 
Ty=1,9=19, 
ог Lc*— E,5—19. 
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Since there is only one activity leading back into the event 5, 
Тс =T= Lct tg5- 
=19—6-=13. 
Then Let = Туї Minimum [(T16—tgt 6), (T15—46175)] 
-: Minimum [(19— 5), (13—7)] 
=6. 
This process is continued till the start event is reached. 

After computing the Es and Le times, the values of latest 
start (Ls/) time is obtained by subtracting the activity duration 
from the Lc/ values and the earliest completion time (Ес!) is 
obtained by adding the activity duration to Es‘ values. 

fe, Lg Lei tg, 

and Ес! Es!-Ltg', 

As the time elements involved are more, it is convenient to do 
these computations in a tabular form, as shown in table 16-1. The 
earliest start and completion times are caleulated in the forward 


pass, which begins from the top of the table and proceeds down- 
wards. 


For activity 1-2, the earliest start time, Eg! 0 and the earliest 
completion time, Ec!-*— Eg! 4-1"? = 0-323. 
For activities 2-3 and 2-4, the earliest start time is the earliest 
finish time of activity 1-2 which is 3. Thus 
For activity 2.3, the earliest start time Es? «3 ; 
Earliest completion time Ect? 34-3 6. 
For activity 3.4, Es=6 ; 
SOOEQgU5 64020. 
For activity 3-5, Eg!-6; 
SOOEQU643-9. 
For activity 3.6, Eg'—6; 
л Edt=642=8. 
For activity 4—5, there are two predecessor activities, namely, 
2—4 and 3—4, giving their completion times as Ec14—5 and Есз-« 
= 6 respectively. The maximum of the two is the earliest start time 
of the activities emerging from node 4. 
Thus for activity 4-5, Est=6 ; 
Ec* ?—6--72.13, 
54—0.R. 
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and for activity 4-6, Eg*—6; 
^o Egt645-211. 
The process is continued until the end event is reached. 


During the backward pass, the total start and the latest com- 
pletion times are calculated. ‘The backward pass computations begin 
from the bottom of the table and proceed upwards. 

For activity 5-6, 1с%=19 ; 


2. 5 %=15—!ь5°%=19—6=13, 
For activity 4-6, Lc9—19 ; 
Lgt-$=19—5=14. 


For activity 4-5, the latest completion time is the latest start time 
for activity 5-6, and Lc5—13 ; 


14.13-76. 


For computing the time elements for activities terminating into 
node 4, the latest, completion time Lot is the minimum of latest start 
times of activities 4-5 and 4-6 emanating from node 4. 


S0 Lct=Minimum [Ls*-5, 154%] 
=Minimum [6, 13]— 6. 
Now for activity 2-4, Lc*—6 ; 
Es*-4=6—2—4, 
and for activity 3-4, 1,46; 
S Es? 4=6-3=3. 


The process continues until the first activity is reached. 


TE=6 
TL=6 


Fig. 16-1. 
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163. Critical Path 


With the knowledge of Es and Lc times, which are the same as 
the Tg and Тү times, the critical path can be identified as discussed in 
PERT computations in section 15.5, tor the network shown in figure 
16:1, the critical path is 1-2.3-4 5-6. 


164. Float ч 

It has already been discussed that the float ofan activity has 
the same significance as the slack of the events, Slack corresponds to 
events and hence to PERT, while the float corresponds to activities 
and hence to CPM. There are three types of floats : the total float, 
free float and the independent float. 

Total Float, Total float is defined as the difference between 
the maximum time available to perform the activity and the activity 
duration time. The maximum time available for any activity is 
from the earliest start time to the latest completion time. Thus for 
an activity ij, 

maximum time available = Lç! —Eşt. 

If tgt is the duration of the activity, 

then, total float. Tz —(Lc/ — Es!) —tgi? 

(Lc! — fg!) Es! 
2» Ls Е; 

Thus the total float of an activity is the difference ofits latest 
start time and its earliest start time. The activities which have zero 
float (total float) are called critical activities and the path of critical 
activities, the critical path. 


Free Float, This is based on the assumption that all activi- 


ties start as early as possible. In that case, the time available for an 
activity ij is equal to Eg/— Est and free float, 


Fpti= (Egi— Esgi)— tg 
= Es! — (Est E tpt) 
= Es: —Esti E 
t Thus, the free float for an activity is the difference between the 
earliest start time for the successor activity and the earliest comple- 
tion time for activity under consideration, For example, for activity 
2.4, of network shown in Fig. 16-1, EsixEs'=6, 
aod Ез? = Eg?-4—5. 
A Fg-i26—5-1. 
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Also, as the earliest start time Eşi of an activity jk is the 
latest completion time Lc? of its predecessor activity ij, free float can 
be determined as 

Fp =Lci— Ес 

Independent Float. This is based on the assumption that 
the predecessor event occurs at its latest possible time and the suc- 
cessor event at its earliest possible time. In other words, the activity 
predecessor to the activity under consideration finishes at its latest 
possible time, while the successor activity starts at the earliest possi- 
ble time. Then, the time available for the activity is Eg/—Lc. 

.. Independent float, Ipti= Egi —Lct.— і. 

For example, for activity 1-2 in fig. 16-1, 

Eg/— Eg1— 3, 
Lc'=Le'=0, te =3, 

H5 I;'-?=3—0—3=0, 

For activity 3—5, Es5=13, 


Ў, Ij$-5—13—6—3-—4. 

From the above discussion we notice that if the activity is 
expanded to absorb the total float, the activity becomes critical, If 
the activity is expanded to absorb the free. float, it does not affect 
the succeeding activity but affects*the predecessor activity, as that 
must complete at the earliest possible time, "The use of the indepen- 
dent float does not affect any of the predecessor or successor activi. 


ties. 
Also it is noticed that for an activity having zero total float, 


free and independent floats are also zero or may be negative, And 
for an activity having zero free float, the total float may or may not 
be zero, but the independent float is zero or negative. For the 
activity with zero independent float, free and total floats may or, 
may not be zeros. In the example considered above the total float 
free float and independent float are the same. This is mainly because 
all the nodes of the project network happen to be оп the critica 
path. 

The knowledge of floats helps the management in determining 
the flexibility of the schedule and the extent to which the resources 
will be utilised on different activities. This helps in diverting the 
resources from the non-critical activities to the critival activities which 
can result in shortening the project period and in the saving of costs. 
The utility of the floats will be clear when we discuss the cost analysis 
of the project. X 
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EXAMPLE 16:1 
Consider the network shown in figure 16:2. Determine the total, 
free and independent floats and identify the critical path. 


Fig. 16-2 

Solution. Calculations are carried in the following steps : 
Step 1. 

The earliest start time Est or the earliest expected time Tg are 
calculated by the forward pass computations. The values are put 
along the nodes. At the same time the earliest completion times of 
activities (Ec*/) are calculated. The values are entered in table 16-2. 
Step 2. 

The latest completion times of activities (Lc?) or latest allowable 
occurrence times of events (Tr) are calculated by the backward pass. 
The values are put along the nodes on the network. At the same 
time latest start times of activities are calculated and the values are 
entered in table 16-2. 
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Step 3. 

By applying the equation T= Lşti— Eş‘, the values of total 
float are calculated. This is directly the difference of values in 
columns 5 and 3 of table 16-2. 


Step 4. 

Free float is calculated by applying the relation, 

Ft) =Egi— Есі. 

There is no column for Eg/. The values are seen in the column 
Es! against the appropriate row. 

For example, for activity 1-2, 

Eg/—5. This value is obtained from column Est against the 
activity 2-4 or 2-5. 


Further, Есі? against the activity 1-2 is—5. 
dq Ері-2=0 
Step 5. 
Independent float ів calculated by applying the relation, 
Ip) = Egi —Lcí—tpU. 
For example, for activity 2-4, Eg —Es!—8; 


Lci—Lc5-—7 and tgti=3 
Ip28—7—3-—2. 
Step 6. 
The activities with zero total float are identified. The path on 
which these activities fall is the critical path. In this example the 
critical path is 0—1—3—6—7. 


165. Negative Float and Negative Slack 


The latest allowable occurrence time (Тү) for the end event in 
a CPM network is usually assumed to be equal to the earliest ex- 
pected time (Tg) for that event. But in a PERT network, there is 
specified a date by which the project is expected to be complete. 
This is ca!led the scheduled completion time Ts and for the backward 
pass computation, Ту for the end event is taken equal to Ts. Now 
there may be three cases : Ts Tg, Ts=Tp and Ts — Tz. 


When Т> Tg, a positive float results and the events have posi- 
tive slacks. 


When Tg— Tz, a zero float results and critical events have zero 
slacks. 
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When Т Те, a negative float results and critical events have 
negative slacks. 

So, when Tg« Tg, the critical activity will not have zero float. 
In such cases the critical path is the path of least float. 
EXAMPLE 162 j ` 

Consider PERT network given in fig. 16.4. Determine the 
float of each activity and identify the critical path if the scheduled 
completion time for the project is 20 weeks. Also identify the sub- 
critical path. 


Fig. 16-4 
Solution. After calculating the expected activity times, the 
earliest expected times ofthe events are calculated. For the end 
event Tg=21. The scheduled completion time is 20 weeks. Taking 
T L=Ts=20 for the end event, the latest occurrence times of events 
are calculated by the backward pass. Ў 


ТЕ =21 
Tg = T, =20 
4 
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The slacks for the events are also shown along the nodes. The 
most negative slack is —1 and it is for the events 10, 20, 30, 60 and 
70. The path joining these events 10—20 —20— 60—70 is the critical 
path. 


For determining the floats, the calculations have been done in 
the tabular form in table 16-3. 


Table 16:3 
Activity fs" — Es(Tg Ec — Lg  Lo(Tu) Tr 
9 
Ко D Оси с чыз уу, . 
10—30 2 0 2 —1 1 —1 
20—30 10 8-60-76 mpreh 
20—40 42 2 6-2 3 72 41 
20— 50 5 2 7 ve 12 - 5 
30—60 5 12 17 11 1 —1 
40— 60 8-8 6-2 15 7-2 16 +1 
50—70 8 7 15 12 20 +5 
60—70 4 17 21 16 20 —1 


Sub-critical Path. The critical path is the path with least 
float. In the given example, it is 10—20—30—60—70. The path 
with the next least floats is the sub-critical path. As activities 20—40 
and 40—60 have floats of +1 each, path 20—40—60 is the sub- 
critical path. Y 


16-6 Additional Example 


EXAMPLE 16-6-1 


Table 16.4 gives the data for a construction project. The 
scheduled completion time for the project is 36 days. Draw the 
network, calculate the slacks for the events and floats (total, free and 
independent) for the activities. Determine the critical path and also 
the sub-critical path. 


859 


CPM Computations 


Table 16-4 


Immediate predecessor 


Time (days) 


Job No. 
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171. Project Cost 

Each activity of the project consumes some resources and 
hence has cost associated with it. In most of the cases cost of an 
activity will vary to some extent with the amount of time consumed 
by the activity. The cost of total project, which is the aggregate of 
the activity costs will also depend upon the project duration time. 
Thus by increasing the: costs, the project duration can be cut down 
to some extent. The aim is always to strike a balance between the 
costs and time, and to obtain an optimum project schedule. An 
optimum project schedule implies lowest possible cost and the mini- 
mum possible time for the project. The total cost of any project 
consists of the direct and indirect costs involved in its execution, 


: Direct Cost 
. The cost isdirectlf dependent upon the amount of resources 
involved in the execution of the individual activities. This is the 
cost ofthe materials, equipment and labour required to perform the 
activity. If the activity is performed by a sub-contractor, the price 
of the sub-contract will be the activity direct cost. It can Бе seen 
from the direct cost-time relationship shown in fig. 17-1 that the 
activity can be varied by varying the cost. Point N, referred to as 
the ‘Normal Point’ corresponds to the normal activity time. Ifthe 
duration is further increased, the decrease in cost is insignificant. As 
the activity is compressed, the direct cost goes on inoreasing. If it is 
compressed beyond C, the cost increases very rapidly for insignificant 
change in the activity duration time. This point is called ‘crash point . 
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Crash time is thus the minimum activity duration to which an activity 
can be compressed by increasing the resources and hence by increasing 
the direct cost. 


To make the calculations simple, the direct cost-time curve is 
approximated to either a single straight line or multi-straight lines 
(segments), as shown in fig. 17:2(а) and 17-2(b) respectively. The 
slope of the line (or a segment of line) gives the increase in direct 
cost per unit time for expediting the activity. This is called cost 


slope. . 
С. |—4С (CRASH POINT) 
e 
л 
о 
о 
Г 
о 
ш 
E (NORMAL POINT) 
a N 
см 
Tc Tn 
” ACTIVITY DURATION —= 
Fig. 17-1 
C S r4c 
N 
| Cn Cn 
| Te Tn Te Ta 
| Fig. 17:2 (a) Fig. 17-2 (by 


For the straight line approximation in figure 17-2 (a), 
S Pia a 
T,—Tc AT" 

The choice hetween the single straight. line and segmented 
approximation depends upon the non-linearity of the cost curvo. Also 
the segmented approximation is adopted only when the activity can 
be broken down into sub-activities, Above all, it is the judgement 
of the executive whether ta approximate the curve by segmer nd 
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go through involved calculations or to use a little rough single slope 
approximation and save calculation work. 
Indirect Cost 

Project indirect cost can further be sub-divided into two parts: 
fixed indirect cost and variable indirect cost. The fixed indirect cost 
is due to the general and administrative expenses, licence fee, insurance 
cost and taxes and does not depend upon the progress of the project. 
The variable indirect cost depends upon the time consumed by the 
project and consists of overhead expenditure, supervision, interest on 
capital and depreciation, etc. It is assumed that the indirect cost 
increases linearly with time as shown in fig. 17:3. 


VARIABLE 


INDIRECT COST ——— 


TIME —- 


TOTAL COST ——»— 


PROJECT DURATION —— 


Fig. 17-4 
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The sum of the direct and indirect costs gives the total project 
cost. As the direct cost decreases with time and indirect cost in- 
creases with time, the total project cost curve will have a point where 
the total cost will be minimum (Figure 17-4). The time corresponding 
to this point is called the optimum duration time and the cost, the 
optimum cost. 

172. Crashing the Network 
EXAMPLE 172.1 


To explain the process of crashing a network to reach the 
optimum project schedule, let us consider the network shown in fig. 
17-5. With each activity is associated normal direct cost and crash 
direct cost, the normal duration time and the crash duration time. 
The complete data is given in table 17:1. The network has been 


Fig. 17-0 
Tabe 17:1 
Activity Normal Crash АТ до до 
Time Cost Time Cost AT. 
(Weeks). (Ез. (Weeks) (Rs) 
TE 8 Т, з 10000 5 3000 600 
12-8 4 6,000 2 800 2 2,00 1,00 
2-3 0 0 0 0 0 0 0 
2-5 6 9,000 1 11,500 5 2,500 6500 
3—4 7 2,500 5 -500 2 500- 250 
4—6 12 10,000 8 16,000 4 6,000 1,500 
5—6 15 12,000 10 16,000 в 4000 800 
5—7 1 12,000 6 14000 1 2,00 2,000 
6—8 5 10,000 5 10000 0 Оо 
7—8 14 6,000 7 7,00 т 1,400 200 
7—9 8 6,000 5 12,000 3 6,000 2,000 
8—9 6 6000 4 7800 2 1800 900 
Total 86,500 1,15,700 


eee ———————————— 
Indirect cost —Rs. 1,000 per week. 
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drawn for normal conditions and the times shown along the arrows 
are normal duration times. Assuming the straight line approxima- 
tion for the activity cost curves, the cost slopes for the different 
activities are calculated. ' 
AC Crash cost—Normal cost 
"AT = Normal time—Crash time ` 
To determine the optimum project schedule, the first step is to 
identify the critical path. By carrying the forward pass anc back- 
ward pass calculations, the earliest and latest times for each event 
are determined. These values are shown along the nodes in Fig. 
17:6. Path 1—2.—5—7-—8—9 is the critical path and the project 
duration associated with it is 41 weeks. Total cost of the normal 
project is the sum of the direct and indirect costs. 
t.e., total project cost = Direct cost of all activities+ Indirect cost for 
41 weeks 
= Ra. (86,500 4-41 x 1,000) 
—Rs. 1,27,500. 


Cost slope = 


TE=8 TE:IS ТЕ=29 TE-35 
TERM тола TL-3O TL=35 
5 


TE=8 ТЕ=14 ТЕ= 21 
TL=8 TL=14 TL-21 
Fig. 17:6. 


Next step is to identify those activities along the critical path 
which can be crashed. Crash the least expensive activity, i.e., the 
activity with the least slope. Activity 7—8 with cost slope of 200 is 
the least expensive and can be crashed by seven days at an additional 
cost of Rs. 1,400 only. "Phe crashed network is shown in Fig. 17-7. 
The new critical path is 1—2-—5——6-—8—9 which gives the project 
duration of 40 days. 'r'hus by crashing activity 7—8 by seven days, 
the project duration has been reduced by one _day. For this critical 
path, 

direct project cost = Ез. (86,500 4-7 x 200) 

= Rs. 87,900, 
indirect cost =Rs. 40x 1,000=Rs. 40,000. 
.. Total project cost — Rs. 1,27,900. 
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TE-8 TE-15 TE=29 TE=34 
TL=10 TEE! TL s 29 И 


TE=8 TE=14 т 
TL=8 TL=14 T 


Fig. 17-7 


- In the new critical path, the activity with the lowest cost slope 
is activity 2—5 with cost slope of 500, It is crashed by 5 weeks and 
the network is drawn in fig. 17.8. The critical path shifts to 
1—2--3—4—6—8—9 and gives the project duration as 38 weeks. 
For this path 1 

direct cost = Rs, (87,900+5 x 500) —Rs. 90,400, 
indirect cost=Rs. (90,400 +38 x 1,000) —Rs. 1,28,400. 


PETG TESIS TE=27 TE=32 
TL=8 TL=15 TL=27 TL=32 
5 


TE=8 TE=9 TE-16 
TL-8 TL=12 TL=25 
Fig 178 


The least expensive activity on the critical path of figure 17-8 is 
3—4 with cost slope of 250. This activity canbe crashed by two 
weeks. After crashing, the new network will appear as shown in 
figure 17-9 with critical path as 1—2—3—4—6—8—9 and project 
duration of 36 weeks. The associated costs are 
direct cost— Rs, (90,400+2 x 250) — Rs. 90,900, 
indirect cost Rs. (36 x 1.000) — Rs. 36,000, 


and total project cost —Rs. 1,26,900. 


In the new critical path the least expensive activity is 1—2 
with a cost slope ot 600 and can be crashed by 5 weeks. This 


55—0.В. 
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a TE-25 TE-30 
3 „ Tee „ тїз 


changes the critical path to 1—3—4—6—8—9 as shown in figure 
17:10. For this path, 
project completion time —32 weeks, 
direct cost = Ез. (90,900+5 x 600) Rs. 93,900, 
indirect сов&== Rs. (32 х 1,000)=Rs. 32,000, 
and total cost ^ —Rs. (93,900+32,000) 
=Rs. 1,25,900. 


TE=4 TE=9 ТЕ-21 TE=26 
TL=4 ТС=9 2 ті=21 5 TL=26 


TE=3 TE=4 TEs! 
TLz4 TL=6 TL=I9 
Fig. 17-10 


The next activity to be crashed is 8—9. It can be crashed by two 


weeks at a cost of Rs. (2 х 900). The critical path remains unchanged 
but the project duration reduces to 30 weeks. This is shown in fig. 
17:11, for which, 
direct cost—Rs. (33,900 +2 x 900) 
=Rs, 95,700 

indirect cost=Rs. (30 х 1,000)=Rs. 30,000, 
and total cost— Rs. 1,25,700. 

Out of the remaining uncrashed activities on the critical path 
1—3—4— 6—8——9, activity 1—3 with cost slope of 1,000 is the least 
expensive and this can be crashed by 2 weeks. With this the critica} 
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TEz4 TE=9 ТЕ=21 ТЕ=26 
TL=4 TL=9 5 Ttz2! TL 226 
s 


ТЕ-5 ТЕ-4 TEs 
TLz TL=6 TLz19 
Fig. 17-11 


path shifts to 1—2—3—4— 6—8 —9 and the project duration time 
comes down to 29 weeks (fig. 17:12). The costs associated with this 
path are 
direct cost Ев. (95,700-1-2 х 1,000) 
=Rs. 97,700, 
indirect cost — Rs. 29,000, 


and total cost— Rs. 1,26,700. 


Gi sTEs20.:TE*25 
8 TL+20 Т.0225 


Fig. 1712 


In this critical path of fig. 17:12, there is only one activity 
4—6 which is uncrashed. This can be crashed by 4 weeks at в cost 
of Rs. (4x 1,500) - Rs. 6,000 only: The network appears as shown 
in fig. 17-13, with the critical path as 1—2—5—6—8—9 and with 
the project completion time of 28 weeks, The associated costs are 

direct cost == Rs. (97,700+ 6,000) 

=Rs. 1,03,700, 
indirect cost = Rs. 28,000, 
and total cost —Rs. 1,31,700. 
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TE-3 TE-8 ТЕ=19 ТЕ=24 
TL 26 TL=u TL=19 TL-24 


Fig 17.13. 


In the above critical path of figure 17-13, activity 5—6 is 
. unorashed and can be crashed by 5 weeks. Cost slope of this activity 
is 800. The critical path with this crashing shifts back to 1—2—3— 
4—6—8—9 with the project duration of 25 days (figure 17-14). For 
this path, 
direct cost = Ra. (1,03,700 -5 x 800) 
= Кв. 1,07,700, 
‘indirect cost = Ев. 25,000 
and total cost=Rs- 1,32,700 


Tte TL=8 TL=16 TL=2! 
5 8 5 


Fig. 17-14 


As all the activities on the critical path, which could be crashed 
have been crashed, no further crashing of the project network is 
possible. The crashing of non-critical activities does not alter the 
project duration time and hence is of no use, Now to determine the 
optimum project duration, the total project cost is plotted against 
the duration time. The summary of calculations carried out is given 

- in table 17-2 and the total project cost curve is shown in fig. 17:15. 
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Table 17:2 
Activity Weeks Project Direct Indirect Total 
crashed saved duration cost cost cost 
(Weeks) (Rs.) (Rs.) (Rs) — 

Nil 0 41 86,500 41,000 1,27,500 
7—8 1 40 87,900 40,000 1,27,900 
2—5 2 38 94,400 38,000 1,28,400 
3—4 Pon; 36 90,900 36,000 1,26,900 
1—2 4 32 93,900 32,000 1,25,900 
8—9 2 30 95,700 30,000 1,25,700 
1=3 1 29 97,700 29,000 1,26,700 
4—6 H 28 1,03,700 28,000 1,31,700 
5—6 3 25 1,07,700 25,000 1,32,700 


From this curve in fig. 17-15 (or directly from table 17-2) 
we find that the minimum cost corresponding to the project duration 
of 30 weeks is Rs. 1,25,700. 


ee 
г: 
О 
о 
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TOTAL COST (В S) 


scr 30 4048 
PROJECT DURATION ——* 
(DAYS) ie 


Fig. 17-15 


870 Operations Research : 7 ntroduction 


Next, we have to see if the project cost can befeduced further 
without affecting the project duration time. This can be done by 
expanding or un-crashing the activities which do пф lie on the critical 
path. Looking at the network of fig. 17.16, we'find that activities 
1—2, 2—5, and 7—8 can be uncrashed. , Unerashing should start 
with the activity having the maximum cost slope. An activity is to 
be expanded only to the extent that it itselfmay become critical, but 
should not affect the original critical path. Thus expanding of activity 
1—2 by one day makes 1—2 critical without affecting the critical 
path. Activity 2—5 can also be expanded by one day only. This 
makes the path 1—2—5—6 also critical, Next activity 7—8 is 
expanded by six days. This makes two more activities 5—7 and 
7—8 critical. The final network is shown in бриге 17-17. But for 
aetivity 7—9, the whole network has become critical. Saving in 
cost is due to direct cost only and is Rs. (1х 600 4-1 х 5004-6 x 200) 
= Ев, 2,300. Thus the total minimum project cost for 30 weeks 
duration 


=Вз. (1,25,700— 2,300) — Rs. 1,23,400. 


TE:4 TE:9 TE21 TE-26 
The TL.9 TL-2| TL-26 
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Fig, 17-16 
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Fig. 17-17 
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Fig. 17-18 


EXAMPLE 17.2-2 


Consider the network shown in fig. 17-18 for which the utility 
data is given in table 17-3. Crash systematically the activities and 
determine the optimum project duration and cost. 


Table 17:3 

Activity Normal Crash AT AC AC 

Time Cost Time Cost AT 

(days) (Re) (дау) (Вз) : 
1—2 8 100 6 200 2 100 50 
1--3 4 150 2 350 2 100 100 
2—4 2 50 1 90 1 40 40 
2—5 10 100 5 400 5 300 60 
3—4 5 100 1 200 4 100 25 
4—5 3 80 1 100 2 20 10 

Total: 580 


Indirect cost Rs, 70 per day. 


Solution. First of all the critical path is identified by deter- 
mining the earliest and latest event times as shown in fig. 17-19. 
Path. 1—2.—6 is the critical path and the project duration for all 
normal network is 18 days. : 3 

Direct cost of the project =Rs. 580, 

indirect cost—Rs. (18 x 70) - Rs. 1,260 and 

total project cost = Ев, 1,840. 
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ТЕ-4 TE=10 
TLz!O TLz15 
Fig. 17-19 


In this example instead of crashing all the activities, we wiil 
crash only those activities whose cost slope is less than the indirect 
cost. In case an activity with cost slope greater than indirect cost 
is crashed, the saving in indirect cost will be less than the cost of 
crashing. 

Along the critical path 1—2— 5, both activities 1—2 and 2—5 
liave cost slopes less than the indirect cost. Crashing is started with 
the activity having the least slope. Therefore activity 1—2 is crashed 
by two days. The new network is shown in fig. 17 20. The project 
duration is reduced to 16 days while the critical path remains 
unchanged. 

Direct сові= Rs. (580 4-2 х 50) — Rs. 680, and 

total project cost — Rs. (680 + 16 x 70) — Rs. 1,800. 


TE=6 TE=16 
TL=6 TL=16 


TEs TE=9 
TL=8 TLal3 
Fig. 17-20 


Next erash activity 2—5 by five days which is the only un- 
crashed activity on critical path 1—2.—5. With this crashing the criti- 
cal path shifts to 1—3—4—5 as shown in fig. 17-21, for which 
project duration —12 days. 

Direct cost =Ёз. (6804-5 х 60)= Ев. 980, 
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indirect cost=Rs. (12x 70) — Rs. 840, and 

total eost Rs. (980-+840) — Rs. 1,820. 
TE=6 Tee 
CU TEE 


Fig. 17-21 


Activities on the new critical path with slope less than Rs. 70 
are 3—4 and 0—5 with slopes of 25 and 10 and can be crashed by 4 
and 2 days respectively. Crash activity 4—5 by two days. Critical 
path changes to 1—2—5 as shown in figure 17-22. . For this path, 


direct, cost — Rs. (9804-2 x 10) 
=Rs. 1,000, 

total cost — Rs. (1,000-1-11 x 10) 
—Rs. 1,770. 


TE-4 ТЕ=9 
TlL=5 TL=10 
Fig. 17:22 


The project cannot be further contracted as the activities on 
the critical "path are already crashed. 

The activity 4—5 can be expanded by one day without affecting 
the project duration. This will save the crashing cost of 4— D for 
one day. Thus the final network obtained is. as shown in fig. 
17-23, for which, 

total project cost—Rs. (1,770 —10)=Rs. 1,760, 
and the optimum project duration=11 days. 
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Fig. 17-23 


173. Updating (PERT and CPM) 

After the planning and scheduling of a project, when the actual 
execution starts, a regular review should be made to check the con- 
tinuous validity of the schedule. In the actual execution it generally 
happens that the time Schedule developed for the project is not. 
exactly followed. Some of the jobs take more time than estimated 
and some others are completed in period lesser than estimated. 
There may be a number of reasons for this, such asthe non-avail- 
ability of the resources, breakdown of machinery, labour Strikes, 
wrong estimations ofthe planner and natural calamities, etc. All 
these will delay the jobs. On the other hand, jobs may be expedited 
due to the commissioning of a new machine, development of a better 
process and wrong estimations of the planner, etc. The review of 
the dituation presents a clear picture of the progress and helps in 

, making the necessary changes in the schedule, thus adding dynamism 
to the nature of the network. This process of making review and 
adding necessary clarifications to the network is called updating, 


To illustrate the procedure of updating, let us consider the net- 
work shown in fig. 17-24, 


36 14/14 24/24 
8 o 


4/4 16/18 32/32 


Fig. 17-24 
Suppose the progress is checked at the end of 10th day and it 
is observed that 


(i) activities 0—1, 0—2 and 1—3 are completed, 
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(ti) activity 2—3 is in progress and will take 6 days more, 

(iii) activity 2—4 is in progress and will take 7 days more, 

(iv) also it is estimated that due to the arrival of a new 

machine, activity 3--5 will take only 6 days. 

This information can be put into a tabular form, as shown in 
table 17-4. 

Updating can be done in two ways. The first isto use the 
revised time estimates and compute from the initial starting event. 
The second method, which is more convenient, is to change the com- 
pleted work to zero duration and bunch all the jobs already performed 
into one arrow called the elapsed time arrow. The nodes in the new 


Table 17:4 
Review time after 10 days 
Activity More than required Situation 
(days) 

0—1 9 Completed 
0—2 0 Completed 
1—3 0 Completed 
2—3 6 In progress 
2—4 7 In progress 
3—5 6 Not started 
4—5 6 Not started 
4—6 9 Not started 
5—6 8 Not started 


network are numbered in a different fashion. The time duration 
assigned to the activities are the revised times, In the new network 
shown in fig. 17-25, activity 0—20 shows the elapsed time of 10 days. 
Activities 20--30 and 20—40 are assigned the times they need 
for their completion. Along other activities are put their new time 
estimates. 


Fig. 1725 


3 After computing the earliest expected times and the latest 
allowable times we find that the critical path has changed to 
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20—40—50—60. Тһе total duration has also come down by one 
day. 

The bar charts also used in the process of updating as shown 
in fig. 17-26 represent the information regarding the original 
schedule, 


A of) 38 

PERIOD OF PERIOD OF 

UPOATING COMPLETION 
Fig. 17.26 


The status of the project at the end. of 10 days is shown by 
shading the bars as shown in the figure. The updating line shows 
that activities 1—3, 2-—3, and 2—4 are in progress, but from the 
review of the project it is observed that 1--3 has already been com- 
pleted. So, this is shaded through the total length. The changes in 
the lengths of bar to indicate the increase or decrease in activity 
duration period is done with the help of dotted lines, For example, 
activity 2—3 needs 6 more days and is thus extended up to 16, and 
2—4 is extended upto 17. Activity 3—5 can be completed in 
only 6 days as compared to the original 10 days, but it can start 
only when 1—3 is complete i.e., after 16 days. So the bar is shifted 
to the right and is cut to the proper length of 6 days. Activity 
4—5 can start only after 17 days and is thus shifted to the right by 
one day. Similarly activity 5—6 can now start after 23 days and is 
shifted by one day to the left. The bar chart corresponding to the 
new network will look as shown in Fig. 17-27. 


How often the updating should be done ? There is no special e 
rule to decide about the frequency of updating. This depends upon 
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the nature and the size of the project and upon the attitude of the 
management. However, а general observation can be made that 
frequency of updating may be less at the initial stages but should be 
more frequent near the completion of the project. Some slippages at 
the beginning сап be absorbed, but a slip near completion will delay 
the project. In small projects, as the time for absorbing the slippages 
is less, more frequent updating is called for. 


ZA 
- 


PERIOO OF PERIOD OF 
UPDATING COMPLETION 


Big. 17-27 
174. Additional Examples | 
EXAMPLE 17:4-1 


The utility data for a network is given below. Crash the net- 
work to minimum project duration and determine the project cost for 
that duration. 


Activity Normal Crash 
Duration Cost uration Cost 
(Weeks) (Rs.) (Weeks) (Rs.) 
0-1 1 5,000 1 5,000 
1—2 3 5,000 2 12,000 
1—3 1 11,000 4 17,000 
2—3 Б] 10,000 3 12,000 
2—4 8 8.500 6 12,500 
3—4 4 8,500 2 16,500 
4—5 1 5,000 АЙ. 5,000 
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The utility data for a network is given below. The activity 
durations are in days and the cost in rupees. The indirect cost per 
day is Rs. 250. Determine the optimum project schedule. 


Activity Normal Crash 

Time Direct cost Time Direct cost 

(days) (Rs.) (days) (Ез.) 
1—2 4 600 2 800 
1—3 2 500 1 900 
2—4 6 1,000 3 1,750 
2—5 4 1,200 4 1,200 
3—5 5 1,000 3 1,200 
3—7 10 2,500 5 3,500 
4—5 5 1,300 5 1,300 
5—6 8 2,000 6 2,100 
5—7 0 0 0 0 
6—8 7 2,000 7 2,000 
7—8 8 1,600 5 1,780 


EXAMPLE 17.4.3 


Table 17-5 on the next page gives the data for a network of a 
product development project. 


The marketing department realises that if the product is intro- 
duced in the market ahead of its completion date, additional profits 


are available. What would be the additional cost to crash the pro- 
ject by 6 weeks ? 


EXAMPLE 174.4 
For the network shown in fig. 17-28 a review of the project 
after 15 days reveals the following situation : 
(а) Activities 1—9, 1—3, 2—3, 2—4 and 3—4 are completed. 
(b) Activities 3—5 and 4—6 are in progress and nsed 2 and 4 
days more respectively. 
(c) The revised estimate shows that activity 8—9 will take only 
8 days, but activity 7—9 will need 10 days, 
Formulate a new network after updating and determine the 


new critical path. Show the Progress of the project on a bar chart 
and indicate the modification based on updating, 


T 
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Activity 


10—20 
10—30 


20—40 


20—50 . 


30—70 


30—80 


40—60 
40—90 


60—110 


70—100 
80—100 


90—110 
100—120 
110—120 
120—130 


Tab 

Time 
Normal 
(Weeks) 


le 17:5 


Crash 
(Weeks) 


с С $^  Q “3% б -1 05 -1 0 OQ i Ot to 
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Normal 
(Rs.) 

2,000 

2,000 


4,000 
9,500 


7,000 
9,500 


3,500 
2,000 


3,000 


3,500 


6,000 
2,000 
2,500 


Cost 
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Crash 
(Ёз.) 
4,500 
5,000 
9,000 
9,000 
12,000 
15,000 
8,000 
10,500 
12,000 
15,000 
4,000 
4,000 
7,000 
4,000 
8,000 


4,000 
8,000 


9,900 
4,000 
4,000 
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Resource Scheduling and General 
Remarks 


18-1. Resource Scheduling 


During the development of PERT and CPM networks we 
have generally assumed that sufficient resources are available to 
perform the various activities, Ata certain time the demand on 
a particular resource is the cumulative demand of that resource on 
all the activities being performed at that time. Going according to 
the developed plan, the demand on a certain type of resource may 
fluctuate from very high at one time to a very low at another. If 
it isa material or unskilled labour which has to be procured from 
time to time, the fluctuation in demand will not much affect the cost 
of the project. But if it is some personnel who cannot be hired and 
fired during the project or machines which are to be hired for the 
total project duration, the fluctuation in their demand will affect the 
total project cost due to high idle times. To reduce the idle period, 
the activities on non-critical paths are shifted by making use of the 
floats, and an alternate schedule is generated comparing the impor- 
tant resources, with the object of smoothening the demand on 
resources, 

In some situations we may be faced with a demand for some 
critical resource which may be limited in supply. For example, the 
only buildozer available may be needed for two activities at two 
places at a time. This makes the schedule infeasible and calls for 
а re-examination with the object of generating an alternate plan with 
- feasible scheduling of the limited resource, 


Thus the object of resource scheduling is two-fold ; it aims at 
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bringing down the costs and at the same time reduces pressure on 
the limited resources in conflicting demands. 

Depending upon the type of constraint, the resource scheduling 
situation may be of two types : 

(a) The constraint may be the total project duration. In this 
case the resource scheduling only smoothens the demand on resources 
in order that the demand of any resource is as uniform as possible. 
In this case the resource scheduling is called ‘Resource Smoothening’ 
or ‘Load Smoothening’. 


(b) The second type of constraint may be on the availability of 
certain resources. Here the project duration is not treated as an 
invariant, but the demand on certain specified resources should not 
go beyond the specified level. This operation of resource allocation 
is called ‘Resource Levelling’ or ‘Load Levelling’. 

18.2. Load Smoothening 

The first step in resource smoothening is to determine the 
maximum requirement. One way isto draw the time scaled version 
of the network and assign resource requirements to activities. Then, 
below the time scaled network, the cumulative resource requirements 
for each time unit ате plotted. The result is а ‘Load Histogram’. 
The load histogram which is also known as ‘force curve’ may be plotted 
on the basis of early start times or the late start times of the activities. 
These load histograms establish the framework within which smooth- 
ening or levelling must occur. 

Let us illustrate the load smoothening operation by considering 
the network shown in figure 18-1. To keep the example simple, only 
one category of resources, that is, the crew size has been taken. The 
manpower required for each activity is as given in table 18:1. 


Tp =5 Te =7 
Тү =8 TL =10 
2 


56—0.R. 
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The earliest and latest occurrence times of events have been 
calculated and are indicated along the nodes. The critical path is 
identified as0-1-3-5-7-9, with the total project duration of 20 weeks, 
In the time scaled version of the network which is also called squared 
network, first of all the critical path is drawn along a straight line. 


Table 18-1 
Activity Crew size (Men) 
0—1 4 
1—2 3 
1-3 3 
2—4 5 
3—5 3 
3—6 4 
4—1 3 
5—7 6 
6—8 2 
7—9 2 
8—9 9 


Fig. 183 
Then, the non-critical paths are added аз shown in figure 18-2. The 
resource requirements are indicated along the arrows. Below the 
squared network is shown the load histogram (figure 18-3). This is 
based on the earliest start times, and is obtained by vertically 
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summing up the manpower requirements for each week. We observe 
that the maximum demand of 15 men occurs in 15th and 16th weeks. 
To smoothen the load the activities will have to be shifted depending 
upon the floats. Path 3—6—8—9 has a float of two weeks, and the 
activities 6—8 and 8 —9 are shifted to the right, so that the start of 
each is delayed by two weeks. Similarly, activity 4—7 can be shifted 
to the right so that it starts on 10th day instead of starting on 7th 
day. After making the necessary shifting, the network is drawn as 
shown in figure 18-4. The load histogram for this network drawn in 
figure 18:5 indicates that the maximum manpower required is 11 
men. Thus with the new schedule, the same project can be accom- 


Fig. 185 


plished in the same duration of 20 weeks by 11 men as compared to 
15 for the previous schedule. 


18.3. Load Levelling 


Load levelling is done if the constraint is on the availability 
of manpower, say, only 9 men are available for the execution of the 
project. As the demand cannot be reduced to 9 by smoothening, 
anew scheduling situation occurs. To bring down the peak to 9, 
project duration will have to be extended as shown in figure 18:6. 
Note that in this network there is no critical path and the project 
duration has increased to 25 days. 

When the number of categories of resources considered is more 
than one, a compromise will have to be made to the minimum level 
of each resource in the resource smoothening. 


484 Operations Research : An Introduction 


Fig. 18-6 


184. How the networks (PERT/CPM) help Management ? 


l. The network techniques help the management in planning 
the complicated projects, controlling the implementation of the plan 
and keeping the plan uptodate. They also help in locating the 
potential trouble spots and in taking corrective measures, 

2. The networks provide a number of checks and safeguards 
against going astray in developing the plan for the project and thus 
there are little chances of oversight of certain activities and events, 


3. The flexibility of the networks permits the management to 
make the necessary alterations and refinements as and when. needed. 
These allocations may be made during deployment of resources or 
reviewing, 

4. The networks clearly designate the responsibilities of 
different supervisors, Supervisor of an activity knows his time 
schedule precisely and also the supervisors of other activities with 
whom he has to co-ordinate. 

5. These techniques help the management in achieving the 
objective with minimum of time and least cost and also in predicting 
the probable project duration and the associated cost. 


6. Applications of PERT and CPM have resulted in saving of 
time. which directly results in saving of cost, Saving in time or 
early completion of the project results in earlier return of revenue 
and introduction of the product or process ahead of the competitors, 
resulting in increased profits. : 

7. Application of network techniques has resulted in better 
Managerial control, improved utilisation of resources, improved 
communication and progress reporting and better decision making. 
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185. Difficulties in using network methods 


Following are some of the problems faced in the managerial 
use of network methods : 


l. Difficulty in securing the realistic time estimates. In the 
case of new and non-repetitive type projeots, the time estimates 
produced are often mere guesses. 


2. The natural tendency to oppose changes results in the 
difficulty of persuading the management. to accept these techniques. 


3. The planning and implementation of networks require 
personnel trained in the network methodology. Managements are 
reluctant to spare the existing staff to learn these techniques or to 
recruit trained personnel. 


4. Developing a clear logical network is also troublesome, This 
depends upon the data input and thus the plan can be no better than 
the personnel who provides the data. Р 

5. Determination of the level of network detail is another 
troublesome area. The level of detail varies from planner to planner 
and depends upon the judgement and experience. 

18:6. Applications of Network Techniques 

The list containing PERT amd CPM applications is very large 
and the applications are expanding to many new areas, Following 
are a few typical areas in which these techniques are widely accepted: 

1, Construction Industry: It is one of the largest areas in 


which the network techniques of project management have found 
application. 


2. Manufacturing : The design, development, and testing of 
new machines, installing machines and plant layouts are a few 
examples of how it can be applied to the manufacturing function of 
a firm. 


3. Maintenance planning: Shutdown and Maintenance of 
power plants, chemical plants, steel furnaces and overhauling of 
large machines have been carried out by using PERT. 

4. “Research and Development: R and D has been the most 
extensive area where PERT has been used for development of new 
Products, processes and systems. 


5. Administration : Networks have been used by the admi- 
nistration for streamlining paperwork system, for making major ad- 
ministrative system revisions, for long range planning and developing 
staffing plans, etc. 
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6. Marketing: Networks have been used for advertising 
programmes, for development and launching of new products and for 
planning their distribution. 

7. Inventory planning: Installation of production and inven- 
tory control, acquisition of spare parts, etc., have been greatly helped 
by network techniques. 


187. PERT апа СРМ _ Cost and Scope 


One of the obstacles in the acceptance of network techniques 
by the managements is the dificulty of precisely determining the cost 
of applying these techniques, It is always essential to know as to 
what will these techniques cost and whether it will be worthwhile to 
use them. Of course, every project is not PERT-able and all the 
PERT-able projects many not warrant its use. The cost of applying 
PERT and CPM techniques includes the salaries and other benefits 
paid to the PERT/CPM team, computer charges and some overhead 
expenses. The cost differs from project to project and from firm to 
firm. One firm quotes that a project of 400 events needs 96 man- 
hours for the network preparation, while another quotes that it needs 
5men for 3 weeks. A few firms regard the costs too high, while 
others consider it moderate or even quite low. The general observa. 
tion is that the cost is nota Major deterrent to the use of network 
techniques. This is due to the reason that there are direct and 
inditect cost savings which are much higher than the extra cost of 
using networks as compared to the other planning methods. 

Managements have started recognising the deficiencies of other 
planning methods and the planning and operational values of net. 
work techniques have become fairly well known. The techniques 
are finding application in many new areas. These are being exten- 
sively used in public and private agencies like the Fertilizer Corpora- 
tion, Steel Corporation, State Industrial Development Corporations 
and Electric Generation and Supply Corporations, etc. Many corpora- 
tions require their contractors to use the techniques in submitting 
their bids and also in the executing of the works. The knowledge of 
PERT and CPM is considered essential for a large categories of jobs 
connected with the engineering and administrative works. 
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APPENDICES 


APPENDIX A 


Review of Vectors and Matrices 
А-1. VECTORS 
A11. Definition 


A vector is an ordered set of real numbers. Let a,,4,,..., @n be 
any ? real numbers called elements or components, then 


а= (ау, 05, .. 0n), 


where а is called an n-vector (or simply a vector). Generally, a row 
vector is written as (a, ag...» dn), while а column vector is written as 


а 
55 
а, 
The vector 0— (0, 0,...0) is called the null vector. 
A12. Addition (Subtraction) of Vectors 


Let A= (24, 05,..., а) and bz (01, be,..., Dn) 
be two vectors in the n-dimensional space. Then 
af baer (1-0, a5 4 b, ..., а-л), 
a—b- d- (a; —5,, a, —b,, ..., а ӧл), 
(at+b)+e=a+ (b--e), (associative law) 
a+(—a)=0. (zero or null vector) 


] (cummutative law) 


A‘1.3. Multiplication of Vectors by Scalers 
Given an n-vector а and а scalar (constant) quantity a, the 
new vector 
/=«@а==%(ау, а» ..., An) 
= (at, xag, ..., Olly) 
is called the scalar product of a and х, 
In general, given the n-vectors a and b and the scalers « and f, 
a(a+b)=« a+ab, (distributive law) 
Ва) (xp) a, (associative law) 
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А.1-4. Inner Product of Vectors 
The inner product of two n-vectors a and b is the scalar 
(number) written as a-b or simply ab and is given by 
ау by +05 bg... +-а bn. 
For example, if a=(2, 3, 4) and 
1 
b=| 5 , then 


6 
a-b=2+415+424=41, 
A.15. Linearly Dependent and Independent Vectors 
A set of vectors aj, a, ..., ap, ів linearly dependent if there 
exist scalars ay, æa, ..., аз, not all zero, such that 
n 
> XA 
i=l 
or 91 834-04 Ag+...+a, 2420, 
In this case, at least one vector can be written as a linear 
combination of the others. For example, 
а= a, thy ast... thy an. 
If 
n 
a 8 —0 
$-1 
only if all «;=0, then the given set of vectors а, ар, ..., a, is said to 
be linearly independent, 
For example, the vectors 
а= (2, 3, 4) and a,— (06, 9, 12) 
are linearly dependent since there exist 9,23 and a,—— 1 for which 
% 84-0434 —0. 
Ifa set of vectors is linearly independent, any subset of it is 


also linearly independent. For a linearly dependent set of vectors, 
its super set is also linearly dependent. 


A:1.6 Equality (Inequality) of Vectors 
Let a=(q}, dy, ..., а) and b=(d,, ba, ..., bn) be the two n-vec- 
tors. Then 
a=b ifaj;—b for all i=1, 2, i; ў 
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ab ifa;>b;, for all i=1, 2, ...,, 
acb ifa;<6j, for all i—1, 2, ..., n, 
a>0 implies that a;>0, for all 1—1, 2, ..., n ie., each com- 
ponent of vector a is non-negative. 
A-1-7. Identity (Unit) Vector 
An identity vector е; is a vector with its ith component unity 
and all other components zero. For example, 
e,=(1, 0, 0, ..., 0), 
e —(0, 1, 0, ..., 0), 
ei (0, 0, ..., 1, ..., 0), 
e,=(0, Gy cess 1). 
A1-8 Euclidean Space 
Euclidean n-space, also called vector space is the set (collection) 
of all n-vectors and is denoted by v. 
A:1.9. Basis Set 
ў A set of vectors is said to span а vector space у if every vector 
of v can be expressed as a linear combination of the vectors in the set. 
A basis set for the vector space v is a set of linearly independent vec- 
tors that spans v. 
А-2. Matrices 
A:2-1. Definition 
A matriz A of size (m x n) is a rectangular away (table) of num- 
bers arranged in m rows and » columns. Thus 


ay [M 
A= ац Gag.» Un 
Gmi mg ата 
The (i, j) th element of A, denoted by a;;, is the element in the 
ith row and jth column of A. A matrix of size or order (m x n) is 
written as 
Ахлу ij Imxn OF simply [aij]. 
The elements а, for i=j are called diagonal elements, while the 
aij for i4j are called off-diagonal elements. 
A22. Types of Matrices 
Square matri : is a matrix in which m=n. 


Diagonal matriz : is a square matrix in which a,,— O0 for izj 
t.e., in which off-diagonal elements are all zero, 
Identity (Unit) matriz : is a square matrix in which diagonal 


Appendices - 891 


elements are all unity and off-diagonal elements are all zero; that is, 
aj, —1, for i=j, 


1150, for 1523. 
An identity matrix of order » is denoted by 1, or simply I. For 
example, for n=3, we have 


easel: «07.0. 
L-| 0 1 0 
0/20 x1» 15. 


Row vector : Elements of each row of a matrix define а vector 
called а row vector. Thus a row vector is a matrix with one row and 
n columns (1 x » matrix). 


Column vector: Elements of each column of а matrix define a 
vector called a colum» vector. Thus a column vector is a matrix with 
m rows and one cclumn (m x 1 matrix). 


Null matrix : is a matrix whose elements are all zero. 
T'ranspose of matriz : The transpose of matrix А zs [0;;], denoted 


by A' or AT isa matrix obtained by interchanging the rows and 
columns of A. In other words, the element aj; in А is equal to the 


element a;; in AT for all i and j. 


For example, if 


12 
A= 
45 6 $ 


i) 


then 
l 4 
| wh M. 
3 6 


Thus if Ais of order (m x n), AT will be of order (nm). 


Symmetric matriz : „The UPS A is said to be symmetric if 
AT =A i.e. if ajz-aj; for all ¿ and j. 


Equal matrices : Two matrices A—[a;;] and B=[},j] are said to 
be equal matrices if they have the same order and each aj3=b;; for 
all ¢ and j. 


Orthogonal matriz: A square matrix A із said to be orthogonal 
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AAT LAAT 1. 
A2-3 Addition (Subtraction) of Matrices 


The sum or difference oftwo matrices A and B ofthe same 
order is a matrix С (written as C—A --B) where the elements of C aro 
given by 

cj 0,5 4- b. 

The following are the examples of matrix addition and sub- 

traction + 


Addition 
Matrix A -- Matrix B —Matrix C 


12.3 78 9 8 10 12 
+ = 
4 8 6 Pee ace. 
PY DS pug 3 8 —10 
du - 
1—6 4 2 9—3 3 3 1 
Subtraction 
Matrix A —Matrix B =Matrix C 


657 259 4 0-2 

El. 5. ; 
1—4 10 Soe $29. 1 
| 2-3 —7 H Е H $-L-g | 


Tf matrices.A, B and С are of the same order, then 


A+B=B+A, (cummutative law) 
A+(B4C)—(A+B)+C, (associative law) 
A+(—A)=0=(—A)+A, 
а (A+B) «A.B, 


a (B A)=B (x A) &(x B) A. 
42.4 Product of Matrices 
For two matrices A and B, the product AB is defined if and only 
if the number of columns of A is equal to the number of rows of B. 
If A is (mx) matrix and B is (rxn) matrix, then САВ is defined . 
and is of size (mx n). The (i, j)th element of C is given by 
T 


«=> iz buj, for all i and j. 
k=l 
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EXAMPLE A241. 
1 2 5 6 7 
Let A-[ 3 4 IE s-[ 8 9:710 1: 
1 


25 8 7 
then c=AB-| з "M EA к x] 


[ (1x5 42x 8) x 64-3 х9(1х7+2х 20) ] 
m (3x 5--4x S3 x 6--4x 9)(3x7+4x 10) 


» 33 а 
-[ т 54 61 


EXAMPLE A:2-42 


1 
1 3 5 
Let A-[ 2 4 6 ana x| 2 | 
Б] 
Ii x5 : 
then epee | 


[ 1x143x2+5x3 
=| 2х1+4х2+6х3 


22 
isl 
EXAMPLE A243 


Т.2048 : 
Let A-| EB. 5 |= v-[ 23] 

; agir elt 

then va-[ 2,3 I ere $5. 


4 (2x143x4)(2x 243 x 52x 94-3 6) ] 


-[ 14 19 м ]. 


Matrix multiplication satisfies the following properties : 
(AB)C—A(BO), 
(A+B)C=AC+BC, 
C(A+B)=CA+CB, 
IA=AI=A, 
2(AB)=(«A)B=A(oB), = is a scalar, 
ABBA in general. 
Tf AB is defined, BA is not necessarily defined. 
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If AB —0, it is not necessary that either A or B must be zero, 
A2.5. Determinant of a Square Matrix 


A determinant of a square matrix A, denoted by | A], isa 
number obtained by performing certain operations of the elements 
of A. 


IFA is (2 x 2) matrix, then 
[А = a is 

21 22 

If A is (3x 3) matrix, then 


1 
ап а» аз 


= 1033—9120. 


аз аш 
|A| =| а аз аз |=а | 
аа аз 
азр Asz аз 
азі аз [on аљ | 
= e | 
аз зз (arp ag 


7011025133 — 031123132 — 013031033 - 0330551131 -|- 1130910:32— 13022131. 
If A is an (n x n) matrix, then 
n 


LA | У аем |, 
i=l 
where.| M | is a submatrix obtained by deleting row i and column 
lof [А |. For example, 


m 4 7 
if A=| 9 5 8 
3 6 9 
[4 8 F. 2 8 ә ^ 
then [А =| Е | Гоо 
ео е go pi tuta 
= (45—48) 4(18—24)..7(12 15) 
2342491 
=0. 


x A matrix A is said to be singular if [А!=0. If [A | >20, 
the matrix A is called nonsingular. 


Some of the major properties of determinants, aro given below. 


1. Ifevery element of a column or a row is zero, then tho value 
of tho determinant is zero, 


ie., 19] =0. 


| 


ee 
j t 
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2. The value of the determinant does not change if its rows and 
columns are interchanged. 


ie. [АТ 1 24A |. 
3. If | В | is obtained by interchanging any two rows (columns) of 
| A], then 
18] =—[А1. 
4, If two rows (columns) of matrix А аге identical, then 
lA | =0. 


5. If Bis obtained from A by adding to its ith row (column), scalar 
« times its jth row (column), then 
[В| =/A]. 
6. If every element of a row (column) of a determinant із multiplied 
by a scalar «, the value of determinant is multiplied by a. 
7. If A and B are two square matrices of the same order, then 
| AB] = [А [B]. 
A:2.6. Inverse of a Matrix 
If Ais non-singular square-matrix and if there exists a non- 


.singnlar square matrix B such that 


AB—I=BA, 
then В is called an inverse of A and is denoted by А-1. 


The inverse matrix A-! can be obtained by performing the 
following two row operations on the original matrix A : 

1. Multiply or divide any row by a number. 

2. Multiply any row by a number and add it to another row. 


EXAMPLE A-2.6-1 


If A-[ 4 2 } find A-3, 


Solution. Since | А | = —1—2=— 3, А is non-singular and 
hence A-1 exists. To find A-1 we start with the following matrix: 


pus 1 
Men el] 


Subtract row | from row 2; 


i bio 
Bug o erit] 


Divide row 2 by —3: 


(ima PEE 0 
i T 
0 Ei 
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Subtraot twice of row 2 from row 1: 


d 1 2 
ieee AA 
UT 1 
Ет раа у 
1 2 
Thus A-1— 3 3 
1 1 
XOU 


The concept of matrix inversion can be used in solving n linearly 
independent equations. Consider a system of л linear independent 
equations in » unknowns : 

9323 + 523 T- ... 4-012, D, 
Ug, + antt «+. anra bs, 
атал аах... апап. 
This system of equations сап be written as 


AX =b, 
Uu dee ам 
where A= [m М 
üni nsns gs 
2 
X-| m , 
2, 
b, 
and b=| à 
b, 
Since the equations are independent, A is non-singular. Thus 
АЛАХ АЛЬ 
ог Х=А-1Ь, 


gives the solution of » unknowns, 


|. 
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APPENDIX B 
Review of Finite Differences 
B. Definition 
The calculus of finite differences deals with che variations in the 
value of a function y=f(x) аз a result of finite integral variations in 
the value of a. Неге x is called independent variable while у is known 
as dependent variable. If the consecutive values of the independent 
variable x at an interval of h are 
a, а+ћ, a+2h, ... 
then the corresponding values of the dependent variable y are given 
by 
fla), SA+h), flat2h), ... 
The various values of variable x are called arguments while the 
corresponding values of variable y are known as entries. The differ- 
ence between consecutive values of x is known as interval of difference; 
while the difference between the consecutive values of y=f(x) is 
called difference, Unless otherwise stated, the interval of difference 
(h) is taken as unity. 
B2 Finite Difference Operator 
The various differences in the values of dependent variable 
y=f(x) can be obtained with the help of difference operators. The 
first difference of f(z), written as A f(x) is given by the equation 
М@®=/&+1)—/(). [^ AÀ-1] 
Second order difference of f(x), denoted by /\%/(х) is given 
by 
IMG) AAEN 
= Alf(z4-1—f(2)] 
= Л) AfG) 
704-2) 2+1) —Ef(z3- V) — f(2)] 
—f(z4-2)— 2f(z--1) - f(x). 
In general, (n-- Z)th order difference of f(z is defined as 
Да) = ЛЛА), n=0, 1, 2, .... 
It may be easily verified that 
р") = AAS 
= APLf(z 3-3) —f(2)] 
= Anf(z-1)— Да), n (integral) 0, 
if A? —identity operator [ A9f(z) —f(z)] 
and A'— A. 
The difference operator A, satisfies the following properties : 
1. AUG)--g(2)]— АЛӘ Age). 
57—0.R. 
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2. Ao f(2)] — A f(x). 
3. — AVEW =f Ag(2)+9@+D ASE) . 
= 4-1) о(а) +g) A f(x) 
=S(@Ag@)+ (ж) Afta) + Af(a) ^at). 
Le) _ о) Да) Ла) Лаб) 


* д He) J- e+e, 
1 Afe) 

T Al yer ]-- з Я 

6.' Axe =nale-), 


where 2") is called the factorial function of degree n and is defined as 


2(") == z(z— 1)(2—2)...(z —n— 1) 
zT1(z—1)(x—2)...(z—n-- 1). 


7. М) = (24-1) 2—1. 

! 
8. Al?C,]=*C, 1, r constant and 2€,— аа, 2 
9. Alar]  a*(a— 1), a constant. 


B.3 Applications of Finite Differences 


Tt will require a full volume to cover the various applications of 
finite differences. Неге we give only those applications whioh are 
relevant to the subject of operations research. 

B.3.1 Conditions for Minima of a Function 

The function f(x) is said to have a local minimum at z=% if 
the following two conditions are satisfied : 

J(to--3)— (29) 0, ie, Af(x)>9, 
f(m)—f(m-—1)—9, ie, Az, —1) «0. 

Thus the condition for f(x) to have local minimum at z=z is 

Afo—1)<0< A f(a). 

ү The function f(z) is said to have an absolute minimum at L=2Xy 
i 
S(®)< f(x) for all x. 

Thus sufficient conditions for f(z) to have an absolute minimum 

at r=% are 
АЛ®—1)<0< Asia), 
and ASf(2) 20 for all æ. 

Likewise, the sufficient conditions for f(z) to have an absolute 

maximum at z—z, аге 


АЛ%—1)>0> A f(zo) 
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апа ANS (x) <0 for all v. 
B.3-2. Summation of Series 


We know that if f(z) із а continuous function defined in the 
interval ae «b, then from the knowledge of integral calculus 


b b 
| fede | F(x) ] 
=F(b)—F(a), 


where F(x) is called antiderivative of f(x). If, however, function f(z) 
is defined only for integral values of x within the interval a«z«b, 
then it can be shown that 

b b+1 

> so=[ Fe | -F0+0-Fe, 

Lid a 


where F(x) is antidifference (instead of antiderivative) of f(x) 


ie, ЛЕ(а)= (2). 
' Proof 
AF(2)=S(@); 
b b 
Y лә-У are 
LL t=a 
b 
- [ree F(a) | 
$a 


—F(b--1)—F(b) 
+L F(b) — F(5—1) 


^E F(a-4-2)—E(a4-1) 
--F(a4-1)—F(o) 
=F(b+1)—F(a) 


It may be noted that the upper limit here is +1 and not b 
(as in case of integration). 
B3.3 Summation by Parts 

We know that in integral caleulus, a definite integral of the 
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b 
form | f(x)dg(z) can be integrated by parts as 
a 


b b b 
| fex [ feo ]- [ gif) 


b 
-[ own ]- [ amaro. 
where f(z) and g(z) are continuous functions of z defined in the 
interval a&z«,b. 


Tf, however, functions f(z) and g(x) are defined only for integral 
values of z within the interval azb, wehave an analogous 
formula in finite difference : 


b+1 b 


Y Agte)= [леме] - Y seen ase. 


k 
For example, to evaluate A х ат we proceed as follows : 
==1 


The above formula cannot Ье applied directly since хат is not 
in the form f(x) Ag(z). 


However, 


“=л(- ) т Aven 
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Now atte /\ C ec jd 


Ta- S Xa ale] 
k+l 


denm & А 
[+1 earl ak+3_qi ] i 


B.3.4. Differencing Under Summation Sign 

In inventory models, the stock level z is a discrete variable and 
it is often required to find the first difference of some function C (z) 
of the form . 


C @=> fe EHE 


21, 23,5 Tn 
If the function f (271, Ze, -++ n; 2) has the same functional form 
in the whole region of summation and if the boundary of the region 
is independent of z, then we can apply the formula 
A Lf (+= A f @+ Лу (2) 


to each term separately and can obtain 
AC) > AS (а Bay 5.29; 2), 


Tis ®з,...› Tn 
where the differences (of R.H.S.) are w.r.t.z. However, if f (21, 23, 
..› жду 2) has different forms in different parts of the region of summa- 
tion, or if the boundary of the region depends upon z, calculation of 
A С (2) becomes more complicated. 
B-3.4:1, Single Summation 


Case 1. Whenz depends upon гапа f(x, г) has the same 
functional form in the region of summation, We have the function 
b (2) 
Ca=> sea. 
2=а(2) 
b (2+1) 
n бе+)= > fiet) 
2=04241) 
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E 624-1) 
DX > ree 
z—a(z) g-—b(z)--1 
a(z4-1)—1 
05 Аа, 2-1) 
z-—a(z) 
AG@)=C (2-4-1)—o(2) 
biz) 6(z+1) 
=>) ие) + Уле sen 
z-a(£) b(z)--1 
a(z--1)—1 
-* f(x, 2+1) 
а(2) 
ыа) 2+1) 
=> Aft» +> /@+!) 
a(z) b(z)4-1 
a(z4-1)—1 
-> f Qo 241). 


a(z) 
The above analysis assumes that functions a (z) and 5 (2) increase 
with z, 


Саве 2, When x depends upon z and f (x, г) is defined in 
different forms in different parts of the region of summation, Let the 
function f(x, z) be defined as 

Де, «^ (%, 2) forzin the interval 0 ««/ (г), 
А (2,2) for zb), 
and let it be required to find the difference of the function 


€ (2) = /Җ&/®). 


2—0 
b (z) © 

К» 04-5 (oe Ула. 
2=0 xesb(z)4-1 

Applying the formula of case 1 to both of these sums, we get 
b(z) E 

CQ ANGIE лл 

=) z-b(z).-1 


b (2-1) 


+> Uie, 2--3)—f. (x, 24 1)]. 
b(z)--1 
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If fy (ж, 24- 1)—fa (2; 24-1) for all values of z in the interval 
b(z) 4- 1C b(z +1), then 


AC=S Де. 
z=0 
B-3.4:2, Double Summation 
Саве 1. When z, and z both depend upon z, 
Suppose C (z) is defined by 
Мв) d (£y 2) 
(g- D Ја, 29 2) 
аа==а(2) Gi-O0(z, 2) 
and that we wish to find Д c (2). 
To find A c (2), we first define g (vs, 2) by 


d (Zy 2) 
9 (а, => Ју, 22 2). 
a, (zs, 2) 
b (2) 
Then © о-у, Ilta 2). 
=a (2) 
Now applying the result of case 1 of single summation, we got 
b (2) b (24-1) 
доб}, Adee 2+ У sen 2+) 
®у=а(®) b (£)4-1 
а (&+1)—1 
23 ов), 
а (z) 
Applying the same result to g (2%, 2), we get 
d (23,2) d (zs, #41) 
Arwa), АЛ ав) У уез 
@y=0(gy 2) (aq, 2+1 
€ (29, 24-1) —1 
У лее), 
© (zo, 2) 


where all the differences are w.r.t. 2° 
b(o d (Za, 2) 
де®=> У Mesa 


z3-3a(2) 212=0(2%, 2) 


b (2) d (xg, 24-1) 
+> > Је а; 2+1) 
а (2) d (s, z)--1 
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b (2) © (2р, 24+1)—1 
-> Sev аз 24-1) 
a (2) (2s, 2) 
b(z+1)  d(zszHl) 
" £m il) 
(2-l (224-1) 
a(1)-l d (z, 241) 
-> У fee» 
a() ey, 241) 
Here again it is assumed that the boundary functions a, б, c, 
and d are increasing with z. 


Case 2. When f (2, 2, ; z) is defined in different parts of the 
region of summation. Let the function be defined (as shown in 
figure B-1) as 


Si (i, Za; 2), for [0 a «c(z,, 2); OS eK (2)], 
Ja (tay Xa; 2), for [e(zs, 2) <; 0423002), 
Sa (а, Za 2), for [0€ z, «d (хь, 2); b(z) аа]; 


Ja (Zis Za; 2), for [d(z,, 2) <7; ; Ы) 2]. 
Then | 


des У лега 
0 


У (čita; 2) = 


b b = = а = © | 
25, Xs эл X h+ У bx > 5 fe 
0 ci brl 0 41 4+1 
Now applying the result of case 1, we get 


^2 
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b с b LI - d 
AC@)= Aft A fet АЛ 
> S бано, 5 
, "b Ah 
b c(z 2+1) 
+> y [fi (Zi а; 2+1)—fa (£y tai 24-1] 
0 e4-1 
© а £41) 
ЗУ Y A (o m hh mni eet 
tpl dyi 


b(e4-1) c(zs, #4-1) ы 
+>, [У Лб, m 2+1). Sa (ар 2+-1) 


0+1 0 Olza 24-3) 4-1 
d(2$, 84-1) = 
-> Si (& ж; 24-1) — Ji G» sien] 
[] (2%, 24-1) —1 


It is possible that functions f, fy, fz, f, are such that all terms 
except the first four cancel out. ^" 


х) . - 906 Operations Research : An Introduction. | 


APPENDIX C 
Differentiation of Integrals 


Single Integration 
Oase 1. When x depends upon z and f(z,z) has the same 

functional form in the region of integration. Let the function be 
defined as 

biż) 

F(z)= | Л, 2).dz, 

afs) 
where a(z) and Uz) are the limits of integration. If f(x, z) has a 
continuous derivative with respect to z throughout the region of 


integration and if the derivatives; (a(e)) and 3% (0(2)) exit, then 


Я hte) ES 
E Fole |$; e 2048 9. 2] 
a(s) ajz) 


ые 

|е ало), 2-0). Лав), ә. fae) ], 
ale) 
If a(z) and b(z) are constants, then 4 (a) =0 and T {0(2)} 0. 


4 bn) 
q P= |2 Ue ddz 
a(s) 


b 
or t- Ae ae, it being understood that F, a and b are 
a 


functions of z. 
This result holds good for. а= —оо and оо, provided the 
integral on the R.H.S. converges. 


Сазе 2. When x depends upon z and f(z,z) is defihed in 
different forms in different parts of the region of integration. Let 
the function f(z, z) be defined as 

Jedhe) fo Ozh), 
=fa(z, for Моо, 


T 


LJ E N- ve 
еы, yd ез ТЫ, УЫ 
and let it be required to find the differentiation of the fanotion of 


F(z) -fre z).dz. 


L The above function can be differentiated only if f(v, z) has a 
, continuous derivative w.r.t. z in the region 0«z«b(z) and f(x, z) has 
a continuous derivative w.r.t. z in the region z5(:). 
b(z) © 
Мо» Ferm [te 94:4] (2, z).da. 
М) 
Using the result of case 1, we have 


d bis) 4 b(s) 
* mene | Hes 2) de [sso z] 


bs) 
-figa mi jue 2) а. 


$ (2 gh An ides face a): ај 
2 


лоо, д: оо но), 2. 3-0) ] 


LO Г] 
2 fina „амаа, 
az Fr 
f Ыг) 
+ (OL AUD), 2) - i0). 2) 


b - 
dF (afia, 2) asa(2, 2) 
or z-| sass i uum 


+ (М, 2) 0, 9). 


where F, a and b are functions of z, Further, if the expression within ] 
j brackets is identically zero, then 


b < 
: dF (ofi»z) д/м, 2) 
& А ore 
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Double Integration 


Case 1. When fix, y ;2) has the same functional form in the 
region of integration. Let 
b(z) diy, z) 
Fe)=| | Ј2, y 5 2).dz.dy. 
a(z) ely, 2) 

The above function can be differentiated if de"vatives af б = 
and 5 exist and are continuous w.r.t. z throughout the region of 
integration. Let 

díy, z) 
G(y, 3-] S(®, y; 2).dax. 
с(у, 2) 
.. The given function be written as 
b(z) 
F(z)=| Gly, z).dy ог F= |. 2).dy. 
p 


b 

бу, а 
Then x - [28.2 dy + Gy, 2.5 ) 
а 


b 

- [59-5 2) a, |y-- G(b, 92 — 06а, 2) cx 
b 
"e 2) ау. Gb, 9-5. G(a, г). 


oy omia the value of a 2) we get 


z-| feo 2 |а Kd, у; 2). eje Se, yi -de 


ae 2) 4а, 2) 
+ | fe. b; ad |де, a; z)dz. 
p z) e(a, z) 


Case 2. When f(x, у; z) is defined in different parts of the 
region of integration. Let a region R of the 2, z.-plane in figure В. 
be divided into disjoint sub. -regions R;, where ZR;—R and let there 
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be a function f;(z, y; 2) for each subregion R;. Let F, be defined by 


5 Е(2) = У] | filz, y; z)dady. 


iR, 


Then gH) => || afd, y: 2) y 2) 40, 

dz д2 

i OR, 

if the following conditions are satisfied : 
(i) the boundary of the entire region R does not depend 
upon 2, 
(ii) if R; and Е; are adjacent subregions, then fj(z, y; 2) 
=/(®, у; 2) at all the points (x,y) along the common 
boundary R; and R;, 


2181922396 
1128105582 
7112077556 
6557477468 
4199520858 
3545174840 
1749420382 
9103161011 
0764238934 
3493969525 
1292054466 
4397426117 
3807950579 
4984768758 
1340145867 
0590453442 
9566554338 
7615116284 
8508771938 
6970024586 
5799997185 
6364375912 
4165492027 
0354683246 
9130555058 
5826984369 
6285048453 
7527191048 
8976470693 
2327991661 
1182095589 
3659397698 
5924779358 
3941092295 
1955104281 
2117595534 
7471564123 
8674262892 
9061122871 
6438538678 
1834182305 
1884227732 
6791857341 


TABLE C-1 


Random Numbers Table 


2068577984 
7295088579 
3440672486 
5435810788 
3090908872 
2275698645 
4832630032 
7413686599 
7666127259 
0272759769 
0700014629 
6488888550 
9564268448 
2389278610 
9120831830 
4800088084 
5585265145 
9172824179 
4035554324 
9324732696 
0135968939 
8383232768 
6349104233 
4765104877 
5255147182 
4725370390 
3646121751 
5765558107 
0441608934 
7936797054 
5535798279 
1056981450 
1333750468 
5726289716 
0903099163 
1634107293 
7344613447 
2809456764 
0746980892 
3049068967 
6203476893 
2923727501 
6696243386 


8262130892 
9586111652 
1882412963 
9670852913 
2039593181 
8416549348 
5670984959 
1198757695 
5263097712 
0385998136 
5169439659 
4031652526 
3457416988 
3859431781 
7228567652 
1165628554 
5089052204 
5544814334 
0840126299 
1186263397 
7678931194 
1892850701 
3382569662 
8149224168 
3519287786 
9641916289 
8436077768 
8762562043 
8749472723 
9527542791 
4764439855 
8416606706 
9434074212 
3420847871 
6827824899 
8521057472 
1128117244 
5806554509 
9285305274 
6955157269 
5937802079 
8044389132 
2219599137 


8374856049 
7055508767 
0684012006 
1291265730 
5973470495 
4676463101 
5432114610 
2414294470 
5133648980 
9999089966 
8408705169 
8123543276 
1531027886 
3643768456 
1267173884 
5407921254 
9780623691 
0016943666 
4942059208 
4425143189 
1351031403 
2323673751 
4579426926 
5468631609 
2481675649 
5049082870 
2928794356 
6185670830 
2202271078 
4711871173 
6279247618 
8234013222 
5273692238 
1820481234 
6383872737 
1471300754 
3208461091 
8224980942 
6331989649 
5482964330 
3445280195 
4611203081 
3193884246 


4837657422 
5172382962 
0633147925 
2290031331 
8076135523 
5629367907 
0666095693 
9240121544 
5111966912 
1344056826 
6574373193 
6027534501 
5116633717 
5041314549 
1320651658 
9468932498 
5795448061 
2628538741 
7875623913 
3316653259 
6002561840 
3188881718 
1513082455 
6474393896 
8907598697 
7463807244 
9956043516 
6363845920 
5897002653 
8300978148 
4446895088 
6426813469 
5902177065 
0318831723 
5901682626 
3044151557 
1699403490 
5738031833 
8764467686 
2161984904 
3694915658 
6072112445 
8224729918 


TABLE C2 


Proportion of total area under the normal curve from oo (0 t, 
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